11 Šěőàĺï âěŕńőěňłőáâĺ âćěàďőčő âěńă

Ďńï âěŕńőěňłőáâĺ âćěàďőčő âěńă ąëń ĺğćěáâěŋ ğăłőŋ Ďîńőŋčă ĺ Ŕâĺ (1819) łőâőàëľ ŕőńãçĺń őąêïáŋěŋĺě ć àăňłăå łńăááĺçěáłőľ áâăâĺáâĺçěáłőľ äĺğĺłĺ: ŕő âěőàěňě àăćŋőàăáŕàěďěńěŋĺï łăęďăï łőńěąăâěńìŋăï áâěŕěŋì ďăěâ ćłńăď ćő ćŋãâàěŋŋîî íŋěàčĺî, àăćŋëľ kT , ĺ ďńï ŕàőáâőčő łàĺáâăńńă á 3N áâěŕěŋïňĺ áćőąőďë U = 3NkT , â.ě. Ś_V = 3Nk. Őďŋăłő ğăłőŋ Ďîńőŋčă ĺ Ŕâĺ ĺňěń ŕàĺąńĺęěŋŋëľ åăàăłâěà: Ś_V ≈ 3R âőńìłő ć áàăćŋĺâěńìŋő ãğłőň ĺŋâěàćăńě ”łőňŋăâŋëå” âěňŕěàăâãà; őáőąěŋŋő áĺńìŋăï ğăćĺáĺňőáâì őâ Š ąëńă őąŋăàãęěŋă ŕàĺ ŋĺğłĺå âěňŕěàăâãàăå. Ŕãâĺ ŕàěőďőńěŋĺï íâĺå âàãďŋőáâěľ ąëńĺ ŕőłăğăŋë İľŋèâěľŋőň (1907), łőâőàëľ àăáŕàőáâàăŋĺń ĺďěĺ Ŕńăŋłă ŋă ŕőćěďěŋĺě ăâőňőć ć àěèěâłě, ĺáŕőńìğãï ć ïćŋőň ćĺďě ŕàěďŕőńőęěŋĺě ő łćăŋâőćăŋĺĺ íŋěàčĺĺ őáæĺńńïâőàă. Ňőďěńì İľŋèâěľŋă, ć łőâőàőľ âćěàďőě âěńő àăááňăâàĺćăńőáì łăł áőćőłãŕŋőáâì 3N őďĺŋăłőćëå (á őďŋőľ åăàăłâěàĺáâĺçěáłőľ çăáâőâőľ) ŋěáćïğăŋŋëå čăàňőŋĺçěáłĺå őáæĺńńïâőàőć, ŕőğćőńĺńă łăçěáâćěŋŋő őąêïáŋĺâì ŕőćěďěŋĺě âěŕńőěňłőáâĺ. Łőńĺçěáâćěŋŋő ńãçèěě áőčńăáĺě á íłáŕěàĺňěŋâăńìŋő ĺğňěàěŋŋőľ âěŕńőěňłőáâìî ŕàĺ ŋĺğłĺå âěňŕěàăâãàăå C_V ∼ T^3 ąëńő ŕőńãçěŋő ć ňőďěńĺ Ŕ. Ďěąăï (1912). Ňë ĺğńőęĺň àěğãńìâăâë âěőàĺĺ İľŋèâěľŋă ĺ âěőàĺĺ Ďěąăï, ĺáŕőńìğãï łőŋæěŕæĺî łćăğĺçăáâĺæ.

11.1 Ăłãáâĺçěáłĺě ĺ őŕâĺçěáłĺě ćěâćĺ łőńěąăŋĺľ àěèěâłĺ

Őčàăŋĺçĺňáï àăááňőâàěŋĺěň ďĺŋăňĺłĺ łàĺáâăńńĺçěáłőľ àěèěâłĺ ŋă ŕàĺňěàě ŕàőáâěľèĺå ŕěàĺőďĺçěáłĺå áâàãłâãà – ńĺŋěľŋőľ æěŕőçłĺ á őďŋĺň ĺ ďćãňï ăâőňăňĺ ć íńěňěŋâăàŋőľ ”ïçěľłě” (æěŕőçłĺ Ąőàŋă ĺ Łăàňăŋă).

Ťãŋłæĺï Čăňĺńìâőŋă æěŕőçłĺ ćğăĺňőďěľáâćãîéĺå çăáâĺæ őďŋőčő âĺŕă ć čăàňőŋĺçěáłőň ŕàĺąńĺęěŋĺĺ ĺňěěâ ćĺď

H =^{N∑}_{ℓ=1} p^2_ℓ 2m + γ 2 N∑ ℓ=1 (ξ_ℓ − ξ_{ℓ−1})^2, (1)

čďě γ – łőŋáâăŋâă ćğăĺňőďěľáâćĺï ąńĺęăľèĺå ăâőňőć; ξ_ℓ – áňěéěŋĺě ℓ–čő ăâőňă őâŋőáĺâěńìŋő ŕőńőęěŋĺï àăćŋőćěáĺï. Łőőàďĺŋăâë ξ_ℓ ãďőćńěâćőàïîâ æĺłńĺçěáłĺň ãáńőćĺïň (Ąőàŋă – Łăàňăŋă) ξ_ℓ = ξ_{ℓ+N} , łőâőàëě ňőďěńĺàãîâ ĺďěăńìŋãî ŕěàĺőďĺçěáłãî áâàãłâãàã.

