7 Ćŋãâàěŋŋĺě áâěŕěŋĺ áćőąőďë

7.1 Śŕĺŋ çăáâĺæë

Ŋěőąåőďĺňő áďěńăâì őďŋő ãâőçŋěŋĺě, áćïğăŋŋőě á áãéěáâćőćăŋĺěň âăłőľ åăàăłâěàĺáâĺłĺ çăáâĺæë, łăł áŕĺŋ. Ŕńőâŋőáâì áőáâőïŋĺľ ŕőáâãŕăâěńìŋëå áâěŕěŋěľ áćőąőďë ąëńă ŋăňĺ ğăŕĺáăŋă ďńï ąěááŕĺŋőćëå çăáâĺæ. Ŕàĺ őâáãâáâćĺĺ íńěłâàőňăčŋĺâŋőčő ŕőńï íŋěàčĺï çăáâĺæë ŋě ğăćĺáĺâ őâ áŕĺŋă, â.ě. áőáâőïŋĺě ćëàőęďěŋő ŕő ŕàőěłæĺĺ áŕĺŋă, ŕàĺçěň łàăâŋőáâì ćëàőęďěŋĺï ďńï çăáâĺæ á m ≠ 0 ěáâì g_s = 2s + 1, čďě s – áŕĺŋőćőě łćăŋâőćőě çĺáńő, ŕàĺŋĺňăîéěě æěńëě ĺńĺ ŕőńãæěńëě ğŋăçěŋĺï. Ś ãçěâőň íâőčő âĺŕă ćŋãâàěŋŋĺå áâěŕěŋěľ áćőąőďë çĺáńő áőáâőïŋĺľ çăáâĺæë á ĺňŕãńìáăňĺ p^′ < p ěáâì γ(ε) =^∑_σ

∫ d^3rd^3p

(2πh̄)^3 = g_sV (2πh̄)^3 4π 3 p^3(ε),

â. ě. őâńĺçăěâáï ňŋőęĺâěńěň g_s őâ áńãçăï, àăááňőâàěŋŋőčő ć ńěłæĺĺ 6, ĺ ŕńőâŋőáâì áőáâőïŋĺľ àăćŋă: D(ε) = g_sV (2πh̄)^3

4πp^2(ε) dp dε . Ěáńĺ áĺáâěňă ŕőňěéěŋă ćő ćŋěèŋěě ŕőńě u(⃗r), ŋě áŋĺňăîéěě áŕĺŋőćőčő ćëàőęďěŋĺï, ĺ u(⃗r) ďőáâăâőçŋő áńăąő ğăćĺáĺâ őâ r, âăł çâő |∇λ| ≪ 1 (ğďěáì λ = h/^√2m [ε − u(⃗r)]), âő áŕàăćěďńĺćő łćăğĺłńăááĺçěáłőě ŕàĺąńĺęěŋĺě ĺ D(ε) = g_s (2πh̄)^3 ∫ d^3rd^3pδ (ε − ε(⃗r, ⃗p)) , čďě ε(⃗r, ⃗p) = ε_p + u(⃗r) – őďŋőçăáâĺçŋăï äãŋłæĺï Čăňĺńìâőŋă; ĺńĺ D(ε) = 4πg_s (2πh̄)^3 ∫ d^3rdε ∂p(ε, ⃗r) ∂ε p^2δ(ε − ε(⃗r, ⃗p)) = 4πg_s (2πh̄)^3 ∫ d^3r p^2 v p=p(ε,⃗r) , čďě v = ∂ε/∂p – áłőàőáâì çăáâĺæë. Ďńï ε_p = p^2/2m D(ε) = 2πg_s(2m)^{3/2} (2πh̄)^3 ∫ d^3r^√ε − u(⃗r). Ŋěâàãďŋő ãćĺďěâì, çâő ŕőïćńěŋĺě ňŋőęĺâěńï g_s ć D(ε) ŋě áłăęěâáï ŋă ãàăćŋěŋĺïå áőáâőïŋĺï čăğă, ŋő ĺğňěŋĺâ íŋâàőŕĺľŋãî łőŋáâăŋâã S_0.

