2 Łćăŋâőćëľ ăŋáăňąńì. Ňăâàĺæă ŕńőâŋőáâĺ

Ć łćăŋâőćőľ ňěåăŋĺłě áőáâőïŋĺě çăáâĺæë ğăďăěâáï ćőńŋőćőľ äãŋłæĺěľ, ãďőćńěâćőàïîéěľ ãàăćŋěŋĺî Ÿàěďĺŋčěàă, ŋő ďńï áĺáâěňë ňŋőčĺå çăáâĺæ ğăďăçă ŋăåőęďěŋĺï ćőńŋőćőľ äãŋłæĺĺ ŋěćěàőïâŋő áńőęŋă. Ąőńěě âőčő, ěáńĺ ğăďăŋë ňăłàőáłőŕĺçěáłĺě ŋăçăńìŋëě ãáńőćĺï, âő ŋăľďěâáï őčàőňŋőě çĺáńő ćőńŋőćëå äãŋłæĺľ áĺáâěňë, áőćňěáâĺňëå á íâĺňĺ ãáńőćĺïňĺ, łăęďőľ ĺğ łőâőàëå őâćěçăîâ áćőĺ łćăŋâőćőňěåăŋĺçěáłĺě áàěďŋĺě, łőâőàëě, ćőőąéě čőćőàï, őâńĺçăîâáï ďàãč őâ ďàãčă. Šăłĺň őąàăğőň, ğďěáì ňë áŋőćă őłăğëćăěňáï ć âőľ áĺâãăæĺĺ, çâő ĺ ć łńăááĺçěáłőň áńãçăě, â. ě. çĺáâëå áőáâőïŋĺľ ŋěďőáâăâőçŋő ďńï őŕĺáăŋĺï áâăâĺáâĺçěáłőľ áĺáâěňë ĺ ŋěőąåőďĺňő ććěďěŋĺě áňěèăŋŋëå áőáâőïŋĺľ.

2.1 Śâăâĺáâĺçěáłĺľ őŕěàăâőà

Ŕãáâì áőáâőïŋĺě łćăŋâőćőľ áĺáâěňë ğăďăŋő ćěłâőàőň |ψ⟩. Řăğńőęĺň ěčő ŕő ŕőńŋőňã ŋăąőàã ćěłâőàőć ŋăèěľ áĺáâěňë |φ_i⟩ ĺ ŋăąőàã ćěłâőàőć őłàãęěŋĺï ŋăèěľ áĺáâěňë (ćŋěèŋěčő ňĺàă) |θ_j⟩: |ψ⟩ =^∑_{i,j} c_{ij} |φ_i⟩|θ_j ⟩, (1) čďě c_{ij} - ăňŕńĺâãďă ćěàőïâŋőáâĺ âőčő, çâő ŋăèă áĺáâěňă ŋăåőďĺâáï ć i-ň áőáâőïŋĺĺ, ŕàĺ ãáńőćĺĺ, çâő őłàãęěŋĺě – ć j-ň áőáâőïŋĺĺ. Ŋăľďěň áàěďŋěě őŕěàăâőàă b̂, őâćěçăîéěčő ďĺŋăňĺçěáłőľ äãŋłæĺĺ b ŋăèěľ áĺáâěňë: ⟨b̂⟩ ≡ ⟨ψ|b̂|ψ⟩ =^∑_{i,j}^∑_{k,l} c^∗_{lk}c_{ij} ⟨θ_k|⟨φ_l|b̂|φ_i⟩|θ_j⟩ = =^∑_{i,j}^∑_{k,l} c^∗_{lk}c_{ij} ⟨φ_l|b̂|φ_i⟩⟨θ_k|θ_j⟩ =^∑_{i,j}^∑_{k,l} c^∗_{lk}c_{ij} b_{li}δ_{kj} =^∑_{i,k}^∑_l c^∗_{lk}c_{ik}b_{li}, (2) čďě b_{li} = ⟨φ_l|b̂|φ_i⟩ – ňăâàĺçŋëľ íńěňěŋâ őŕěàăâőàă b̂.