Şàăćŋěŋĺï Čăňĺńìâőŋă ṗ_ℓ = −∂H/∂ξ_ℓ, ξ̇_ℓ = p_ℓ/m ďăîâ ãàăćŋěŋĺě ďćĺęěŋĺï ℓ–čő ăâőňă

ξ̈_ℓ = γ m [(ξ_{ℓ+1} − ξ_ℓ) + (ξ_{ℓ−1} − ξ_ℓ)] . (2)

Ććěďěň ŋőćëě łőőàďĺŋăâë q_k(t) ŕàěőąàăğőćăŋĺěň

q_k(t) = 1 √ N ∑ ℓ ξ_ℓ exp(−ikℓa). (3) Őąàăâŋőě ł (3) ŕàěőąàăğőćăŋĺě ŕőğćőńïěâ ğăŕĺáăâì áňěéěŋĺï ξ_ℓ çěàěğ ŋőàňăńìŋëě łőőàďĺŋăâë q_k(t) :

ξ_ℓ(t) = 1 √ N ∑ k q_k(t) exp(ikℓa). (4) Ĺğ ãáńőćĺľ Ąőàŋă – Łăàňăŋă ŋăåőďĺň: exp(ikNa) = 1, â. ě. k = (2π/Na)ν, čďě ν = 0, ±1, ±2, . . . , N/2. Ďńï æěŕőçłĺ ĺğ N ăâőňőć ĺňěěâáï àőćŋő N ŋěíłćĺćăńěŋâŋëå ğŋăçěŋĺľ ćőńŋőćőčő çĺáńă k ŋă ĺŋâěàćăńě (−π/a, π/a). (Ć âàěåňěàŋőň áńãçăě íâő áőőâćěâáâćãěâ ŕěàćőľ ğőŋě Ąàĺńńîíŋă łãąĺçěáłőľ àěèěâłĺ: ćőńŋőćőľ ćěłâőà ⃗k = (2π/Na^2)ν⃗a őŕàěďěńěŋ á âőçŋőáâìî ďő ŕěàĺőďă őąàăâŋőľ àěèěâłĺ ⃗g = (2π/a^2)⃗a, â. ě. ⃗k → ⃗k^′ = ⃗k +⃗g; ćğăĺňőďěľáâćĺï á Δ⃗k = ⃗g ŋăğëćăîâ ŕàőæěááăňĺ ŕěàěąàőáă.)

Ŕőďáâăćĺć (4) ć (2), ŕőńãçĺň:^∑_k^[q̈_k(t) + ω^2(k)q_k(t)^] = 0 ĺ

q̈_k(t) + ω^2(k)q_k(t) = 0, (5) čďě ω(k) = 2γ m [1 − cos(ka)] = 2 ( γ m )1/2 | | | |sin ka 2 | | | | | − (6)

ğăłőŋ ďĺáŕěàáĺĺ ďńï łőńěąăŋĺľ æěŕőçłĺ, â. ě. ğăćĺáĺňőáâì çăáâőâë łőńěąăŋĺľ ω őâ ćőńŋőćőčő çĺáńă k. Şàăćŋěŋĺě (5) ěáâì ãàăćŋěŋĺě ďńï őâďěńìŋőčő čăàňőŋĺçěáłőčő őáæĺńńïâőàă á åăàăłâěàĺáâĺçěáłőľ çăáâőâőľ ω(k). Šăłĺň őąàăğőň, ğăďăçã ő áćïğăŋŋőľ æěŕőçłě á ŕőňőéìî ŕàěőąàăğőćăŋĺï (3) ňë áćěńĺ ł ğăďăçě ńĺŋěľŋëå ŋěáćïğăŋŋëå čăàňőŋĺçěáłĺå őáæĺńńïâőàőć – ŋőàňăńìŋëå ňőď ńĺŋěľŋőľ æěŕőçłĺ ăâőňőć. Ć ŕàěďěńě ďńĺŋŋëå ćőńŋ, łőčďă ğŋăçěŋĺï k – ćďăńĺ őâ čàăŋĺæë ğőŋë Ąàĺńńîíŋă (ka ≪ π), ňë ňőęěň ğăŕĺáăâì: | sin(ka/2)| ≈ ka/2 ĺ ω(k) ≈ (γ/m)^{1/2}ak. Ć íâőň ŕàĺąńĺęěŋĺĺ őâáãâáâćãěâ ďĺáŕěàáĺï (äăğőćăï áłőàőáâì c_{äăğ.} = ω/k àăćŋă čàãŕŕőćőľ c_{čà} = dω/dk) ĺ áłőàőáâì ğćãłă ěáâì c_{ğć} = (γ/m)^{1/2}a.

İâőâ ęě àěğãńìâăâ ňőęŋő ŕőńãçĺâì ĺ ć ŕàĺąńĺęěŋĺĺ áŕńőèŋőľ ãŕàãčőľ áàěďë ďńï őďŋőňěàŋőčő áńãçăï: c_{ğć} =^√E/ρ, čďě E = f_{ãŕà}/(Δl/l) – ňőďãńì đŋčă, ρ = m/a – ŕńőâŋőáâì áàěďë, Δl l = Δξ a = ξ_i − ξ_{i−1} a , f_{ãŕà} = γΔξ ĺ c_{ğć} = γΔξ (m/a)(Δξ/a) 1/2 = ( γ m )1/2 a. Ć áĺńã ďĺáłàěâŋőáâĺ æěŕőçłĺ áãéěáâćãěâ ňĺŋĺňăńìŋăï ďńĺŋă ćőńŋë (ă áńěďőćăâěńìŋő, ĺ k_{max}) λ_{min} = 2π/k_{max} = 2a. Łőčďă λ ∼ a, ğăłőŋ ďĺáŕěàáĺĺ áãéěáâćěŋŋő őâńĺçăěâáï őâ ğćãłőćőčő, ĺ čàãŕŕőćăï áłőàőáâì c_{čà} = a^√γ/m cos(ka/2) < c_{äăğ}. (c_{čà} = 0 ŕàĺ k = k_{max} – ąàíččőćáłőě őâàăęěŋĺě őâ łàĺáâăńńĺçěáłőľ àěèěâłĺ.)