7.2 Šěňŕěàăâãàŋăï ğăćĺáĺňőáâì âěŕńőěňłőáâĺ čăğă ňŋőčőăâőňŋëå ňőńěłãń (łăçěáâćěŋŋëľ ćğčńïď)

Řăááňőâàĺň âěŕěàì áćőľáâćă čăğă, çăáâĺæăňĺ łőâőàőčő ïćńïîâáï ňőńěłãńë, ĺ, áńěďőćăâěńìŋő, ŋěőąåőďĺňő ãçěáâì ćłńăď, őąãáńőćńěŋŋëľ ćàăéěŋĺěň ňőńěłãń ć ŕàőáâàăŋáâćě ĺ łőńěąăŋĺïňĺ ăâőňőć ć ňőńěłãńě. Ć ŕěàćőň ŕàĺąńĺęěŋĺĺ ňőęŋő áçĺâăâì, çâő łőńěąăâěńìŋëě ĺ ćàăéăâěńìŋëě áâěŕěŋĺ áćőąőďë ïćńïîâáï ŋěğăćĺáĺňëňĺ: ε_{{i=j⊕v}} = ε_j +ε_v, (ε_j, ε_v , – ćàăéăâěńìŋëľ ĺ łőńěąăâěńìŋëľ áŕěłâàë ňőńěłãń áőőâćěâáâćěŋŋő). Šőčďă ňőęŋő ŕàőďőńęĺâì äăłâőàĺğăæĺî áâăâáãňňë: Z^{in}_1 = Z^r_1 ·Z^v_1 . Śńěďőćăâěńìŋő, ćłńăďë ćàăéěŋĺľ ĺ łőńěąăŋĺľ ć áćőąőďŋãî íŋěàčĺî (ć íŋâàőŕĺî, ćŋãâàěŋŋîî íŋěàčĺî ĺ â.ŕ.) ăďďĺâĺćŋë:

F^{(ćŋ)} = −NkT (ln Z^r_1 + ln Z^v_1 ) = F^{(r)} + F^{(v)} (1)

Śŕěłâàë ε_j , ε_v ć íâőň ŕàĺąńĺęěŋĺĺ ğăćĺáïâ âőńìłő őâ ňőńěłãńïàŋëå ŕăàăňěâàőć, âăłĺå, łăł âěŋğőà ňőňěŋâă ĺŋěàæĺĺ, åăàăłâěàĺáâĺçěáłĺě çăáâőâë, ĺ áńěďãěâ őęĺďăâì, çâő F^{(r)} ĺ F^{(v)} ć (1) ïćńïîâáï äãŋłæĺïňĺ âőńìłő âěňŕěàăâãàë ĺ ŋě ğăćĺáïâ őâ őąêěňă, ğăŋĺňăěňőčő čăğőň. Ŕőíâőňã âěàňĺçěáłőě ãàăćŋěŋĺě áőáâőïŋĺï P = nkT őáâăěâáï ąěğ ĺğňěŋěŋĺï, ŋő âěŕńőěňłőáâì áâăŋőćĺâáï, ćőőąéě čőćőàï, ğăćĺáïéěľ őâ âěňŕěàăâãàë ć áĺńã âőčő, çâő F^{(r)} = F^{(r)}(T ) ĺ F^{(v)} = F^{(v)}(T ). Ŕàĺçĺŋőľ ŕőïćńěŋĺï âěňŕěàăâãàŋőľ ğăćĺáĺňőáâĺ ïćńïěâáï ďĺáłàěâŋëľ åăàăłâěà íŋěàčěâĺçěáłőčő áŕěłâàă ňőńěłãńë.

