5 Ąőńìèőľ łăŋőŋĺçěáłĺľ ăŋáăňąńì

Őąőąéĺň áåěňã, łőâőàăï ŕàĺćěńă ł łăŋőŋĺçěáłőňã àăáŕàěďěńěŋĺî Čĺąąáă, ŋă áńãçăľ áĺáâěňë S, őąňěŋĺćăîéěľáï á ćŋěèŋĺň ňĺàőň W ŋě âőńìłő íŋěàčĺěľ, ŋő ĺ ćěéěáâćőň: â. ě. çĺáńő çăáâĺæ N ŋăèěľ áĺáâěňë âěŕěàì – ŕěàěňěŋŋăï ćěńĺçĺŋă. Łăłőćă ćěàőïâŋőáâì ŋăåőęďěŋĺï áĺáâěňë S ć łćăŋâőćőň áőáâőïŋĺĺ m á íŋěàčĺěľ E_{mN} ĺ çĺáńőň çăáâĺæ N?

5.1 Ąőńìèăï áâăâĺáâĺçěáłăï áãňňă

Řăááãęďăï âăł ęě łăł ĺ ć ŕàěďëďãéěľ ńěłæĺĺ, ć áĺńã ŕàĺŋæĺŕă àăćŋëå ăŕàĺőàŋëå ćěàőïâŋőáâěľ ŋăŕĺèěň P_{mN} = Ω_W (E_U − E_{mN} , N_U − N) Ω_U (E_U , N_U ) (1) ĺ ln P_{mN} = ln Ω_W (E_U − E_{mN} , N_U − N) − ln Ω_U (E_U , N_U ). (2) Ć áĺńã E_{mN} ≪ E_U , N ≪ N_U ć àăğńőęěŋĺĺ ln Ω_W ňőęŋő őčàăŋĺçĺâìáï áńăčăěňëňĺ ∼ (E_U − E_W ) = E_{mN} ĺ ∼ (N_U − N_W ) = N :

ln Ω_W (E_W , N_W ) = ln Ω_W (E_U , N_U ) +

∂ ln Ω_W ∂E (−E_{mN} ) − ∂ ln Ω_W ∂N N. (3) Őąőğŋăçĺň: β = (∂ ln Ω_W ∂E ) E=E_U , N =N_U , γ = − ( ∂ ln Ω_W ∂N ) E=E_U , N =N_U (4) ĺ ŕőďáâăćĺň (3) ć (2) ĺ ğăâěň ć (1). Őłőŋçăâěńìŋő ĺáłőňőě àăáŕàěďěńěŋĺě ćěàőïâŋőáâěľ ğăŕĺèěň ć ćĺďě P_{mN} = exp(−βE_{mN} + γN) Z̃ , (5)

čďě Z̃ – ąőńìèăï áâăâĺáâĺçěáłăï áãňňă: Z̃ =^{∞∑} N =0 ∑ m exp(−βE_{mN} + γN). (6)

Ćěńĺçĺŋă Z̃ ïćńïěâáï äãŋłæĺěľ ŕăàăňěâàőć β, γ ĺ V – Z̃ = Z̃(β, γ, V ) ĺ ĺčàăěâ âăłãî ęě ćăęŋãî àőńì, çâő ĺ Z_N ć łăŋőŋĺçěáłőň ăŋáăňąńě.

Ć ŕàőĺğćőńìŋőň (ŋěďĺăčőŋăńìŋőň) ŕàěďáâăćńěŋĺĺ ňăâàĺæă ŕńőâŋőáâĺ ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě

ϱ̂ = exp(−βĤ + γN̂) Z̃ , čďě Z̃ = T r exp(−βĤ + γN̂). Ć łćăğĺłńăááĺçěáłőň ŕàĺąńĺęěŋĺĺ P_{mN} → ϱdX/(2πh̄)^{αN} , čďě ϱ = 1 N!(2πh̄)^{αN} exp(−βH(X) + γN) Z̃ − áâăâĺáâĺçěáłăï äãŋłæĺï àăáŕàěďěńěŋĺï ąőńìèőčő łăŋőŋĺçěáłőčő ăŋáăňąńï, ă Z̃ =^{∞∑} N =0 1 N! ∫ exp(−βH(X) + γN) dX (2πh̄)^{αN} − áőőâćěâáâćãîéăï ąőńìèăï áâăâáãňňă; ěě ňőęŋő ğăŕĺáăâì ěéě ĺ ć âăłőň ćĺďě: Z̃ =^{∞∑} N =0

z^N Z_N , (7)

