13 Ňăčŋĺâŋëě áćőľáâćă íńěłâàőŋŋőčő čăğă

13.1 Ňăčŋěâĺğň – łćăŋâőćőě ïćńěŋĺě

Ŕàĺ ŕőáńěďőćăâěńìŋő łńăááĺçěáłőň őŕĺáăŋĺĺ áĺáâěň ğăàïęěŋŋëå çăáâĺæ ïćńěŋĺě ňăčŋěâĺğňă őâáãâáâćãěâ, åőâï ğăàïęěŋŋëě çăáâĺæë, ďćĺęãéĺěáï ć ňăčŋĺâŋőň ŕőńě ŕő ğăňłŋãâëň âàăěłâőàĺïň ĺ áőğďăîâ ňăčŋĺâŋëľ ňőňěŋâ. İâő ãâćěàęďěŋĺě ďőłăğăŋő ć âěőàěňě Ąőàă – ćăŋ Ńěěćěŋ (1911; 1919): ňăčŋĺâŋëľ ňőňěŋâ łńăááĺçěáłőľ áĺáâěňë ğăàïęěŋŋëå çăáâĺæ ć áőáâőïŋĺĺ âěàňőďĺŋăňĺçěáłőčő àăćŋőćěáĺï àăćěŋ ŋãńî.

Ďőłăğăâěńìáâćő őáŋőćăŋő ŋă àăááňőâàěŋĺĺ łńăááĺçěáłőčő áâăâĺáâĺçěáłőčő ĺŋâěčàăńă

Z_N = ∫ exp (−βH({⃗p_i, ⃗r_i}))^{N∏}_{i=1} d⃗p_id⃗r_i, čďě H({⃗p_i, ⃗r_i}) – äãŋłæĺï Čăňĺńìâőŋă áĺáâěňë çăáâĺæ á ğăàïďőň e. Ŕőňěáâĺň áĺáâěňã ć áâăæĺőŋăàŋőě ňăčŋĺâŋőě ŕőńě, łőâőàőě ğăďăěâáï ćěłâőàŋëň ŕőâěŋæĺăńőň ⃗A(⃗r_i). Šőčďă (⃗p_i, ⃗r_i) → ( ⃗P_i, ⃗r_i^) čďě ⃗P_i = ⃗p_i + (e/c) ⃗A – őąőąéěŋŋëľ ĺňŕãńìá çăáâĺæë, ĺ

Z_N ( ⃗A) = ∫ exp [ −βH ( { ⃗P_i − (e/c) ⃗A_i, ⃗r_i} )] N∏ i=1 d ⃗P_id⃗r_i. (1) Ŕěàěľďěň ć (1) őâ ĺŋâěčàĺàőćăŋĺï ŕő ⃗P_i ł ĺŋâěčàĺàőćăŋĺî ŕő ⃗p_i : d ⃗P_id⃗r_i = ∂( ⃗P_i, ⃗r_i) ∂(⃗p_i, ⃗r_i) d⃗p_id⃗r_i = ∂ ⃗P_i ∂⃗p_i d⃗p_id⃗r_i = d⃗p_id⃗r_i, ŕőíâőňã Z_N ( ⃗A) = 1 N! ∫ N∏ i=1 d⃗p_id⃗r_i exp [−βH_1 (⃗p_i, ⃗r_i)] = Z_N (0),

â. ě. áâăâĺáâĺçěáłĺľ ĺŋâěčàăń ŋě ğăćĺáĺâ őâ ⃗A, ă áńěďőćăâěńìŋő, ĺ őâ ⃗H = rot ⃗A. Šăłĺň őąàăğőň, ňăčŋĺâŋëľ ňőňěŋâ ěďĺŋĺæë őąêěňă (ŋăňăčŋĺçěŋŋőáâì) áĺáâěňë àăćěŋ ŋãńî: ⃗M = kT V ∂ ln Z_N ( ⃗A) ∂ ⃗H = 0.

Ťĺğĺçěáłăï ŕàĺçĺŋă íâőčő ğăłńîçăěâáï ć âőň, çâő ňăčŋĺâŋőě ŕőńě ŋě ňěŋïěâ íŋěàčĺî őàąĺâăńìŋőčő ďćĺęěŋĺï ğăàïęěŋŋëå çăáâĺæ ĺ ŋě ŋăàãèăěâ őďŋőàőďŋőáâĺ ŕàőáâàăŋáâćěŋŋőčő àăáŕàěďěńěŋĺï – çěàěğ łăęďãî âőçłã ŕàőåőďïâ âàăěłâőàĺĺ áő ćáěňĺ ćőğňőęŋëňĺ ĺňŕãńìáăňĺ ĺ áàěďŋĺľ áãňňăàŋëľ âőł àăćěŋ ŋãńî (á ãçěâőň âőłőć, ćőğŋĺłăîéĺå ćąńĺğĺ ŕőćěàåŋőáâĺ, őčàăŋĺçĺćăîéěľ őąêěň áĺáâěňë).