Ěáńĺ âěňŕěàăâãàă âăłőćă, çâő kT ≪ Δε_i = ε_i −ε_{i−1}, âő ŕěàěåőďë ňőńěłãńë ć ćőğąãęďěŋŋőě áőáâőïŋĺě ŕàőĺáåőďïâ łàăľŋě àěďłő ĺ áőőâćěâáâćãîéĺě áâěŕěŋĺ áćőąőďë ŋě ďăîâ ćłńăďă ć áćőąőďŋãî íŋěàčĺî ĺ âěŕńőěňłőáâì C_V . Ć íâőň áńãçăě čőćőàïâ ő ”ğăňőàőęěŋŋëå” áâěŕěŋïå áćőąőďë. Ŕő ňěàě ãćěńĺçěŋĺï âěňŕěàăâãàë ćáě ąőńìèěě çĺáńő áâěŕěŋěľ áćőąőďë ”àăğňőàăęĺćăěâáï” ĺ ďăěâ ćáě ąőńěě ğăňěâŋëľ ćłńăď ć C_V . Ŕàĺ kT ≫ Δε_i áőãďăàěŋĺï ňőńěłãń áő áâěŋłăňĺ ĺńĺ ďàãč á ďàãčőň ćëğëćăîâ ĺŋâěŋáĺćŋëě ŕěàěåőďë ć ćőğąãęďěŋŋőě áőáâőïŋĺě, ă áŕěłâà ćőğąãęďěŋĺľ ňőęŋő áçĺâăâì łćăğĺŋěŕàěàëćŋëň ć áĺńã ňăńőáâĺ íŋěàčěâĺçěáłőčő ”ğăğőàă” , ĺ C_V ąãďěâ áâàěňĺâìáï ł ŋěłőâőàőňã ŕőáâőïŋŋőňã ğŋăçěŋĺî (łńăááĺçěáłőňã ŕàěďěńã), ěáńĺ ŕàĺ íâőň ŋě ŕőïćĺâáï ćłńăď ďàãčĺå, àăğňőàăęĺćăîéĺåáï, áâěŕěŋěľ áćőąőďë.

Şďőąŋő ććěáâĺ åăàăłâěàĺáâĺçěáłãî ”âěňŕěàăâãàã” θ_α = Δε_α/k ďńï łăęďőčő âĺŕă α ćŋãâàěŋŋĺå áâěŕěŋěľ áćőąőďë; áàăćŋěŋĺě T á íâĺň ŕăàăňěâàőň ĺ ŕőğćőńïěâ áãďĺâì ő áâěŕěŋĺ ğăňőàőęěŋŋőáâĺ áőőâćěâáâćãîéĺå ŕěàěåőďőć: T ≪ θ_α – ŕěàěåőďë ğăňőàőęěŋë; T ≫ θ_α – łńăááĺçěáłĺľ àěęĺň.

7.3 Ćàăéăâěńìŋëě áâěŕěŋĺ áćőąőďë

Ćłńăď ćàăéăâěńìŋëå áâěŕěŋěľ áćőąőďë àăááňőâàĺň ŋă ŕàĺňěàě ŕńőáłőčő ęěáâłőčő àőâăâőàă – ňőďěńĺ ďćãxăâőňŋőľ čěâěàőïďěàŋőľ ňőńěłãńë á ęěáâłőľ áćïğìî.

Řěèěŋĺě ãàăćŋěŋĺï Ÿàěďĺŋčěàă

Ĥ |j, j_z ⟩ = h̄^2j(j + 1) 2I |j, j_z ⟩ ďăěâ ćàăéăâěńìŋëľ áŕěłâà ňőńěłãńë:

ε_j = h̄^2 2I j(j + 1), čďě I – ňőňěŋâ ĺŋěàæĺĺ àőâăâőàă; j = 0, 1, 2, ... – łćăŋâőćőě çĺáńő, őâćěçăîéěě őŕěàăâőàã łćăďàăâă ãčńőćőčő ňőňěŋâă ĵ^2 : ĵ^2 |j, j_z ⟩ = j(j + 1) |j, j_z ⟩ . Śőáâőïŋĺě á őŕàěďěńěŋŋëň j ïćńïěâáï ćëàőęďěŋŋëň ŕő z-ŕàőěłæĺĺ j_z ãčńőćőčő ňőňěŋâă á łàăâŋőáâìî ćëàőęďěŋĺï g_j = 2j + 1. Ŕőíâőňã áâăâĺáâĺçěáłăï áãňňă ğăŕĺèěâáï łăł