Őąőğŋăçĺň çěàěğ ϱ_{il} =^∑_k c^∗_{lk}c_{ik} (3)

ňăâàĺçŋëě íńěňěŋâë ŋěłőâőàőčő őŕěàăâőàă ϱ̂ , ďěľáâćãîéěčő ć ŋăèěľ áĺáâěňě (ĺŋďěłáë i, l), ŋő ãçĺâëćăîéěčő ćńĺïŋĺě őłàãęěŋĺï (áãňňĺàőćăŋĺě ŕő k). Ćëàăęěŋĺě ďńï áàěďŋěčő őâ b̂ âěŕěàì ĺňěěâ ćĺď ⟨b̂⟩ =^∑_{i,l} ϱ̂_{il}b_{li}. (4) Ěáńĺ őŕàěďěńĺâì ϱ̂ âăł, çâőąë ϱ_{il} = ⟨φ_i|ϱ̂|φ_l⟩, âő (4) ňőęŋő ŕěàěŕĺáăâì: ⟨b̂⟩ =^∑_{i,l} ⟨φ_i|ϱ̂|φ_l⟩⟨φ_l|b̂|φ_i⟩ =^∑_i ⟨φ_i|ϱ̂b̂|φ_i⟩ = T r(ϱ̂b̂). (5) (Ňë ĺáŕőńìğőćăńĺ áćőľáâćő ŕőńŋőâë áőáâőïŋĺľ^∑_l |φ_l⟩⟨φ_l| = I.) Ćëàăęěŋĺě

T r(ϱ̂b̂) ć (5) őğŋăçăěâ áãňňã ďĺăčőŋăńìŋëå íńěňěŋâőć (áńěď) ňăâàĺçŋőčő ŕàěďáâăćńěŋĺï őŕěàăâőàă ϱ̂b̂.

Łăłőćë áćőľáâćă ϱ̂ ? Ĺğ (3) ćĺďŋő, çâő (ϱ^∗_{ik})^T = ϱ_{ik} ĺńĺ ϱ^∗_{ki} = ϱ_{ik}, â. ě. ϱ̂ – áăňőáőŕàïęěŋŋëľ (íàňĺâőć) őŕěàăâőà, ĺ ěčő ďĺăčőŋăńìŋëě íńěňěŋâë ćěéěáâćěŋŋë:

P_i ≡ ϱ_{ii} =^∑_k |c_{ik}|^2 ≥ 0. (6)

Ćëąàăć b̂ = I, ŋăľďěň T rϱ̂ =^∑_i P_i = 1. (7)

Śćőľáâćă (6), (7) ŕőğćőńïîâ ĺŋâěàŕàěâĺàőćăâì ďĺăčőŋăńìŋëľ íńěňěŋâ P_i őŕěàăâőàă ϱ̂ łăł ćěàőïâŋőáâì âőčő, çâő ŋăèă áĺáâěňă ŋăåőďĺâáï ć áőáâőïŋĺĺ á ćőńŋőćőľ äãŋłæĺěľ φ_i(x) = ⟨x|φ_i⟩. Őŕěàăâőà ϱ̂ áő áćőľáâćăňĺ (5) – (7) ŋăğëćăîâ áâăâĺáâĺçěáłĺň őŕěàăâőàőň ĺńĺ ňăâàĺæěľ ŕńőâŋőáâĺ.

Ěáńĺ ćğïâì ŕőńŋëľ ŋăąőà áőąáâćěŋŋëå ćěłâőàőć |ψ_k⟩ őŕěàăâőàă ϱ̂, âăłőľ, çâő ϱ̂|ψ_k⟩ = P_k|ψ_k⟩, (8) âő áâăâĺáâĺçěáłĺľ őŕěàăâőà ňőęŋő ŕàěďáâăćĺâì ć ćĺďě ϱ̂ =^∑_k P_k|ψ_k⟩⟨ψ_k|. (9) Ěáńĺ ćáě P_k, łàőňě őďŋőčő, àăćŋë ŋãńî, âő áĺáâěňă ŋăåőďĺâáï ć çĺáâőň áőáâőïŋĺĺ (ďĺŋăňĺçěáłőě őŕĺáăŋĺě), ć ŕàőâĺćŋőň áńãçăě čőćőàïâ ő áňěèăŋŋőň áőáâőïŋĺĺ áĺáâěňë.

Ğăŕĺèěň ćëàăęěŋĺě ďńï áàěďŋěčő ğŋăçěŋĺï őŕěàăâőàă b̂, ĺáŕőńìğãï ŕàěďáâăćńěŋĺě (8): ⟨b⟩ = T r(ϱ̂b̂) =^∑_k ⟨ψ_k|ϱ̂b̂|ψ_k⟩ =^∑_{k,i} ⟨ψ_k|ϱ̂|ψ_i⟩⟨ψ_i⟩|b̂|ψ_k⟩ = =^∑_{k,i} P_iδ_{ki}⟨ψ_i|b̂|ψ_k⟩ =^∑_k P_k⟨ψ_k|b̂|ψ_k⟩ =^∑_k P_k b^{(k)}. (10) Šăłĺň őąàăğőň, ⟨b⟩ ěáâì áàěďŋěě (ŕő ăŋáăňąńî) őâ łćăŋâőćőňěåăŋĺçěáłőčő áàěďŋěčő b^{(k)} – áàěďŋěčő őâ őŕěàăâőàă b̂ ć áőáâőïŋĺĺ |ψ_k⟩, ŕàĺçěň áăňő |ψ_k⟩- ě áőáâőïŋĺě ŋăèěľ áĺáâěňë àěăńĺğãěâáï á ćěàőïâŋőáâìî P_k. Šő ęě áăňőě ňőęŋő ãćĺďěâì, ěáńĺ ćőáŕőńìğőćăâìáï ŋăąőàőň áőąáâćěŋŋëå ćěłâőàőć őŕěàăâőàă b̂. Ŕőďáâăćĺň (9) ć (5): ⟨b⟩ =^∑_i ⟨φ_i|ϱ̂b̂|φ_i⟩ =^∑_{i,k} P_k⟨φ_i|ψ_k⟩⟨ψ_k|b̂|φ_i⟩. Šăł łăł b̂|φ_i⟩ = b_i|φ_i⟩, âő ⟨b⟩ =^∑_{i,k} P_kb_iφ^{∗(k)}_i φ^{(k)}_i =^∑_k P_k b^{(k)},