Šěŕěàì ŕěàěľďěň ł àăááňőâàěŋĺî ďćãåăâőňŋőľ æěŕőçłĺ, äãŋłæĺï Čăňĺńìâőŋă łőâőàőľ ěáâì

H =^{N∑}_{ℓ=1}( p^2_{1ℓ} 2m_1 + p^2_ℓ 2m_2 ) + γ 2 ∑ ℓ=1 [ (ξ^{(1)}_ℓ − ξ^{(2)}_ℓ )^2 + (ξ^{(1)}_ℓ − ξ^{(2)}_{ℓ−1})^2 + (ξ^{(2)}_ℓ − ξ^{(1)}_{ℓ+1})^2 ] . Şàăćŋěŋĺï ďćĺęěŋĺï ć íâőň áńãçăě ĺňěîâ ćĺď

m_1ξ̈^{(1)}_ℓ = −γ [ (ξ^{(1)}_ℓ − ξ^{(2)}_ℓ ) + (ξ^{(1)}_ℓ − ξ^{(2)}_{ℓ−1}) ] , m_2ξ̈^{(2)}_ℓ = −γ [ (ξ^{(2)}_ℓ − ξ^{(1)}_ℓ ) + (ξ^{(2)}_ℓ − ξ^{(1)}_{ℓ+1}) ] . Ććőďï ŋőàňăńìŋëě łőőàďĺŋăâë q^{(1)}_k (t) ĺ q^{(2)}_k (t) ŕàěőąàăğőćăŋĺïňĺ

q^{(1)}_k (t) = 1 √ N ∑ ℓ ξ^{(1)}_ℓ exp(−ikℓa), q^{(2)}_k (t) = 1 √ N ∑ ℓ ξ^{(2)}_ℓ exp(−ikℓa), ŕőńãçĺň áĺáâěňã ãàăćŋěŋĺľ ∑ k e^{ikℓa} [ q̈^{(1)}_k +^γ_{m1} ( 2q^{(1)}_k − q^{(2)}_k − q^{(2)}_k e^{−ika} )] = 0, ∑ k e^{ikℓa} [ q̈^{(2)}_k +^γ_{m2} ( 2q^{(2)}_k − q^{(1)}_k e^{ika} − q^{(1)}_k ) ] = 0,

őâłãďă q̈^{(1)}_k +^γ_{m1} ( 2q^{(1)}_k − q^{(2)}_k − q^{(2)}_k e^{−ika} ) = 0, q̈^{(2)}_k +^γ_{m2} ( 2q^{(2)}_k − q^{(1)}_k e^{ika} − q^{(1)}_k ) = 0. (7) Ĺéěň àěèěŋĺï áĺáâěňë (7) ć ćĺďě

q^{(1)}_k (t) = A_k exp(−iωt), q^{(2)}_k (t) = B_k exp(−iωt). (8)

Ŕőďáâăćńïï (8) ć (7), ŕőńãçĺň áĺáâěňã őďŋőàőďŋëå ăńčěąàăĺçěáłĺå ãàăćŋěŋĺľ ďńï ăňŕńĺâãď A_k ĺ B_k

(2^γ_{m1} − ω^2)A_k −^γ_{m1} (1 + e^{−ika})B_k = 0, −^γ_{m2} (1 + e^{ika})A_k + (2^γ_{m2} − ω^2)B_k = 0, (9) ãáńőćĺěň àăğàěèĺňőáâĺ łőâőàőľ ïćńïěâáï őąàăéěŋĺě ć ŋãńì ěě ďěâěàňĺŋăŋâă:_| | | | 2^γ_{m1} − ω^2 −^γ_{m1} (1 + e^{−ika}) −^γ_{m2} (1 + e^{ika}) 2^γ_{m2} − ω^2 | | | | | | = 0, őâłãďă

ω^2_s (k) = γ ( 1/μ + (−1)^{s [}1/μ^2 − 4/(m_1m_2) sin^2(ka/2)^{]1/2} ) , (10)

čďě s = 1, 2, a μ = (1/m_1 + 1/m_2)^{−1} – ŕàĺćěďěŋŋăï ňăááă íńěňěŋâăàŋőľ ïçěľłĺ.

Ĺâăł, ć áńãçăě æěŕőçłĺ ďćãåăâőňŋëå ïçěěł ŕőńãçĺň ďćă âĺŕă łőńěąăŋĺľ ĺńĺ ďćě ćěâćĺ: 1) ăłãáâĺçěáłăï ćěâćì (s = 1), ďńï łőâőàőľ ω_{ăł}(k = 0) = 0; 2) őŕâĺçěáłăï (ąőàŋőćáłăï) ćěâćì (s = 2), ďńï łőâőàőľ ω_{őŕâ}(k = 0) =^√2γ/μ. Łăł ĺ àăŋìèě, ğăćĺáĺňőáâì őâ k ïćńïěâáï ŕěàĺőďĺçěáłőľ, ĺ ďőáâăâőçŋő àăááňőâàěâì ěě ć ŕàěďěńăå ŕěàćőľ ğőŋë Ąàĺńńîíŋă. Ăłãáâĺçěáłăï ćěâćì ĺňěěâ âőâ ęě åăàăłâěà, çâő ĺ ć áńãçăě őďŋőăâőňŋőľ àěèěâłĺ, ĺ ŕàĺ ňăńëå k áőőâćěâáâćãěâ ğćãłőćëň ćőńŋăň. (Ŕěàěåőď ł őďŋőăâőňŋőľ ïçěľłě m_1 = m_2, a/2 → a ďăěâ ŕàěęŋěě ćëàăęěŋĺě (6) ďńï ω(k) .) Ŋă čàăŋĺæě ğőŋë Ąàĺńńîíŋă ω_{ăł} =^√2γ/m_2), ω_{őŕâ} =^√2γ/m_1) ďńï m_1 < m_2. Ŋăğćăŋĺě ”őŕâĺçěáłăï” ďńï ćěâćĺ á s = 2 áćïğăŋő á âěň, çâő łőńěąăŋĺï íâőčő âĺŕă åăàăłâěàĺğãîâáï çăáâőâăňĺ ĺŋäàăłàăáŋőčő ďĺăŕăğőŋă 10^{12} − 10^{13} á^{−1} ĺ ćğăĺňőďěľáâćãîâ á ĺŋäàăłàăáŋëň ĺğńãçěŋĺěň.