Ŋăąńîďăěňëľ ňăčŋěâĺğň ĺňěěâ łćăŋâőćãî ŕàĺàőďã, ĺ ć łăçěáâćě ĺáâőçŋĺłőć ňăčŋěâĺğňă ŋěőąåőďĺňő ŋăğćăâì ďćă őáŋőćŋëå äăłâőàă: 1) áãéěáâćőćăŋĺě áőąáâćěŋŋőčő ňăčŋĺâŋőčő ňőňěŋâă ğăàïęěŋŋőľ çăáâĺæë, áćïğăŋŋőčő áő áŕĺŋőň, ćğăĺňőďěľáâćĺě łőâőàőčő á ňăčŋĺâŋëň ŕőńěň ŕàĺćőďĺâ ł ãňěŋìèěŋĺî íŋěàčĺĺ áĺáâěňë ĺ ŕăàăňăčŋĺâŋőňã íääěłâã; 2) łćăŋâőćăŋĺě ãàőćŋěľ, áćïğăŋŋőě á äĺŋĺâŋëň åăàăłâěàőň őàąĺâăńìŋőčő ďćĺęěŋĺï ğăàïęěŋŋőľ çăáâĺæë ć ňăčŋĺâŋőň ŕőńě ĺ ŕàĺćőďïéěě ł ãćěńĺçěŋĺî íŋěàčĺĺ ĺ ďĺăňăčŋĺâŋőňã íääěłâã.

13.2 Ŕăàăňăčŋěâĺğň Ŕăãńĺ

Łńăááĺçěáłăï âěőàĺï Ŕ. Ńăŋęěćěŋă (1905) ďńï ŕăàăňăčŋĺâŋëå ćěéěáâć ďăěâ ňăčŋĺâŋãî ćőáŕàĺĺňçĺćőáâì ć áńãçăě áńăąëå ňăčŋĺâŋëå ŕőńěľ ć ćĺďě χ = A/T – íâă äőàňãńă ĺğćěáâŋă łăł ğăłőŋ Łîàĺ (1895). Őďŋăłő ďńï àïďă ňěâăńńőć ąëńő őąŋăàãęěŋő ŕőćěďěŋĺě, ŋě áőčńăáãîéěěáï á ğăłőŋőň Łîàĺ χ ≡ ∂M/∂H ≃ const ć èĺàőłőň ĺŋâěàćăńě âěňŕěàăâãà. Őąêïáŋěŋĺě íâőčő íääěłâă ąëńő ďăŋő Ć. Ŕăãńĺ (1927), łőâőàëľ ŕàěďŕőńőęĺń, çâő ŕăàăňăčŋěâĺğň ňěâăńńőć őąãáńőćńěŋ ŋě ňăčŋĺâŋëňĺ ňőňěŋâăňĺ ĺőŋőć àěèěâłĺ, ă áćőľáâćăňĺ íńěłâàőŋŋőčő čăğă.

Řăááňőâàĺň áĺáâěňã N çăáâĺæ áő áŕĺŋőň 1/2, ŕőňěéěŋŋãî ć ňăčŋĺâŋőě ŕőńě ⃗H. Őďŋőçăáâĺçŋëľ őŕěàăâőà Čăňĺńìâőŋă ĺňěěâ ćĺď