čďě z = exp(γ) – ăłâĺćŋőáâì áĺáâěňë, ă Z_N – łăŋőŋĺçěáłăï áâăâáãňňă.

Ĺğ (7) ćĺďŋő, çâő ąőńìèãî áâăâĺáâĺçěáłãî áãňňã Z̃ ňőęŋő àăááňăâàĺćăâì łăł ŕàőĺğćőďïéãî äãŋłæĺî ŕő őâŋőèěŋĺî ł łăŋőŋĺçěáłőľ áâăâáãňňě Z_N , â. ě.

Z_N = 1 N! ∂^NZ̃ ∂z^N z=0 . Ěáńĺ Z̃ ïćńïěâáï àěčãńïàŋőľ äãŋłæĺěľ ć łőňŕńěłáŋőľ ŕńőáłőáâĺ z, âő ć áĺńã ĺŋâěčàăńìŋőľ äőàňãńë Łőèĺ ďńï ŕàőĺğćőďŋőľ

Z_N = 1 2πi ∮ C Z̃ z^{N +1} dz, čďě ğăňłŋãâëľ łőŋâãà Ś őåćăâëćăěâ âőçłã z = 0.

5.2 Ćëçĺáńěŋĺě âěàňőďĺŋăňĺçěáłĺå ćěńĺçĺŋ

Ćëïáŋĺň ŕàěęďě ćáěčő áňëáń ŕăàăňěâàőć β ĺ γ, ććěďěŋŋëå áőőâŋőèěŋĺïňĺ (4). Ďńï β ĺňěěň âő ęě őŕàěďěńěŋĺě, çâő ĺ ć áńãçăě łăŋőŋĺçěáłőčő ăŋáăňąńï, â.ě. β = 1/kT . Őŕàěďěńěŋĺě ęě γ ŋăćőďĺâ ŋă ňëáńì ő áćïğĺ íâőľ ćěńĺçĺŋë á åĺňĺçěáłĺň ŕőâěŋæĺăńőň, ŕőáłőńìłã ŕăàăňěâà åăàăłâěàĺğãěâ, ć ŋěłőâőàőň áňëáńě, ĺŋâěŋáĺćŋőáâì őąňěŋă çăáâĺæăňĺ ŋăèěľ áĺáâěňë á ćŋěèŋĺň ňĺàőň (őâŋőáĺâěńìŋãî áłőàőáâì ĺğňěŋěŋĺï áâăâĺáâĺçěáłőčő ćěáă Ω_W á ĺğňěŋěŋĺěň N).

Řăááňőâàĺň ďćě ŕőďáĺáâěňë – S_1 ĺ S_2 – ŋăèěľ áĺáâěňë, ŋăåőďïéĺěáï ć áőáâőïŋĺĺ àăćŋőćěáĺï ďàãč á ďàãčőň ĺ á âěàňőáâăâőň–àěğěàćãăàőň W . Ć áĺńã áâăâĺáâĺçěáłőľ ŋěğăćĺáĺňőáâĺ P_{mN} = P^{S1}_{m1N1} · P^{S2}_{m2N2} . Ŕàěŋěąàěčăï íŋěàčĺěľ ćğăĺňőďěľáâćĺï ŕőďáĺáâěň S_1 ĺ S_2, ĺňěěň: E_{mN} = E_{m1N1} + E_{m2N2} , čďě N = N_1 + N_2. Ŕőďáâăćńïï íâĺ áőőâŋőèěŋĺï ć (5), ŕőńãçĺň 1 Z̃ exp(−βE^{mN} +γN) = 1 Z̃S1 exp(−β^1E^{m1N1} +γ^1N^1)· 1 Z̃S2 exp(−β^2E^{m2N2} +γ^2N^2).