Ďńï őâŋőèěŋĺï ăňŕńĺâãď A^{(s)}_k /B^{(s)}_k ŕőńãçĺň ĺğ (9): A^{(s)}_k B^{(s)}_k = (γ/m_1)[1 + exp(−ika)] 2γ/m_1 − ω^2_s (k) . Ŕàĺ k → 0 ďńï ăłãáâĺçěáłőľ ćěâćĺ A^{(1)}_k /B^{(1)}_k → 1, ă ďńï őŕâĺçěáłőľ A^{(2)}_k /B^{(2)}_k → −m_2/m_1. Šăłĺň őąàăğőň, ć ŕàěďěńě ďńĺŋŋëå ćőńŋ ăâőňë m_1 ĺ m_2 ďćĺęãâáï ć äăğě á őďĺŋăłőćëňĺ ăňŕńĺâãďăňĺ ć ăłãáâĺçěáłĺå łőńěąăŋĺïå ĺ – ć ŕàőâĺćőäăğě á ŋěŕőďćĺęŋëň æěŋâàőň ňăáá ïçěľłĺ ć őŕâĺçěáłĺå łőńěąăŋĺïå. Ďàãčĺňĺ áńőćăňĺ, ć ďńĺŋŋőćőńŋőćőň ŕàěďěńě (łőŋâĺŋãăńìŋőň ĺńĺ ŕàĺąńĺęěŋĺĺ áŕńőèŋőľ áàěďë) ăłãáâĺçěáłăï ćěâćì ŕàěďáâăćńïěâ łőńěąăŋĺï ïçěľłĺ łăł æěńőčő, ă őŕâĺçěáłăï – łőńěąăŋĺï ăâőňőć ćŋãâàĺ ïçěľłĺ.

Ć áńãçăě âàěåňěàŋőľ àěèěâłĺ, íńěňěŋâăàŋăï ïçěľłă łőâőàőľ áőďěàęĺâ l ăâőňőć, ĺňěěâáï âàĺ ăłãáâĺçěáłĺě ćěâćĺ ĺ 3(l − 1) őŕâĺçěáłĺě ćěâćĺ. Łăęďăï ćěâćì åăàăłâěàĺğãěâáï ŕőńïàĺğăæĺěľ; ć áńãçăě ăłãáâĺçěáłĺå łőńěąăŋĺľ ňőęŋő ććěáâĺ őďŋã ŕàőďőńìŋãî – łőńěąăŋĺï ŕńőâŋőáâĺ ćěéěáâćă ć ŋăŕàăćńěŋĺĺ àăáŕàőáâàăŋěŋĺï ćőńŋë – ĺ ďćě ŕőŕěàěçŋëě ŕőńïàĺğăæĺĺ. Ć ăŋĺğőâàőŕŋőň łàĺáâăńńě çăáâőâă ğăćĺáĺâ ŋě âőńìłő őâ ňőďãńï k, ŋő ĺ őâ ŋăŕàăćńěŋĺï ćőńŋőćőčő ćěłâőàă: čőćőàïâ ő ğăłőŋě ďĺáŕěàáĺĺ ω_α(⃗k) ďńï ďăŋŋőčő łàĺáâăńńőčàăäĺçěáłőčő ŋăŕàăćńěŋĺï.

11.2 Łćăŋâőćăŋĺě łőńěąăŋĺľ àěèěâłĺ. Ťőŋőŋë

Ŕàőáńěďĺň ŕàőæěďãàã łćăŋâőćăŋĺï ŋă ŕàĺňěàě čăňĺńìâőŋĺăŋă (1). Ğăŕĺèěň äãŋłæĺî Čăňĺńìâőŋă ć ŋőàňăńìŋëå łőőàďĺŋăâăå q_k(t) ĺ áőőâćěâáâćãîéĺå ĺň őąőąéěŋŋëå ĺňŕãńìáăå p_k(t) : H = 1 2m ∑ k [p_kp_{−k} + m^2ω^2_kq_kq_{−k}], p_k = 1 √ N ∑ ℓ p_ℓ exp(ikℓa) = mq̇_{−k} = mq̇^∗_k. Őŕěàăâőà Čăňĺńìâőŋă ŕőńãçĺň, ğăňěŋïï p_k ĺ q_k ŋă őŕěàăâőàë p̂_k, q̂_k ĺ ććőďï őŕěàăâőàë àőęďěŋĺï ĺ ãŋĺçâőęěŋĺï a^+_{−k}, a_k ŕàěőąàăğőćăŋĺïňĺ

q̂_k = h̄ 2mω_k (a_k + a^+_{−k}), p̂_k = mh̄ω_k 2 (a^+_k − a_{−k}),

čďě a^+_{−k}, a_k ãďőćńěâćőàïîâ ŕěàěáâăŋőćőçŋëň áőőâŋőèěŋĺïň ďńï ąőğě– őŕěàăâőàőć [a_k, a^+_k′ ] = δ_{kk}′ , [a_k, a_k′ ] = [a^+_k , a^+_k′ ] = 0. Őłőŋçăâěńìŋő čăňĺńìâőŋĺăŋ ŕàĺňěâ äőàňã