Ĥ_1 = p̂^2 2m − ⃗μ ⃗H, čďě ⃗μ = (e/mc)⃗s – őŕěàăâőà áőąáâćěŋŋőčő ňăčŋĺâŋőčő ňőňěŋâă; ⃗s = h̄⃗σ/2 – őŕěàăâőà áŕĺŋă; ⃗σ – ňăâàĺæë Ŕăãńĺ. Ććőďï ňăčŋěâőŋ Ąőàă μ_B = eh̄/2mc ĺ ŋăŕàăćńïï őáì Z ćďőńì ⃗H, ŕőńãçĺň áőąáâćěŋŋëě ğŋăçěŋĺï őŕěàăâőàă Ĥ_1 – íŋěàčěâĺçěáłĺľ áŕěłâà çăáâĺæë ε_{pσ} = p^2/2m − σμ_B H, čďě σ = +1 őâćěçăěâ őàĺěŋâăæĺĺ áŕĺŋă ćďőńì ŋăŕàăćńěŋĺï ňăčŋĺâŋőčő ŕőńï ĺ σ = −1 – őàĺěŋâăæĺĺ ŕàőâĺć ŕőńï ⃗H. (Ňë ğďěáì ŕàěŋěąàěčăěň ćńĺïŋĺěň ⃗H ŋă őàąĺâăńìŋőě ďćĺęěŋĺě çăáâĺæ.) Šăłĺň őąàăğőň, ćŋěèŋěě ňăčŋĺâŋőě ŕőńě áŋĺňăěâ ćëàőęďěŋĺě ŕő áŕĺŋã, ĺ łăęďőňã ğŋăçěŋĺî p âěŕěàì őâćěçăîâ ďćă íŋěàčěâĺçěáłĺå ãàőćŋï: ε_{p,σ=+1} = p^2/2m−μ_B H, ε_{p,σ=−1} = p^2/2m+μ_BH. Śőőâćěâáâćãîéĺě çĺáńă ğăŕőńŋěŋĺï őąőğŋăçĺň n^+_p ĺ n^−_p . Śőąáâćěŋŋëě ğŋăçěŋĺï íŋěàčĺĺ áĺáâěňë N çăáâĺæ ć ŕàěďáâăćńěŋĺĺ çĺáěń ğăŕőńŋěŋĺï ďăîâáï äőàňãńőľ E_{{n}+_{p ,n}−_{p }} =^∑_{p,σ} ε_{pσ}n_{pσ} =^∑_p^[(ε_p − Δε_H) n^+_p + (ε_p + Δε_H) n^−_p^] , (2)

ă ąőńìèăï áâăâĺáâĺçěáłăï áãňňă – àăćěŋáâćőň

Z̃ =^∑ {n^+p ,n^−p } exp −β^∑_p^[(ε_p − Δε_H − μ) n^+_p + (ε_p + Δε_H − μ) n^−_p^] =

=^∑ {n^+p ,n^−p }, exp −β^∑_p^{[(}ε_p − μ^{+)} n^+_p +^(ε_p − μ^{−)} n^−_p^]

= Z̃^{(+)}Z̃^{(−)}, (3)

čďě ε_p = p^2/2m, Δε_H = μ_B H, ĺ

Z̃^{(±)} =^∑ {n^±p } exp −β^∑_p^(ε_p − μ^{±)} n^±_p =^∏_p Z^{(±)}_p − (4)

áâăâáãňňë ŕőďáĺáâěň çăáâĺæ, őàĺěŋâĺàőćăŋŋëå áőőâćěâáâćěŋŋő ćďőńì (+) ĺ ŕàőâĺć ŕőńï (−). Ţĺňĺçěáłĺě ŕőâěŋæĺăńë íâĺå ŕőďáĺáâěň ěáâì μ^+=μ + Δε_H, μ^−=μ − Δε_H, ă Z^{(±)}_p =^∑ n^±_p exp^[−β^(ε_p − μ^{±)} n^±_p^] −

áâăâáãňňë őâďěńìŋëå áőáâőïŋĺľ (p, σ = +1) ĺ (p, σ = −1) .

Ŕőłăęěň âěŕěàì, çâő áàěďŋĺľ ňăčŋĺâŋëľ ňőňěŋâ ěďĺŋĺæë őąêěňă áĺáâěňë M ňőęŋő ŋăľâĺ ŕő äőàňãńě M = (kT/V )∂ ln Z̃/∂H (çâő őâćěçăěâ âěàňőďĺŋăňĺçěáłőňã M = −(1/V )∂J/∂H). Šăł łăł 1 β ∂ ln Z̃ ∂H = 1 β ∂ ln Z̃^{(+)} ∂H + ∂ ln Z̃^{(−)} ∂H =

=^∑_p 1 Z^{(+)}p ∑ n^+_p μ_Bn^+_p e^{−β(εp−μ+)n+p} + 1 Z^{(−)}p ∑ n^−_p μ_B n^−_p e^{−β(εp−μ−)n−p} =

=^∑_p ∑ n^+p

μ_Bn^+_p P_n+_p +^∑ n^−p ( −μ_B n^−_p^) P_n−_p , (5) âő 1 βV ∂ ln Z̃ ∂H = 1 V ∑ p μ_B^[⟨n^+_p ⟩ − ⟨n^−_p ⟩^] = 1 V [ ⟨N^+⟩ − ⟨N^−⟩^] μ_B. (6)

Ć (5) ĺ (6) ňë ĺáŕőńìğőćăńĺ őŕàěďěńěŋĺě

P_n±_p = 1 Z^{(±)}p exp^[−β^(ε_p − μ^{±)} n^±_p^]

ćěàőïâŋőáâĺ ğăáěńěŋĺï ãàőćŋï p n^±_p çăáâĺæăňĺ. Ŕàăćăï çăáâì àăćěŋáâćă (6) ĺ ěáâì áàěďŋïï ŕàőěłæĺï ňăčŋĺâŋőčő ňőňěŋâă ěďĺŋĺæë őąêěňă áĺáâěňë ŋă ŋăŕàăćńěŋĺě ćŋěèŋěčő ŕőńï.