čďě b^{(k)} =^∑_i b_i|φ^{(k)}_i |^2, φ^{(k)}_i ≡ ⟨ψ_k|φ_i⟩.

Ć áńãçăě çĺáâőčő áőáâőïŋĺï (P_{k≠1} = 0, P_1 = 1) ĺňěěň ⟨b⟩ = b^{(1)} – àěğãńìâăâ ďĺŋăňĺçěáłőčő őŕĺáăŋĺï. Ĺáŕőńìğãï ŕàěďáâăćńěŋĺě (9) ňőęŋő ŕőłăğăâì, çâő ďńï çĺáâőčő áőáâőïŋĺï ϱ̂^2 = ϱ̂.

2.2 Ŕàĺňěàë ňăâàĺæë ŕńőâŋőáâĺ

Ŕàĺćěďěň ć łăçěáâćě ŕàĺňěàă ňăâàĺæã ŕńőâŋőáâĺ ďńï ŕőńïàĺğőćăŋŋőčő áćěâă. Ććěďěň ďńï ŕãçłă, àăáŕàőáâàăŋïîéěčőáï ćďőńì őáĺ Z, ćěłâőàë áőáâőïŋĺľ |φ_1⟩ = 1 0 – ďńï ŕőńïàĺğăæĺĺ ćďőńì őáĺ X ĺ |φ_2⟩ = 0 1 – ćďőńì őáĺ Y . Ńîąőě çĺáâőě áőáâőïŋĺě ěáâì áãŕěàŕőğĺæĺï |φ_1⟩ ĺ |φ_2⟩ ( |φ_1⟩ ĺ |φ_1⟩ őàâőčőŋăńìŋë, â. ě. ⟨φ_i|φ_j⟩ = δ_{ij} ):

|φ⟩ = c_1|φ_1⟩ + c_2|φ_2⟩ = c_1 c_2 , čďě c_1 = ⟨φ_1|φ⟩, c_2 = ⟨φ_2|φ⟩ ĺ |c_1|^2 + |c_2|^2 = 1.

1. Ŋăľďěň ňăâàĺçŋëě íńěňěŋâë ć çĺáâőň áőáâőïŋĺĺ ϱ̂ = |φ⟩⟨φ|: ϱ_{il} = ⟨φ_i|ϱ̂|φ_l⟩ = ⟨φ_i|φ⟩⟨φ|φ_l⟩, â. ě. ϱ̂ = c_1c^∗_1 c_1c^∗_2

c_2c^∗_1 c_2c^∗_2 . Śćěâã, ŕőńïàĺğőćăŋŋőňã ćďőńì őáĺ X (c_1 = 1; c_2 = 0), őâćěçăěâ ňăâàĺæă ŕńőâŋőáâĺ

ϱ̂_x = 1 0 0 0 ; áőáâőïŋĺî ŕőńïàĺğăæĺĺ ćďőńì őáĺ Y (c_1 = 0; c_2 = 1) –

ϱ̂_y = 0 0 0 1 ; áőáâőïŋĺî ŕőńïàĺğăæĺĺ ŕőď ãčńőň π/4 ł őáĺ X (c_1 = c_2 = 1/ √ 2) –

ϱ̂_{π/4} = 1/2 1/2 1/2 1/2 ; áőáâőïŋĺî ŕőńïàĺğăæĺĺ ŕőď ãčńőň 3π/4 (c_1 = −c_2 = −1/ √ 2) –

ϱ̂_{3π/4} = 1/2 −1/2 −1/2 1/2 . 2. Śňěèăŋŋëě áőáâőïŋĺï ňőęěň ŕàĺčőâőćĺâì, ćğïć á áőőâćěâáâćãîéĺňĺ ćěáăňĺ çĺáâëě áőáâőïŋĺï (áň. (9)):

ϱ̂ =^∑_k P_k ϱ̂^{çĺáâ}_k ,^∑_k P_k = 1.