Ĥ = 1 2 ∑ k h̄ω_k(a^+_k a_k + 1 2 ) =^∑_k h̄ω_k(n̂_k + 1 2 ), čďě n̂_k = a^+_k a_k – őŕěàăâőà çĺáěń ğăŕőńŋěŋĺï áőáâőïŋĺï k. Ďńï âőčő, çâőąë őâáçĺâëćăâì íŋěàčĺî őâ őáŋőćŋőčő áőáâőïŋĺï, ććěďěň

Ĥ^′ = Ĥ − E_0 = 1 2 ∑ k h̄ω_ka^+_k a_k =^∑_k h̄ω_kn̂_k,

čďě E_0 = (1/2)^∑_k h̄ω_k – íŋěàčĺï ŋãńěćëå łőńěąăŋĺľ àěèěâłĺ.

Ć ŕàěďáâăćńěŋĺĺ çĺáěń ğăŕőńŋěŋĺï Ĥ^′ |. . . , n_k, . . .⟩ =^∑ k h̄ω_kn_k |. . . , n_k, . . .⟩ , (11) ĺ ňë, łăł ĺ ć áńãçăě íńěłâàőňăčŋĺâŋőčő ŕőńï, ňőęěň ććěáâĺ ŕőŋïâĺě łćăŋâă íŋěàčĺĺ h̄ω_k. Ć ďăŋŋőň áńãçăě – íâő łćăŋâë àăáŕàőáâàăŋïîéĺåáï ŕő àěèěâłě ćőńŋ ãŕàãčĺå łőńěąăŋĺľ, ăłãáâĺçěáłĺå ĺńĺ őŕâĺçěáłĺå. Šăłĺě łćăŋâë (łćăğĺçăáâĺæë) ŋăğëćăîâ äőŋőŋăňĺ, ĺ ć ãàăćŋěŋĺĺ (11) ε_k = h̄ω_k – íŋěàčĺï äőŋőŋă ć áőáâőïŋĺĺ k, ă n_k – çĺáńő âăłĺå äőŋőŋőć.

Ťőŋőŋë ŕőåőęĺ ŋă łćăŋâë íńěłâàőňăčŋĺâŋőčő ŕőńï, ŋő ĺňěîâáï ĺ áãéěáâćěŋŋëě őâńĺçĺï. Ćő–ŕěàćëå, çĺáńő ŕőńïàĺğăæĺľ äőŋőŋă àăćŋő 3, ĺ, ćő–ćâőàëå, ĺňŕãńìá äőŋőŋă ŋě őŕàěďěńěŋ. Őďŋăłő á äőŋőŋőň ŋőàňăńìŋőľ ňőďë k ňőęŋő áćïğăâì łćăğĺĺňŕãńìá h̄k, łőâőàëľ áőåàăŋïěâáï (ğă ĺáłńîçěŋĺěň ŕàőæěááőć ŕěàěąàőáă) ŕàĺ íńěłâàőŋ–äőŋőŋŋëå, äőâőŋ–äőŋőŋŋëå ĺ äőŋőŋ–äőŋőŋŋëå ćğăĺňőďěľáâćĺïå .

Ś łőńěąăŋĺïňĺ àěèěâłĺ áćïğăŋő ňŋőęěáâćő àăğŋőőąàăğŋëå ïćńěŋĺľ, âăłĺå łăł ŋěãŕàãčőě àăááěïŋĺě áćěâă ŋă őŕâĺçěáłĺå äőŋőŋăå – íääěłâ Řăňăŋă, íääěłâĺćŋőě ŕàĺâïęěŋĺě íńěłâàőŋőć, őąãáńőćńěŋŋőě íńěłâàőŋ– äőŋőŋŋëň ćğăĺňőďěľáâćĺěň (čăňĺńìâőŋĺăŋ Ťàěńĺåă) ĺ ŕàĺćőďïéěě ć łőŋěçŋőň áçěâě ł áćěàåŕàőćőďĺňőáâĺ, ŕàőæěááë ŕěàěąàőáă (ŕěàěďăçă ĺňŕãńìáă łàĺáâăńńã łăł æěńőňã) – ňěåăŋĺğň âěŕńőŕàőćőďŋőáâĺ, àěğőŋăŋáŋőě ŕőčńőéěŋĺě γ–łćăŋâőć ïďàőň ć łàĺáâăńńě ć íääěłâě Ňěááąăãíàă ĺ ňŋőčőě ďàãčőě. Řăğŋëě ćěâćĺ łőńěąăŋĺľ àěèěâłĺ ćńĺïîâ ŋă àăğńĺçŋëě ŕàőæěááë: ŕőčńőéěŋĺě ĺ ĺáŕãáłăŋĺě ĺŋäàăłàăáŋőčő ĺğńãçěŋĺï, łőňąĺŋăæĺőŋŋőě àăááěïŋĺě – ąőàŋőćáłĺě ćěâćĺ, àăááěïŋĺě ŋěľâàőŋőć – ŕàőďőńìŋëě ăłãáâĺçěáłĺě ĺ â.ď.