Ąőńìèőľ ŕőâěŋæĺăń J_H = −kT ln Z̃ áĺáâěňë ěáâì áãňňă ďćãå áńăčăěňëå, łăęďőě ĺğ łőâőàëå őâŋőáĺâáï ł őŕàěďěńěŋŋőľ őàĺěŋâăæĺĺ áŕĺŋă ĺ äőàňăńìŋő ňőęěâ ąëâì ğăŕĺáăŋő łăł ďńï áńãçăï H = 0, ŋő á ŕěàěőŕàěďěńěŋŋëň åĺňĺçěáłĺň ŕőâěŋæĺăńőň:

J_H = 1 2 [ J_0(μ^+) + J_0(μ^−)^] , (7)

čďě ňŋőęĺâěńì 1/2 ãçĺâëćăěâ, çâő ć őŕàěďěńěŋĺě J_0 ćåőďĺń äăłâőà g_s = 2, łőâőàëľ őâáãâáâćãěâ ğďěáì ĺğ–ğă áŋïâĺï ćëàőęďěŋĺï. Ćáě ŕàőďěńăŋŋőě őğŋăçăěâ, çâő ňë àăááňăâàĺćăěň áĺáâěňã, áőáâőïéãî ĺğ ďćãå ŕőďáĺáâěň: á ⟨N^+⟩ çăáâĺæăňĺ á ŕàőěłæĺěľ áŕĺŋă +1/2 ĺ åĺňĺçěáłĺň ŕőâěŋæĺăńőň μ^+ = μ + μ_B H ĺ á ⟨N^−⟩ çăáâĺæăňĺ á ŕàőěłæĺěľ áŕĺŋă −1/2 ĺ åĺňĺçěáłĺň ŕőâěŋæĺăńőň μ^− = μ − μ_B H.

Ďăńìŋěľèĺě ćëçĺáńěŋĺï ŕàőďěńăěň ć ŕàĺąńĺęěŋĺĺ áńăąőčő ŕőńï μ_B H ≪ kT, àăğńăčăï J_0 ć àïď ŕő áâěŕěŋïň (μ^± − μ) ĺ őčàăŋĺçĺćăïáì łćăďàăâĺçŋëňĺ ŕő íâőľ àăğŋőáâĺ çńěŋăňĺ:

J_0(μ^±) ≈ J_0(μ) +

∂J_0(μ) ∂μ (μ^± − μ) + 1 2 ∂^2J_0(μ) ∂μ^2 (μ^± − μ)^2 =

= J_0(μ) ±

∂J_0(μ) ∂μ μ_B H + 1 2 ∂^2J_0(μ) ∂μ^2 (μ_B H)^2. (8)

Ŕőďáâăćńïï (8) ć (7), ŋăľďěň:

J_H ≈ J_0(μ) + 1 2 ∂^2J_0(μ) ∂μ^2 (μ_B H)^2. (9)

Ĺ ňăčŋĺâŋăï ćőáŕàĺĺňçĺćőáâì ěáâì χ = − 1 V ∂^2J_H ∂H^2 = − 1 V ∂^2J_0(μ) ∂μ^2 μ^2_B. (10)

Šăł łăł n = − 1 V ∂J_0(μ) ∂μ , âő χ = ∂n ∂μ μ^2_B . (11)

Ćëçĺáńĺň ∂n/∂μ, áçĺâăï äěàňĺ–čăğ ćëàőęďěŋŋëň: T ≪ T_F . Ĺğ (12.20) ŋăåőďĺň ∂n ∂μ ≈ 4π h^3

(2m)^{3/2}μ^{1/2} 1 − π^2 24 ( kT μ )2 . Ĺáŕőńìğãï (12.22) ĺ ŕàěŋěąàěčăï çńěŋaňĺ o((kT/ε_F )^2), ŋăľďěň: χ ≈ 3 2 n ε_F μ^2_B 1 − π^2 12 ( kT ε_F )2 . (12) Ĺâăł, ňë ŕőłăğăńĺ, çâő χ ≃ const > 0 ďńï ćëàőęďěŋŋőčő čăğă, â. ě. áŕĺŋ çăáâĺæë őąěáŕěçĺćăěâ ŕăàăňăčŋěâĺğň.