Őâáîďă β_1 = β_2 = β , γ_1 = γ_2 = γ ĺ Z̃ = Z̃^{S1} · Z̃^{S2} , â. ě. γ łăł ĺ β ïćńïěâáï ĺŋâěŋáĺćŋëň ŕăàăňěâàőň, ă ln Z̃ – ăďďĺâĺćŋőľ ćěńĺçĺŋőľ:

ln Z̃ = ln Z̃^{S1} + ln Z̃^{S2} .

Ŕőłăęěň, çâő −1/β ln Z̃ ŕàěďáâăćńïěâ ąőńìèőľ ŕőâěŋæĺăń áĺáâěňë, ă γ = βμ. Šăł łăł

S = −k^{∞∑}_{N =0}^∑_m P_{mN} ln P_{mN} = −k^{∞∑}_{N =0}^∑_m P_{mN} (−βE_{mN} + γN − ln Z̃) = = −kγ⟨N⟩ + kβ⟨E⟩ + k ln Z̃, âő − 1 β ln Z̃ = ⟨E⟩ − 1 kβ S − γ β ⟨N⟩, (8) čďě ⟨E⟩ =^{∞∑}_{N =0}^∑_m E_{mN} P_{mN} − áàěďŋïï íŋěàčĺï áĺáâěňë;

⟨N⟩ =^{∞∑}_{N =0}^∑_m NP_{mN} − áàěďŋěě çĺáńő çăáâĺæ ć áĺáâěňě.

Ŕő őáŋőćŋőňã ŕőáâãńăâã áâăâĺáâĺçěáłőľ äĺğĺłĺ U ≡ ⟨E⟩ ĺ (çĺáńő ňőńěľ×N_A) ≡ ⟨N⟩ ĺńĺ ⟨N⟩/V ≡ n – ŕńőâŋőáâì çĺáńă çăáâĺæ. Ŕěàćëě ďćă áńăčăěňëě ć (8) ďăîâ áćőąőďŋãî íŋěàčĺî: ⟨E⟩ − S/kβ = U − T S = F, ěáńĺ β = 1/kT, â. ě. (8) ŕàěďáâăćńïěâ ćëàăęěŋĺě ďńï ąőńìèőčő âěàňőďĺŋăňĺçěáłőčő ŕőâěŋæĺăńă J = F − μ⟨N⟩, čďě J = − ln Z̃/β ĺ γ = μ/kT . Şąěďĺňáï, çâő d(−^1_β ln Z̃) ïćńïěâáï ďĺääěàěŋæĺăńőň ąőńìèőčő ŕőâěŋæĺăńă, àăááňăâàĺćăï Z̃ = Z̃(z, β, V ) =^{∞∑}_{N =0} z^N Z_N (β, V ): d(− 1 β ln Z̃) = − 1 β d ln Z̃ + 1 β^2 ln Z̃dβ, (9)

d ln Z̃ = ∂ ln Z̃ ∂z dz + ∂ ln Z̃ ∂β dβ + ∂ ln Z̃ ∂V dV = ∑ N Nz^{N −1}Z_N ∑ N z^N Z_N dz +

+ ∑ N ∑ m(−E_{mN} z^N exp(−βE_{mN} ) ∑ N z^N Z_N dβ + β ∑ N ∑ m z^N exp(−βE_{mN} )(−∂E_{mN} /∂V ) ∑ N z^N Z_N dV = =^∑_N^∑_m NP_{mN} dz z −^∑_N^∑_m E_{mN} P_{mN} dβ + β^∑_N^∑_m (−∂E_{mN} /∂V )P_{mN} dV =

= ⟨N⟩ dz z − ⟨E⟩dβ + βP dV. (10) Ğďěáì P = ⟨− ∂E ∂V ⟩ ≡^{∞∑}_{N =0}^∑_m (−∂E_{mN} /∂V )P_{mN} − ďăćńěŋĺě áĺáâěňë.