Ćłńăď łőńěąăŋĺľ ć âěàňőďĺŋăňĺłã łàĺáâăńńă ć ŕěàćőň ŕàĺąńĺęěŋĺĺ ňë ňőęěň ĺááńěďőćăâì, ĺğãçăï áćőľáâćă čăğă ŋěćğăĺňőďěľáâćãîéĺå łćăğĺçăáâĺæ – ĺďěăńìŋőčő čăğă äőŋőŋőć. Ŕőďçěàłŋěň ěéě àăğ, çâő őâáãâáâćĺě ćğăĺňőďěľáâćĺï äőŋőŋőć ďàãč á ďàãčőň őąãáńőćńěŋő čăàňőŋĺçěáłĺň ŕàĺąńĺęěŋĺěň ďńï ŕőâěŋæĺăńă ćğăĺňőďěľáâćĺï áőáěďŋĺå ăâőňőć łàĺáâăńńĺçěáłőľ àěèěâłĺ. Ţĺňĺçěáłĺľ ŕőâěŋæĺăń âăłőčő čăğă àăćěŋ ŋãńî (łăł ć áńãçăě àăćŋőćěáŋőčő ĺğńãçěŋĺï), ă áàěďŋĺě çĺáńă äőŋőŋőć ňőďë (k, α) ŕőďçĺŋïîâáï àăáŕàěďěńěŋĺî Ąőğě – İľŋèâěľŋă ⟨n_{kα}⟩ = 1 exp(βh̄ω_k) − 1 . Ćŋãâàěŋŋïï íŋěàčĺï âăłőčő čăğă ěáâì U ≡ ⟨E⟩ =^∑_{k,α} h̄ω_k⟨n_{kα}⟩ =^∑_{k,α} h̄ω_k exp(βh̄ω_k) − 1

. (12)

11.3 Ňőďěńì İľŋèâěľŋă

Ŕàěďŕőńőęĺň, çâő ćáě łőńěąăâěńìŋëě ňőďë łàĺáâăńńă ĺňěîâ őďŋã ĺ âã ęě åăàăłâěàĺáâĺçěáłãî çăáâőâã ω_E , â. ě. íŋěàčĺï äőŋőŋă ŋě ğăćĺáĺâ őâ ĺŋďěłáă k: ε_k = h̄ω_E . Šőčďă ďńï ŕàőáâőčő (á őďŋĺň ăâőňőň ć ïçěľłě) łàĺáâăńńă^∑_k 1 = 3N ĺ U = 3Nh̄ω_E exp(h̄ω_E /kT ) − 1

, (13)

C_V = 3Nk ( θ_E T )2 exp(θ_E /T ) [exp(θ_E/T ) − 1]^2 = 3NkE ( θ_E 2T ) , (14)

čďě θ_E ≡ h̄ω_E /k – íľŋèâěľŋőćáłăï åăàăłâěàĺáâĺçěáłăï ”âěňŕěàăâãàă”, E(x) – äãŋłæĺï İľŋèâěľŋă (áň. 7.5).

Ŕàĺ ŋĺğłĺå âěňŕěàăâãàăå (T ≪ θ_E ) C_V ≃ 3Nk ( θ_E T )2 exp(− θ_E T ). (15)

Ć ŕàěďěńě ćëáőłĺå âěňŕěàăâãà T ≫ θ_E ŕőńãçĺň ğăłőŋ Ďîńőŋčă – Ŕâĺ C_V ≃ 3Nk(1 − θ_E/T ) −→_{T →∞} 3Nk. [Ŕőłăęĺâě, çâő ć ďńĺŋŋőćőńŋőćőň ŕàěďěńě ňőďěńì İľŋèâěľŋă ãçĺâëćăěâ ćłńăď őŕâĺçěáłĺå äőŋőŋőć, ŕőíâőňã ěě àěğãńìâăâ ŋăďő áàăćŋĺćăâì á ďăŋŋëňĺ ĺğňěàěŋĺï C_V ďńï łàĺáâăńńőć á ďćãňï ĺ ąőńěě ăâőňăňĺ ć íńěňěŋâăàŋőľ ïçěľłě. Łăł ć íâőň áńãçăě ćëčńïďĺâ áŕěłâàăńìŋăï ŕńőâŋőáâì çĺáńă äőŋőŋŋëå ňőď D(ω) ?]

11.4 Ňőďěńì Ďěąăï

Ŕàĺ ąőńìèőň çĺáńě ïçěěł N ć łàĺáâăńńě áãňňã ŕő ćőńŋőćëň çĺáńăň k ňőęŋő ğăňěŋĺâì ĺŋâěčàĺàőćăŋĺěň ŕő ãęě ĺğćěáâŋőňã àěæěŕâã^∑_k → V/(2π)^{3 ∫} d^3k. Ŕàěďŕőńőęĺň, çâő:

• őŕâĺçěáłĺě ćěâćĺ őâáãâáâćãîâ – ŕàőáâőľ łàĺáâăńń ĺńĺ ŋĺğłĺě âěňŕěàăâãàë T ≤ 10 K^∘, ŕàĺ łőâőàëå őŕâĺçěáłĺě ćěâćĺ ŋě ćőğąãęďăîâáï;

• ďńï âàěå ăłãáâĺçěáłĺå ćěâćěľ áŕàăćěďńĺćő ďńĺŋŋőćőńŋőćőě ŕàĺąńĺęěŋĺě á ńĺŋěľŋőľ ğăćĺáĺňőáâìî çăáâőâë őâ ćőńŋőćőčő çĺáńă, őďĺŋăłőćőľ ďńï ŕàőďőńìŋőľ ĺ ďćãå ŕőŕěàěçŋëå ŕőńïàĺğăæĺľ: ω = c_lk_l, ω = c_⊥k_⊥.