Ńěčłő ãąěďĺâìáï, çâő ěáńĺ ąë ňőęŋő ąëńő àěăńĺğőćăâì ãáńőćĺï ŕàĺňěŋĺňőáâĺ ąőńìæňăŋőćáłőčő ŕàĺąńĺęěŋĺï T ≫ T_F , ć łőâőàőň ∂n/∂μ = n/kT, âő ďńï ŕăàăňăčŋĺâŋőľ ćőáŕàĺĺňçĺćőáâĺ ŕőńãçĺńĺ ąë ğăłőŋ Łîàĺ χ = nμ^2_B kT . (13)

[Ďőłăęĺâě (13)].

13.3 Ďĺăňăčŋěâĺğň Ńăŋďăã

Şâćěàęďěŋĺě Ąőàă – ćăŋ Ńěěćěŋ őáâăěâáï ć áĺńě ĺ ŕàĺ ŕěàěåőďě ł àăáŕàěďěńěŋĺî Ťěàňĺ, ěáńĺ ŋě ŕàĺŋĺňăâì ćő ćŋĺňăŋĺě łćăŋâőćăŋĺï őàąĺâăńìŋőčő ďćĺęěŋĺï íńěłâàőŋőć. Ŋő ŕàĺ ŋăńĺçĺĺ ňăčŋĺâŋőčő ŕőńï ďćĺęěŋĺě íńěłâàőŋőć ć ŕńőáłőáâĺ, ŕěàŕěŋďĺłãńïàŋőľ ŕőńî, ïćńïěâáï äĺŋĺâŋëň, çâő ŕàĺćőďĺâ ł ďĺáłàěâŋőňã íŋěàčěâĺçěáłőňã áŕěłâàã ďńï ŕőŕěàěçŋëå áâěŕěŋěľ áćőąőďë.

Ŕãáâì çăáâĺæă á ğăàïďőň e ďćĺęěâáï ć ŕőáâőïŋŋőň őďŋőàőďŋőň ňăčŋĺâŋőň ŕőńě, ŋăŕàăćńěŋŋőň ŕő őáĺ Z. Ćěłâőàŋëľ ŕőâěŋæĺăń ňőęŋő ćëąàăâì ć ćĺďě ⃗A = (0, Hx, 0) (ć íâőň áńãçăě ⃗H = rot ⃗A = H⃗n_z, ⃗n_z – ěďĺŋĺçŋëľ ćěłâőà, ŋăŕàăćńěŋŋëľ ŕő őáĺ Z). Ťãŋłæĺï Čăňĺńìâőŋă çăáâĺæë ĺňěěâ ćĺď H_1 = 1 2m [ P^2_x + (P_y − eHx/c)^2 + P^2_z^] , (14)

čďě P_i = mv_i +^e_c A_i – őąőąéěŋŋëě ĺňŕãńìáë (i = x, y, z). Ć ďăŋŋőň áńãçăě P_x = p_x, P_z = p_z. Šăł łăł H_1 ŋě ğăćĺáĺâ őâ y ĺ z, âő Ṗ_y = 0, Ṗ_z = 0, â. ě. P_y = const, P_z = const. Ŕőďáâăćĺć íâĺ ĺŋâěčàăńë ć (14), ŋăľďěň:

H_1 = p^2_x 2m + mω^2_o (x − x_0)^2 2 + p^2_z 2m , (15)

čďě ω_o = eH/mc – æĺłńőâàőŋŋăï çăáâőâă, x_0 = cP_y/eH = P_y/(mω_o) ĺ 0 ≤ P_y ≤ mω_oL_x. Śďćĺčăï H_1 ŋă łőŋáâăŋâã: H̃_1 = H_1 − P^2_z /2m, ŕőńãçĺň äãŋłæĺî Čăňĺńìâőŋă őďŋőňěàŋőčő őáæĺńńïâőàă

H̃_1 = p^{2x} 2m + mω^2_o (x − x_0)^2 2 . (16)

(Šàăěłâőàĺï çăáâĺæë á čăňĺńìâőŋĺăŋőň (15) ěáâì ćĺŋâőćăï ńĺŋĺï – àăćŋőňěàŋőě ďćĺęěŋĺě ćďőńì őáĺ Z ĺ ćàăéăâěńìŋőě ć ŕńőáłőáâĺ XY á çăáâőâőľ ω_o; ćěńĺçĺŋă P_y őŕàěďěńïěâ àăááâőïŋĺě x_0 őâ őáĺ ćĺŋâőćőľ ńĺŋĺĺ ďő ŕńőáłőáâĺ ZY .)