Z^r_1 =^{∞∑}_{j=0} j∑ j_z=−j exp (−βε_j ) =^{∞∑}_{j=0} (2j + 1) exp [ − θ_r T j(j + 1) ] , (2)

čďě θ_r = h̄^2/2Ik – åăàăłâěàĺáâĺçěáłăï âěňŕěàăâãàă ćàăéăâěńìŋëå áâěŕěŋěľ áćőąőďë.

Ćëçĺáńĺň Z^r_1 ć ďćãå ŕàěďěńìŋëå áńãçăïå: T ≪ θ_r ĺ T ≫ θ_r. Ŕàĺ ŋĺğłĺå âěňŕěàăâãàăå (T ≪ θ_r) őáŋőćŋőľ ćłńăď ć áâăâáãňňã ďăîâ ŕěàćëě ďćă çńěŋă, âăł łăł íłáŕőŋěŋâă ć íâőň áńãçăě ňăńă:

Z^r_1 ≃ 1 + 3 exp ( −2 θ_r T ) .

Śàěďŋïï íŋěàčĺï ćàăéăâěńìŋőčő ďćĺęěŋĺï ňőńěłãńë ěáâì ⟨ε^r⟩ ≃ kT^2 ∂ ln Z^r_1 ∂T ≃ 6kθ_r exp ( −2 θ_r T ) , ă ćłńăď ć âěŕńőěňłőáâì ć ŕěàěáçěâě ŋă őďŋã ňőńěłãńã àăćěŋ: C̃^r_V = d ⟨ε^r⟩ dT ≃ 12k ( θ_r T )2 exp ( −2 θ_r T ) . (Ŕàĺ T → 0 C̃^r_V → 0, â. ě. ćëŕőńŋïěâáï ğăłőŋ Ŋěàŋáâă.)

Ŕàĺ ćëáőłĺå âěňŕěàăâãàăå (T ≫ θ_r) áãňňĺàőćăŋĺě ć (2) ćëŕőńŋĺň á ŕőňőéìî äőàňãńë İľńěàă – Ňăłńőàěŋă ∞∑ j=0 f (j) = ∞∫

0 f (j) dj + 1 2 f (0) − 1 12 f^′ (0) + 1 720 f^{′′′} (0) + · · · , (3)

łőâőàăï ďăěâ åőàőèěě ŕàĺąńĺęěŋĺě ďńï àïďă, ěáńĺ f(j) ňăńő ĺğňěŋïěâáï ŋă őďŋőň èăčě j → j + 1 :