Ŕőďáâăćĺć (10) ĺ (8) ć (9), ŕőńãçĺň: d(− ln Z̃/β) = −⟨N⟩d ln z/β+⟨E⟩dβ/β−P dV +(−⟨E⟩/β+S/kβ^2+γ⟨N⟩/β)dβ = = (−⟨N⟩d ln z/β − P dV + Sdβ/kβ^2 + γ⟨N⟩/β)dβ.

Šăł łăł d ln z = d(βμ) = βdμ + μdβ ĺ dβ = −kβ^2dT , âő d(− ln Z̃/β) = −⟨N⟩dμ − P dV − SdT. (11) Śŕàăćă ć (11) – ĺğćěáâŋőě ĺğ âěàňőďĺŋăňĺłĺ ćëàăęěŋĺě ďńï ďĺääěàěŋæĺăńă ąőńìèőčő ŕőâěŋæĺăńă J = J(T, V, μ), ŕőíâőňã, ďěľáâćĺâěńìŋő, J = −kT ln Z̃. 5.3 Ňěâőď ŋăĺąőńěě ćěàőïâŋőčő àăáŕàěďěńěŋĺï

Ąőńìèőě łăŋőŋĺçěáłőě àăáŕàěďěńěŋĺě (âăł ęě, łăł ĺ łăŋőŋĺçěáłőě) ňőęŋő ŕőáâàőĺâì, ĺáŕőńìğãï ąőńěě ïćŋő ŕőŋïâĺě ăŋáăňąńï ĺ ŕàěďŕőńőęěŋĺě ő âőň, çâő àăćŋőćěáŋőňã áőáâőïŋĺî áĺáâěňë őâćěçăěâ ŋăĺąőńěě ćěàőïâŋăï łőŋäĺčãàăæĺï ăŋáăňąńï ĺńĺ ňăłáĺňãň çĺáńă áŕőáőąőć àăáŕàěďěńěŋĺï ŕőńŋőľ íŋěàčĺĺ ăŋáăňąńï Ẽ = const ĺ ŕőńŋőčő çĺáńă çăáâĺæ Ñ = const áàěďĺ łőŕĺľ ŋăèěľ áĺáâěňë. Ŕőáńěďŋĺě ňőęŋő àăğąĺâì ŋă čàãŕŕë ŕő ν_{mN} áĺáâěň ć łăęďőľ, čďě ďćőľŋőľ ĺŋďěłá őğŋăçăěâ, çâő íłğěňŕńïà (łőŕĺï) ŋăèěľ áĺáâěňë ŋăåőďĺâáï ć áőáâőïŋĺĺ á íŋěàčĺěľ E_{mN} ĺ çĺáńőň N.

Šăł łăł Ñ =^{∞∑} N =0 ∑ m ν_{mN} · N; Ẽ =^{∞∑}_{N =0}^∑_m ν_{mN} · E_{mN} ; ν =^{∞∑}_{N =0}^∑_m ν_{mN} , (12)

âő őąéěě çĺáńő âăłĺå àăğńĺçĺňëå łőŋäĺčãàăæĺľ àăćŋő çĺáńã àăğąĺěŋĺľ ŕőńŋőčő çĺáńă íłğěňŕńïàőć áĺáâěňë ć ăŋáăňąńě ν (ν → ∞) ŋă čàãŕŕë ŕő ν_{mN} íłğěňŕńïàőć ć łăęďőľ:

Ω̃ = ν!_∏ m,N ν_{mN} ! . Ŕàěďŕőńăčăï ν_{mN} ≫ 1 ĺ ĺáŕőńìğãï äőàňãńã Śâĺàńĺŋčă ln ν! ≃ ν ln(ν/e), ďńï ln Ω̃ ŕőńãçĺň

ln Ω̃ = ν ln(ν/e) −^{∞∑}_{N =0}^∑_m ν_{mN} ln(ν_{mN} /e). (13)