Łćăŋâőćăŋĺě (16) ŕàĺćőďĺâ ł ďĺáłàěâŋőňã áŕěłâàã ”ŕőŕěàěçŋőľ” íŋěàčĺĺ

ε_{n⊥} = (n + 1 2 )h̄ω_o = (2n + 1)μ^∗H, μ^∗ = 1 2 eh̄ mc , Δε_⊥ = h̄ω_o = eh̄ mc H, čďě eh̄/(mc) = 2μ^∗ – ňăčŋĺâŋëľ ňőňěŋâ őàąĺâăńìŋőčő ďćĺęěŋĺï ğăàïďă. Śŕěłâà čăňĺńìâőŋĺăŋă (15) ďăěâáï äőàňãńőľ Ńăŋďăã

ε_n(p_z ) = (n + 1 2 )h̄ω_o + p^2_z 2m . Ďćĺęěŋĺě ćďőńì őáĺ Z áçĺâăěň łćăğĺłńăááĺçěáłĺň ďńï ňăłàőáłőŕĺçěáłĺå àăğňěàőć ïéĺłă, ć łőâőàëľ ŕőňěáâĺńĺ çăáâĺæë.

Ŋăľďěň çĺáńő áőáâőïŋĺľ çăáâĺæë á ĺňŕãńìáăňĺ ćąńĺğĺ p_z ďńï ïéĺłă őąêěňőň V = L_xL_yL_z. Őąőğŋăçĺň łćăďàăâ ”ŕőŕěàěçŋőčő” ĺňŕãńìáă łăł p^2_{n⊥} = (p^2_x + P^2_y )_n = 2m(n +^1_2 )h̄ω_o = 2m(2n + 1)μ^∗H. Ďńï ďăŋŋőčő p_z çĺáńő àăğńĺçŋëå ”ŕőŕěàěçŋëå” áőáâőïŋĺľ, őâćěçăîéĺå ďćãň áőáěďŋĺň ãàőćŋïň Ńăŋďăã, őŕàěďěńïěâáï ŕńőéăďìî łőńìæă ŋă ŕńőáłőáâĺ (p_x, P_y) á àăďĺãáăňĺ p_{n−1⊥} ĺ p_{n⊥} : Δν_{xy}(H) = L_xL_y h^2 ∫ ∫ dp_xdP_y = 2πL_xL_y h^2 p_{n⊥}∫ p_{n−1⊥} p_⊥dp_⊥ = 2πmL_xL_y h^2 h̄ω_o = L_xL_y hc eH. Ćěńĺçĺŋă Δν_{xy} ěáâì łàăâŋőáâì ćëàőęďěŋĺï áőáâőïŋĺï á ďăŋŋëň n, ŕőłăğëćăîéăï, áłőńìłő ãàőćŋěľ łćăğĺŋěŕàěàëćŋőčő áŕěłâàă ŕàĺ H = 0 áőąěàěâáï ć őďĺŋ ãàőćěŋì Ńăŋďăã. Ůĺáńő áőáâőïŋĺľ á ĺňŕãńìáăňĺ ćąńĺğĺ p_z á ãçěâőň łàăâŋőáâĺ ćëàőęďěŋĺï ŕő áŕĺŋã àăćŋő:

D_n(p_z)dp_z = g_s L_z h Δν_{xy}(H)dp_z = 4πV m h^3 h̄ω_odp_z . Şçĺâëćăï dp_z dε = m √ 2m[ε − h̄ω_o(n + 1/2)] , ŋăåőďĺň ŕńőâŋőáâì çĺáńă áőáâőïŋĺľ á íŋěàčĺïňĺ ćąńĺğĺ ε

D(ε) =^∑_n 2 | | | | dp_z dε | | | | D_n(p_z) = πV (2m)^{3/2}h̄ω_o h^3 ∑ n 1 √ ε − (n +^1_2 )h̄ω_o . (Ğďěáì ňë ŋě ãçĺâëćăěň àăáéěŕńěŋĺï łăęďőčő ãàőćŋï á ďăŋŋëň p_z ŋă ďćă ĺ ćëâěłăîéĺľ őâáîďă ŕăàăňăčŋěâĺğň, àăááňőâàěŋŋëľ ć ŕ. 2.)