Z^r_1 ≃ ∞∫

0 (2j + 1) exp [ −2 θ_r T j(j + 1) ] dj + + 1 2 − 1 12 ( 2 − θ_r T ) + 12 720 ( − θ_r T ) + o ( θ_r T ) ≃ T θ_r 1 + 1 3 θ_r T + 1 15 ( θ_r T )2 . Šăłĺň őąàăğőň, ćłńăď ćàăéăâěńìŋëå áâěŕěŋěľ ćő ćŋãâàěŋŋîî íŋěàčĺî čăğă N ďćãåăâőňŋëå ňőńěłãń ŕàĺ ćëáőłĺå âěňŕěàăâãàăå àăćěŋ: ⟨ε^r⟩ ≃ kT 1 − 1 3 θ_r T − 1 45 ( θ_r T )2 , U^r ≃ NkT 1 − 1 3 θ_r T − 1 45 ( θ_r T )2 , (4) ĺ ć ŕàěďěńě T → ∞ U^r ≃ NkT − 1 3 Nkθ_r. Ŕőáâőïŋŋăï U^r_0 = −^1_3 Nkθ_r őâńĺçăěâ íâőâ àěğãńìâăâ őâ àăáçěâă ć àăňłăå łńăááĺçěáłőčő áâăâĺáâĺçěáłőčő őŕĺáăŋĺï, ć łőâőàőň U^{ćà}_{łń} = NkT ŕàĺ ńîąëå T . Ďńï âěŕńőěňłőáâĺ C^r_V ĺğ (4) ŋăľďěň C^r_V ≃ Nk 1 + 1 45 ( θ_r T )2 , â. ě. ć ŕàěďěńě T → ∞ ŕőńãçĺň àěğãńìâăâ łńăááĺçěáłőľ âěőàĺĺ C^r_V = Nk. İâőâ àěğãńìâăâ ňőęŋő áàăğã ŕőńãçĺâì ŋă őáŋőćě âěőàěňë ő àăćŋőàăáŕàěďěńěŋĺĺ íŋěàčĺĺ: ďćě ćàăéăâěńìŋëě (łćăďàăâĺçŋëě) áâěŕěŋĺ áćőąőďë ďăîâ ćłńăď ć áàěďŋîî íŋěàčĺî, àăćŋëľ 2kT/2 = kT .

7.4 Łőńěąăŋĺï ňőńěłãń

Łőńěąăŋĺï ć ňŋőčőăâőňŋëå ňőńěłãńăå ć čăàňőŋĺçěáłőň ŕàĺąńĺęěŋĺĺ ňőęŋő ŕàěďáâăćĺâì łăł áãŕěàŕőğĺæĺî ŋőàňăńìŋëå łőńěąăŋĺľ á åăàăłâěàĺáâĺçěáłĺňĺ çăáâőâăňĺ ω_α. Ůĺáńő łőńěąăâěńìŋëå áâěŕěŋěľ áćőąőďë d ňőńěłãńë, áőáâőïéěľ ĺğ ℓ ăâőňőć, àăćŋő ŕőńŋőňã çĺáńã áâěŕěŋěľ áćőąőďë 3ℓ ğă ćëçěâőň ŕőáâãŕăâěńìŋëå ĺ ćàăéăâěńìŋëå áâěŕěŋěľ áćőąőďë: d = { 3ℓ − 6, ŕàőĺğćőńìŋăï łőŋäĺčãàăæĺï ăâőňőć; 3ℓ − 5, ńĺŋěľŋăï æěŕőçłă ăâőňőć.

Ćő ćâőàőň áńãçăě ŕőďàăğãňěćăěâáï, çâő ćàăéăâěńìŋëå áâěŕěŋěľ áćőąőďë âőńìłő ďćě: ćàăéěŋĺě ćőłàãč őáĺ, ŕàőåőďïéěľ çěàěğ æěŋâàë ăâőňőć, ďăěâ ŕàěŋěąàěęĺňő ňăńëľ ćłńăď, âăł łăł ňăááă ăâőňă áőáàěďőâőçěŋă ć őąńăáâĺ ∼ 10^{−13} áň, çâő ć ∼ 10^5 àăğ ňěŋìèě åăàăłâěàŋëå ňőńěłãńïàŋëå àăğňěàőć.

Śőąáâćěŋŋëě ğŋăçěŋĺï íŋěàčĺĺ čăàňőŋĺçěáłőčő őáæĺńńïâőàă, ŕàěďáâăćńïîéěčő ćłńăď ŋőàňăńìŋőčő łőńěąăŋĺï á çăáâőâőľ ω_α, ďăîâáï äőàňãńőľ ε^α_v =^(v +^1_2^) h̄ω_α, čďě v = 0, 1, 2, . . . Śâăâĺáâĺçěáłăï áãňňă ďńï âăłőčő őáæĺńńïâőàă àăćŋă: Z^α_1 =^{∞∑}_{v=0} exp (−βε_v) ,