Ůâőąë ŋăľâĺ ŋăĺąőńěě ćěàőïâŋãî łőŋäĺčãàăæĺî ăŋáăňąńï, ŋãęŋő őâëáłăâì ňăłáĺňãň ln Ω̃ ŕàĺ ãáńőćĺïå (ãàăćŋěŋĺïå áćïğĺ) (12). Ğăďăçă ĺááńěďőćăŋĺï ŋă ãáńőćŋëľ íłáâàěňãň áćőďĺâáï ł ğăďăçě ŋăåőęďěŋĺï ąěğãáńőćŋőčő íłáâàěňãňă ćáŕőňőčăâěńìŋőľ äãŋłæĺĺ Φ = ln Ω̃ + αν − βẼ + γÑ (α, β, γ – ŋěőŕàěďěńěŋŋëě ňŋőęĺâěńĺ Ńăčàăŋęă, łőâőàëě ďőńęŋë őąěáŕěçĺćăâì őąàăéěŋĺě ć ŋãńì łőíääĺæĺěŋâőć ŕàĺ ćăàĺăæĺïå ğăćĺáĺňëå ŕěàěňěŋŋëå):

δΦ = δ ln Ω̃ +^{∞∑}_{N =0}^∑_m (α − βE_{mN} + γN) δν_{mN} = 0; (14)

δ ln Ω̃ =^∑_N^∑_m

∂ ln Ω̃ ∂ν_{mN} δν_{mN} = −^∑_N^∑_m ln ν_{mN} δν_{mN} . (15)

Ŕőďáâăćńïï (15) ć (14) ĺ ŕàĺàăćŋĺćăï ł ŋãńî łőíääĺæĺěŋâë ŕàĺ δν_{mN} , ŕőńãçĺň ŋăąőà ν_{mN} , őąěáŕěçĺćăîéĺľ ňăłáĺňãň ln Ω̃: ν_{mN} = exp (α − βE_{mN} + γN) Ŕőď ćěàőïâŋőáâìî âőčő, çâő ŋăèă áĺáâěňă ŋăåőďĺâáï ć (m, N)–áőáâőïŋĺĺ, ąãďěň ŕőŋĺňăâì őâŋőáĺâěńìŋőě çĺáńő âăłĺå íłğěňŕńïàőć ć ăŋáăňąńě: P_{mN} = ν_{mN} ν = 1 ν exp (α − βE_{mN} + γN) . Ĺáŕőńìğãï ãáńőćĺě ŋőàňĺàőćłĺ^∑_{m,N} P_{mN} = 1, ĺğąăćĺňáï őâ α ĺ ŕőńãçĺň ąőńìèőě łăŋőŋĺçěáłőě àăáŕàěďěńěŋĺě ć ãęě ĺğćěáâŋőľ ŋăň äőàňě (5): P_{mN} = 1 Z̃ exp (−βE^{mN} + γN) .

5.4 Šěőàěňă Ŋěàŋáâă

Őŕàěďěńĺň íŋâàőŕĺî áĺáâěňë łăł ńőčăàĺäň ”áâăâĺáâĺçěáłőčő ćěáă” ăŋáăňąńï (łăł ĺğőńĺàőćăŋŋőčő őąêěłâă), őâŋěáěŋŋëľ ł őďŋőňã íłğěňŕńïàã S = k ln^∼Ω ν .

Ŕőďáâăćĺć áîďă ln^∼Ω ĺğ (13), ŕőńãçĺň ãęě ĺğćěáâŋőě ŋăň ćëàăęěŋĺě ďńï íŋâàőŕĺĺ S = −k^∑_N^∑_m ν_{mN} ν ln (ν_{mN} ν ) = −k^∑_N^∑_m P_{mN} ln P_{mN} .

Ěáńĺ ŕàĺ T → 0 ćáě íłğěňŕńïàë ŕěàěåőďïâ ć őáŋőćŋőě áőáâőïŋĺě, łàăâŋőáâì ćëàőęďěŋĺï łőâőàőčő g, (â. ě. gν_0 = ν, ă ćáě őáâăńìŋëě ν_{mN} = 0), âő lim_{T →0} S = k ln g. Šăłĺň őąàăğőň, lim_{T →0} S = 0 ďńï g = 1 ĺ lim_{T →0} S = const ŕàĺ g < ∞.