Ňőęŋő âăłęě ćëçĺáńĺâì D(ε), ĺáåőďï ĺğ őŕàěďěńěŋĺï

D(ε) =^∑_k δ(ε − ε_k) =^∑_{σ,n} P_y,p_z δ ε − p^2_z 2m + (n + 1 2 )h̄ω_o :

D(ε) = 2 L_yL_z (2πh̄)^2 ∞∑ n=0 ∞∫ −∞ dp_z δ ε − p^2_z 2m + (n + 1 2 )h̄ω_o mω_oL_x∫

0 dP_y = = 2V mω_o (2πh̄)^2 ∞∑ n=0 2 ∞∫

0 dp_z δ ε − p^2_z 2m − (n + 1 2 )h̄ω_o . (17) Ś ãçěâőň âőčő, çâő √ m/2 ∞∫

0 dx √ x δ ( ε − x − (n + 1 2 )h̄ω_o ) = √ m/2 √ ε − (n +^1_2)h̄ω_o , čďě x = p^2_z /2m, dp_z =^√m/2dx/ √ x, ŋăľďěň: D(ε) = V m^{3/2}ω_o 2 √ 2π^2h̄^2 ∑ n 1 √ ε − (n +^1_2 )h̄ω_o

. (18)

Ŕàĺ ω_o → 0 ŕőńãçăěň ĺğćěáâŋëľ ŋăň àěğãńìâăâ ďńï áćőąőďŋőľ áĺáâěňë: ∑ n −→ ε/h̄ω_o−1/2 ∫ −1/2 dξ √ ε − (ξ +^1_2 )h̄ω_o = 2 √ ε h̄ω_o ,

D(ε) −→_{ωo→0} 2V m^{3/2} √ ε √ 2π^2h̄^3 = 4πV (2m)^{3/2} √ ε (2πh̄)^3 . Ćëçĺáńĺň âěŕěàì ąőńìèőľ ŕőâěŋæĺăń áĺáâěňë ć ŕàĺąńĺęěŋĺĺ áĺńìŋőčő ćëàőęďěŋĺï ĺ áńăąőčő ňăčŋĺâŋőčő ŕőńï – h̄ω_o ≪ kT ≪ ε_F : J_H = −kT ln Z̃ = −kT V m^{3/2}ω_o √ 2π^2h̄^2 ∑ n ∞∫

0 ln [1 + exp ((μ − ε)/kT )] dε √ ε − (n +^1_2 )h̄ω_o

. (19)

Ĺŋâěčàĺàãï (19) ŕő çăáâïň, ŋăľďěň:

J_H = −2 V m^{3/2}ω_o √ 2π^2h̄^2 ∑ n ∞∫

0

√ ε − (n +^1_2 )h̄ω_o exp ((ε − μ)/kT ) + 1 dε. (20)

Śãňňĺàőćăŋĺě ğďěáì őčàăŋĺçěŋő ãáńőćĺěň n ≤ n_0 = ε/h̄ω_o − 1/2. Ćőáŕőńìğőćăćèĺáì äőàňãńőľ (12.18), ć łőâőàőľ ňë áőåàăŋĺň âőńìłő ŕěàćëľ çńěŋ, ŕőńãçĺň: J_H ≈ − 2V m^{3/2}ω_o √ 2π^2h̄^2 ∑ n μ∫

0

[ ε − (n + 1 2 )h̄ω_o ]1/2 dε = = − 4V m^{3/2}ω_o 3 √ 2π^2h̄^2 ∑ n [ μ − (n + 1 2 )h̄ω_o ]3/2 = −h̄ω_o^∑_n f ( n + 1 2 ) . (21)

Ŕőáłőńìłã ďńï áńăąëå ŕőńěľ (eH/mc ≪ μ ĺńĺ h̄ω_o/μ ≪ 1) äãŋłæĺï f ( n + 1 2 ) = 4πV m^{3/2} 3 √ 2π^2h̄^3 [ μ − (n + 1 2 )h̄ω_o ]3/2 = 2 3 Aμ^{3/2} [ 1 − (n + 1 2 )h̄ω_o/μ ]3/2

ňăńő ňěŋïěâáï ŋă őďŋőň èăčě n → n + 1, âő ďńï áãňňĺàőćăŋĺï ć (21) ňőęŋő ćőáŕőńìğőćăâìáï äőàňãńőľ İľńěàă – Ňăłńőàěŋă, łőâőàãî ŕàěďáâăćĺň ć ćĺďě

k_0∑ k=1/2 f(k) = k_0∫

1/2 f(x)dx + 1 2 f(1/2) − 1 12 f^′(1/2) + . . . , (22)

čďě k_0 = μ/h̄ω_o; ĺ ňë ãçńĺ, çâő f(k_0) = f^′(k_0) = 0. Ĺáŕőńìğãï àăğńőęěŋĺě f(x) ≈ f(0) + xf^′(0) ŋă őâàěğłě [0, 1/2] ĺ áďěńăć ğăňěŋã y = μ − h̄ω_ox, ŕěàěŕĺèěň (22) ć ćĺďě

k_0∑ k=1/2 f(k) ≈ k_0∫

0 f(x)dx + 1 24 f^′(0) = 1 h̄ω_o μ∫

0 f ( μ − y h̄ω_o ) dy − 1 24 h̄ω_o ∂f ∂y | | | | y=μ . (23)