Šăł, ďńï ŕãçłă, ïćńïîéěčőáï áňěáìî áőáâőïŋĺľ 0, 5ϱ_x ĺ 0, 5ϱ_y, ňăâàĺæă ŕńőâŋőáâĺ ěáâì: ϱ̂ = 0, 5ϱ̂_x + 0, 5ϱ̂_y = 1/2 0 0 1/2 . Ďńï áňěáĺ 0, 5ϱ̂_{π/4} ĺ 0, 5ϱ̂_{3π/4} ĺňěěň âã ęě áăňãî ňăâàĺæã ŕńőâŋőáâĺ, ĺ ďćă ŕőáńěďŋĺå áňěèăŋŋëå áőáâőïŋĺï äĺğĺçěáłĺ ŋěàăğńĺçĺňë: ϱ̂ ŕàěďáâăćńïěâ áňěáì áőáâőïŋĺľ á őâŋőáĺâěńìŋëň ãčńőň áňěèĺćăŋĺï π/2 ĺ ćěáăňĺ P_1 = = P_2 = 1/2.

2.3 Şàăćŋěŋĺě äőŋ Ŋěľňăŋă

Ďńï čăňĺńìâőŋőćőľ áĺáâěňë ğăćĺáĺňőáâì ćěłâőàă áőáâőïŋĺï ğăďăěâáï ãàăćŋěŋĺěň (íłćĺćăńěŋâŋëň ãàăćŋěŋĺî Ÿàěďĺŋčěàă) |φ_i(t)⟩ = exp(−iĤt/h̄)|φ_i(0)⟩. Ĺáŕőńìğãï ŕàěďáâăćńěŋĺě (9), ŋăľďěň ϱ̂(t): ϱ̂(t) =^∑_k P_k exp(−iĤt/h̄)|φ_k(0)⟩⟨φ_k(0)| exp(iĤt/h̄), â. ě. ϱ̂(t) = exp(−iĤt/h̄)ϱ̂(0) exp(iĤt/h̄). (11) Ŕàőďĺääěàěŋæĺàãěň (11) ŕő t : ∂ϱ̂ ∂t = − iĤ h̄ exp(−iĤt/h̄)ϱ̂(0) exp(iĤt/h̄) + + exp(−iĤt/h̄)ϱ̂(0) iĤ h̄ exp(iĤt/h̄) = − i h̄ [Ĥϱ̂(t) − ϱ̂(t)Ĥ]. (Ňë ćőáŕőńìğőćăńĺáì łőňňãâĺàãěňőáâìî Ĥ ĺ exp(iĤt/h̄).) Őąőğŋăçĺć łőňňãâăâőà (Ĥϱ̂ − ϱ̂Ĥ) çěàěğ [Ĥ, ϱ̂], ğăŕĺèěň ãàăćŋěŋĺě íćőńîæĺĺ áâăâĺáâĺçěáłőčő őŕěàăâőàă (ňăâàĺæë ŕńőâŋőáâĺ) ć ćĺďě ih̄ ∂ϱ̂ ∂t = [Ĥ, ϱ̂]. (12) Łńăááĺçěáłĺľ ŕàěďěń h̄ → 0 ãàăćŋěŋĺï äőŋ Ŋěľňăŋă (12) ďăěâ ãàăćŋěŋĺě Ńĺãćĺńńï (ŕàăćĺńő áőőâćěâáâćĺï ňěęďã łőňňãâăâőàőň ĺ áłőąłőľ Ŕãăááőŋă áńěďãîéěě: (1/ih̄)[Ĥ, ϱ̂] → {H, ϱ}).

2.4 Őáŋőćŋőľ ŕőáâãńăâ łćăŋâőćőľ áâăâĺáâĺçěáłőľ äĺğĺłĺ Śőáâőïŋĺě áĺáâěňë ć ďăŋŋëľ ňőňěŋâ ćàěňěŋĺ ŕőńŋőáâìî őŕàěďěńïěâáï ğăďăŋĺěň áâăâĺáâĺçěáłőčő őŕěàăâőàă (ňăâàĺæë ŕńőâŋőáâĺ) ϱ̂, ă ŋăąńîďăěňăï B ěáâì áàěďŋěě őâ őŕěàăâőàă b̂, őâćěçăîéěčő ďĺŋăňĺçěáłőľ äãŋłæĺĺ b, ĺ ćëçĺáńïěâáï ŕő äőàňãńě B ≡ ⟨b⟩ = T r(ϱ̂b̂), T rϱ̂ = 1.