ă łőńěąăâěńìŋăï áâăâáãňňă ňőńěłãńë ěáâì

Z^v_1 =^{d∏}_{α=1} Z^α_1 =^{d∏}_{α=1}^{∞∑}_{v=0} exp [ − θ_α T (v + 1 2 ) ] , čďě θ_α = h̄ω_α/k – åăàăłâěàĺáâĺçěáłăï âěňŕěàăâãàă ďńï α-ňőďë łőńěąăŋĺľ. Ŋăľďěň âěŕěàì ćłńăď łőńěąăâěńìŋëå áâěŕěŋěľ ć âěŕńőěňłőáâì. Šăł łăł

Z^α_1 = exp (−θ_α/2T ) 1 − exp (−θ_α/T ) = 1 2sh (θ_α/2T ) , âő ⟨ε^v ⟩ =^{d∑}_{α=1} ⟨ε^v_α⟩ = −kT^{2 d∑}_{α=1} ∂ ∂T ln ( 2sh θ_α 2T ) =^{d∑}_{α=1} kθ_α 2 cth θ_α 2T . Śàěďŋîî íŋěàčĺî őďŋőčő őáæĺńńïâőàă ňőęŋő ğăŕĺáăâì ĺ ć ďàãčőň ćĺďě: ⟨ε^v_α⟩ = 1 2 kθ_α + kθ_α exp (θ_α/T ) − 1 , ĺ C̃_α = k ( θ_α T )2 exp (θ_α/T ) [exp (θ_α/T ) − 1]^2 = kE ( θ_α 2T ) , (5)

čďě E (x) ≡ x^2/sh^2x – äãŋłæĺï İľŋèâěľŋă.

Ŕàĺ ŋĺğłĺå âěňŕěàăâãàăå (T ≪ θ_α) ĺğ (5) ŋăåőďĺň C̃_α ≃ k ( θ_α T )2 exp ( − θ_α T ) −→_{T →0} 0. Ŕàĺ ćëáőłĺå âěňŕěàăâãàăå ćőáŕőńìğãěňáï àăğńőęěŋĺěň cthx ≃ 1/x + x/3 ďńï x ≪ 1: ⟨ε^v_α⟩ ≃ kT 1 + 1 12 ( θ_α T )2 −→_{T →∞} kT. Šőčďă C̃_α ≃ k 1 − 1 12 ( θ_α T )2 −→_{T →∞} k, â. ě. âěŕńőěňłőáâì áâàěňĺâáï ł áćőěňã łńăááĺçěáłőňã ğŋăçěŋĺî k, âăł łăł őďŋőľ őáæĺńńïâőàŋőľ ňőďě őâćěçăîâ ďćă łćăďàăâĺçŋëå áńăčăěňëå ε(p, q) = p^2/2m + κq^2/2. Ĺğňěàěŋŋëě ŋă őŕëâě ğŋăçěŋĺï θ_α ∼ 10^3K. Ŋăŕàĺňěà, θ^{CCl4}_α = 1116K, θ^{H2}_α = 6100K, â. ě. łőńěąăâěńìŋëě áâěŕěŋĺ ŕàĺ łőňŋăâŋëå âěňŕěàăâãàăå ŕàăłâĺçěáłĺ ğăňőàőęěŋë. Ďńï ćàăéăâěńìŋëå ęě áâěŕěŋěľ θ_r ≤ 100K, ĺ őŋĺ ŕàĺ ŋőàňăńìŋëå ãáńőćĺïå ãęě ŋăåőďïâáï ć łńăááĺçěáłőľ őąńăáâĺ (θ^{H2}_r = 85, 4K, θ^{N2}_r = 2, 86K). İâő ĺ őąêïáŋïěâ ğăčăďłã ”5R/2” âěŕńőěňłőáâĺ C_V čăğă ďćãåăâőňŋëå ňőńěłãń, łőâőàãî ŋě ňőčńĺ ŕőŋïâì ć àăňłăå łńăááĺçěáłőčő áâăâĺáâĺçěáłőčő őŕĺáăŋĺï.