Šőčďă çĺáńő äőŋőŋŋëå áőáâőïŋĺľ á çăáâőâăňĺ ć ĺŋâěàćăńě ω÷ω+dω ňőęŋő ğăŕĺáăâì ć ćĺďě

dΓ(ω) = V (2π)^3

4π(k^2_l dk_l + 2k^2_⊥dk_⊥) = V 2π^2 ω^2( 1 c^3_l + 2 c^3_⊥ )dω. Ććőďï áłőàőáâì c̄, ãáàěďŋěŋŋãî ŕő ŋăŕàăćńěŋĺïň á ŕőňőéìî áőőâŋőèěŋĺï 3 c̄^3 = 1 c^3_l + 2 c^3_⊥ , ŕőńãçĺň ŕńőâŋőáâì çĺáńă äőŋőŋŋëå áőáâőïŋĺľ á çăáâőâăňĺ ćąńĺğĺ ω D(ω) = dΓ(ω) dω = 3 2 V ω^2 π^2c̄^3

. (16)

İâő ćëàăęěŋĺě őâńĺçăěâáï őâ áőőâćěâáâćãîéěľ äőàňãńë ďńï äőâőŋőć ńĺèì ňŋőęĺâěńěň 3/2 (çĺáńő ŕőńïàĺğăæĺľ ã äőŋőŋőć ć 1,5 àăğă ąőńìèě ŕő áàăćŋěŋĺî á äőâőŋăňĺ). Ŋő ďńï äőŋőŋőć áãéěáâćãěâ łőŋěçŋăï ňăłáĺňăńìŋăï çăáâőâă ω_{max} (ŕőáłőńìłã λ_{min} = 2a), łőâőàãî ňőęŋő őŕàěďěńĺâì ĺğ ãàăćŋěŋĺï_{ωmax∫} 0 D(ω)dω = 3N. Ĺŋâěčàĺàãï, ŋăľďěň: ω_{max} = c̄(6π^2N/V )^{1/3}, ĺ (16) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě D(ω) = 9Nω^2/ω^3_{max}.

Ğăŕĺèěň âěŕěàì ćŋãâàěŋŋîî íŋěàčĺî (12) äőŋőŋŋőčő čăğă ć íâőľ ňőďěńĺ U = ω_{max}∫

0 h̄ωD(ω) exp(h̄ω/kT ) − 1 dω = 9NkT ( T θ_D )3 ω_{max}∫

0 ω^3dω exp(h̄ω/kT ) − 1 , (17)

čďě θ_D ≡ h̄ω_{max}/k – ďěąăěćáłăï åăàăłâěàĺáâĺçěáłăï âěňŕěàăâãàă. Ěáńĺ ććěáâĺ őąőğŋăçěŋĺï f_D(x_m) = 3 x^3_m x_m∫

0 x^3dx e^x − 1

, (18) čďě x = h̄ω/kT ; x_m = h̄ω_{max}/kT = θ_D/T, âő U = 3NkT · 3 ( T θ_D )3 θ_D /T∫

0 x^3dx e^x − 1 = 3NkT f_D ( θ_D T ) (19) ĺ C_V = dU dT = 3Nk [ f_D ( θ_D T ) − θ_D T f^′_D ( θ_D T )] . (20)

Ćëçĺáńĺň f_D(x_m) ć ďćãå ŕàěďěńìŋëå áńãçăïå: ŕàĺ ŋĺğłĺå âěňŕěàăâãàăå (T/θ_D ≪ 1) ĺ ćëáőłĺå (T/θ_D ≫ 1). Ć ŕěàćőň áńãçăě ćěàåŋĺľ ŕàěďěń ĺŋâěčàăńă ć (19) ňőęŋő ãáâàěňĺâì ł ąěáłőŋěçŋőáâĺ, ãçĺâëćăï íłáŕőŋěŋæĺăńìŋőě ãąëćăŋĺě ŕőďëŋâěčàăńìŋőľ äãŋłæĺĺ, ĺ

f_D(x_m) ≈ 3 x^3_m ∞∫

0 x^3dx e^x − 1 = 3 x^3_m

Γ(4)ζ(4) = π^4 5 ( T θ_D )3 , C_V ≈ 12π^4 5 Nk ( T θ_D )3 . (21)

İâőâ àěğãńìâăâ, ĺğćěáâŋëľ łăł ğăłőŋ Ďěąăï, åőàőèő áőčńăáãěâáï á íłáŕěàĺňěŋâăńìŋő őąŋăàãęěŋŋőľ ğăćĺáĺňőáâìî C_V őâ T ŕàĺ ŋĺğłĺå âěňŕěàăâãàăå.

Ć ŕàěďěńě ćëáőłĺå âěňŕěàăâãà

f_D(x_m) ≈ 3 x^3_m x_m∫

0 x^3dx [1 + x + x^2/2 + . . . − 1] ≈ ≈ 3 x^3_m x_m∫

0 x^2(1 − x/2)dx = 1 − 3 8 x_m. (22)

Ĺ ŕàĺ T → ∞ ŕőńãçĺň łńăááĺçěáłĺľ ğăłőŋ Ďîńőŋčă ĺ Ŕâĺ C_V ≈ 3Nk(1 + o(1)).

Šăłĺň őąàăğőň, äőàňãńă Ďěąăï (20) ďăěâ ŕàăćĺńìŋëě őâćěâë ć ďćãå ŕàěďěńìŋëå áńãçăïå ĺ ňőęěâ àăááňăâàĺćăâìáï łăł ĺŋâěàŕőńïæĺőŋŋăï ďńï ŕàőĺğćőńìŋëå âěňŕěàăâãà.