Ŕőďáâăćńïï (23) ć (21), ŋăľďěň: J_H = −h̄ω_o^∑_k f(k) ≈ − μ∫

0 f ( μ − y h̄ω_o ) dy + 1 24 (h̄ω_o)^2 ∂f(0) ∂μ . (24)

Ŕěàćőě áńăčăěňőě ć (24) ěáâì ąőńìèőľ ŕőâěŋæĺăń ćëàőęďěŋŋőľ äěàňĺ– áĺáâěňë ŕàĺ H = 0

J_0(μ) = − μ∫

0 f ( μ − y h̄ω_o ) dy = − 2 3 A μ∫

0 y^{3/2}dy = − 4 15 Aμ^{5/2}, ă f(0) = − ∂J_0 ∂μ , ∂f(0) ∂μ = − ∂^2J_0 ∂μ^2 , ŕőíâőňã (24) ěáâì

J_H ≈ J_0(μ) − 1 24 (h̄ω_o)^2

∂^2J_0 ∂μ^2 = J_0(μ) − 1 6 (μ^∗H)^2

∂^2J_0 ∂μ^2 . (25)

Śàăćŋĺćăï (9) á (25), ćĺďĺň, çâő ŕőáńěďŋěě ćëàăęěŋĺě őâńĺçăěâáï ňŋőęĺâěńěň −1/3. Ďńï íńěłâàőŋőć ćŋãâàĺ ňěâăńńă ćńĺïŋĺě ŕěàĺőďĺçěáłőčő ŕőâěŋæĺăńă ć ŕěàćőň ŕàĺąńĺęěŋĺĺ ňőęŋő ãçěáâì, ğăňěŋïï m → m^∗, âőčďă μ^∗ = eh̄/2m^∗c = μ_B (m/m^∗). Ŕőíâőňã

χ_{ďĺăň} ≈ − 1 3 nμ^{∗2} ε_F = − 1 3 ( m m^∗ )2 χ_{ŕăpň}. (26)

Šăłĺň őąàăğőň, łćăŋâőćăŋĺě őàąĺâăńìŋőčő ďćĺęěŋĺï íńěłâàőŋőć ŕàĺćőďĺâ ł ďĺăňăčŋĺâŋőňã íääěłâã, ĺ ďĺăňăčŋĺâŋăï ćőáŕàĺĺňçĺćőáâì áćőąőďŋëå íńěłâàőŋőć àăćŋă őďŋőľ âàěâĺ áŕĺŋőćőľ ŕăàăňăčŋĺâŋőľ ćőáŕàĺĺňçĺćőáâĺ. İâőâ àěğãńìâăâ ąëń ćŕěàćëě ŕőńãçěŋ Ńăŋďăã (1930). Řěğãńìâĺàãîéăï ćőáŕàĺĺňçĺćőáâì ïćńïěâáï ŕăàăňăčŋĺâŋőľ:

χ = χ_{ŕăàň} + χ_{ďĺăň} = 1 − 1 3 ( m m^∗ )2 χ_{ŕăpň}.

Őâŋőèěŋĺě | χ_{ďĺăň}/χ_{ŕăpň} |= (1/3)(m/m^∗)^2 ňőęěâ ŕàěćőáåőďĺâì ěďĺŋĺæã ďńï ňěâăńńőć á ňăńëňĺ íääěłâĺćŋëňĺ ňăááăňĺ íńěłâàőŋőć m^∗ < m/ √ 3; ć íâőň áńãçăě ŕőńãçĺň ďĺăňăčŋĺâŋőě ćěéěáâćő, ŕőďőąŋőě, ŋăŕàĺňěà, ćĺáňãâã ĺńĺ áãàìňě.

Ć áĺńìŋëå ŕőńïå h̄ω_o > kT , â. ě. âěŕńőćőě ”àăğňëâĺě” ãàőćŋï Ťěàňĺ áâăŋőćĺâáï ňěŋìèě àăááâőïŋĺï ňěęďã ãàőćŋïňĺ Ńăŋďăã. Ć íâőň áńãçăě íŋěàčĺï íńěłâàőŋŋőčő čăğă ŕěàěáâăěâ ąëâì ňőŋőâőŋŋőľ äãŋłæĺěľ H : ćőğŋĺłăîâ őáæĺńńïæĺĺ ňăčŋĺâŋőľ ćőáŕàĺĺňçĺćőáâĺ – íääěłâ ďě Ţăăğă–ćăŋ Ăńìäěŋă.