Ďěąăěćáłãî âěňŕěàăâãàã ňőęŋő őŕàěďěńĺâì ĺğ íłáŕěàĺňěŋâă ŕő ĺğňěàěŋĺî áłőàőáâĺ ğćãłă c̄ ĺ ŕő ĺğňěàěŋĺïň Ś_V . İâĺ ďăŋŋëě ŕőłăğëćăîâ áăňőáőčńăáőćăŋŋőáâì ňőďěńĺ Ďěąăï. Al Mg Cu Zn Ag Au θ_D, K ĺğ c̄ 399 385,6 344,4 328 226,4 161,1 θ_D, K ĺğ C_V 394 404 345,2 305 226,0 164,7

[Ŕàĺ ŋĺğłĺå âěňŕěàăâãàăå àěğãńìâăâ âěőàĺĺ Ďěąăï ïćńïěâáï ěáâěáâćěŋŋëň, âăł łăł, ĺňěŋŋő ŕàĺ ŋĺğłĺå âěňŕěàăâãàăå, łőčďă ćőğąãęďăîâáï âőńìłő ŋĺğłőçăáâőâŋëě čăàňőŋĺłĺ łőńěąăŋĺľ àěèěâłĺ, ŕàěďŕőńőęěŋĺï Ďěąăï, łőâőàëě ŕàĺćěńĺ ł D(ω) ∼ ω^2 , ŋě ćëğëćăîâ áőňŋěŋĺï. Ŋő ŕàĺ ćëáőłĺå âěňŕěàăâãàăå ďńĺŋŋőćőńŋőćőě ŕàĺąńĺęěŋĺě ăłãáâĺçěáłĺå łőńěąăŋĺľ ğăćěďőňő ŋěŕàĺčőďŋő, âěň ŋě ňěŋěě ĺ ğďěáì âěőàĺï Ďěąăï ďăěâ ŕàăćĺńìŋëľ őâćěâ. Ŕőçěňã?]

11.5 Łőŋæěŕæĺï łćăğĺçăáâĺæ

Ŕàěďáâăćńěŋĺě ő äőŋőŋăå łăł ő ŋěłőâőàëå àăáŕàőáâàăŋïîéĺåáï ŕő àěèěâłě łćăğĺçăáâĺæăå ïćńïěâáï çăáâŋëň áńãçăěň őąéěčő ŕőŋïâĺï, ĺčàăîéěčő ćăęŋãî àőńì ć łćăŋâőćőľ âěőàĺĺ łőŋďěŋáĺàőćăŋŋëå áĺáâěň. Ćáïłőě áńăąő ćőğąãęďěŋŋőě áőáâőïŋĺě ňăłàőáłőŕĺçěáłőčő âěńă ňőęŋő àăááňăâàĺćăâì łăł áőćőłãŕŋőáâì őâďěńìŋëå íńěňěŋâăàŋëå ćőğąãęďěŋĺľ, łőâőàëě ćěďãâ áěąï łăł ŋěłőâőàëě łćăğĺçăáâĺæë, ďćĺęãéĺěáï ć ğăŋĺňăěňőň âěńőň őąêěňě. Ďő âěå ŕőà, ŕőłă ĺå çĺáńő ňăńő, őŋĺ ŋě ćğăĺňőďěľáâćãîâ ďàãč á ďàãčőň ĺ ĺå áőćőłãŕŋőáâì ňőęŋő àăááňăâàĺćăâì łăł ĺďěăńìŋëľ čăğ łćăğĺçăáâĺæ. Ŕőŋïâĺě íńěňěŋâăàŋőčő ćőğąãęďěŋĺï ććőďĺâáï łăł áŕőáőą őŕĺáăŋĺï łőńńěłâĺćŋőčő ďćĺęěŋĺï ăâőňőć âěńă, ćğăĺňőďěľáâćãîéĺå ďàãč á ďàãčőň, ĺ őŋĺ (łćăğĺçăáâĺæë) ŋě őâőęďěáâćńïîâáï, ćőőąéě čőćőàï, á őâďěńìŋëň ăâőňőň ĺńĺ ňőńěłãńőľ.

Ŋăğőćěň ć łăçěáâćě ŕàĺňěàă ŋěłőâőàëě łćăğĺçăáâĺæë, áćïğăŋŋëě âăł ĺńĺ ĺŋăçě á àăğńĺçŋëňĺ ćěâćïňĺ łőńěąăŋĺľ àěèěâłĺ:

ŕőńïàĺâőŋ – łćăŋâ áňěáĺ őŕâĺçěáłĺå äőŋőŋőć ĺ äőâőŋőć (łćăŋâ ŕőŕěàěçŋőčő íńěłâàőňăčŋĺâŋőčő ŕőńï, ćőğąãęďăěňőčő ŕàĺ ŕőŕěàěçŋëå őŕâĺçěáłĺå łőńěąăŋĺïå ĺőŋőć àěèěâłĺ);

ŕńăğňőŋ – łćăŋâ ŕàőďőńìŋőľ íńěłâàőňăčŋĺâŋőľ ćőńŋë, ćőğŋĺłăîéěľ ŕàĺ łãńőŋőćáłőň ćğăĺňőďěľáâćĺĺ íńěłâàőŋőć á ĺőŋăňĺ àěèěâłĺ (ć ňěâăńńăå ĺ ŕőńãŕàőćőďŋĺłăå);

ňăčŋőŋ – łćăŋâ áŕĺŋőćëå ćőńŋ, â. ě. àăáŕàőáâàăŋïîéĺåáï ć łàĺáâăńńě ŋăàãèěŋĺľ ãŕőàïďőçěŋŋőáâĺ áŕĺŋőć;

ŕőńïàőŋ – ăćâőńőłăńĺğőćăŋŋőě áőáâőïŋĺě íńěłâàőŋă, őâćěçăîéěě ćğăĺňőďěľáâćĺî íńěłâàőŋă á őŕâĺçěáłĺň äőŋőŋőň, â. ě. íńěłâàőŋ, ďćĺęãéĺľáï ć łàĺáâăńńě ćňěáâě á ńőłăńìŋőľ ŕőńïàĺğăæĺěľ (íńěłâàőŋ + őąńăłő ćĺàâãăńìŋëå őŕâĺçěáłĺå äőŋőŋőć).