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I[MPEAHCJIOBHUE

B 1959 r. Pemxe mokasaJ, 4TO NpPH PAaCCMOTPEHHH pellleHHH ypas-
Henns [llpepuHrepa A/ HePEeJNATHBHCTCKOrO NOTeHIHAJBLHOTO pacced-
HHS TOJIE3HO CYUHTATh YIJIOBOH MOMEHT [/ KOMIUIEKCHOH nepemeHHOH. Omn
JOKa3aJ, uTo JAJIs HIMPOKOrO KJacca MOTeHNHAaJOB e€IMHCTBEHHHIMH CHH-
T'YJISPHOCTMH AMILIMTYJAB paccessHHs B KOMIJIEKCHOH IJIOCKOCTH SABJISA-
IOTCA TOJII0ca, HasplBaeMble ceffuac «pel’KeBCKHMH moJirocaMus. Ecau sTi
HOJI0Ca CYWECTBYIOT NPH LeJBX NOJIOXKHTEJNbHBIX 3HaueHHAX [, TO OHH
COOTBETCTBYIOT CBI3aHHEIM COCTOSIHHSIM HMJIM pe30HaHCcaM, a B oflueM cJay-
yae BaXKHBI AJI1 YCTaHOBJIEHHS HEKOTOPHIX aHAJHTHUECKHX CBOMCTB am-
mIATyAs paccesHus. OfHAKO CKOPO CTajo SICHO, YTO MeToA Pelxe Mo-
KeT OrITh NPUMEHEH TaKke H K (H3HKe 3JeMEHTapHBIX YaCTHI, BHICOKOH
SHEPTHH, H B HaCTOsllee BpeMs HMEHHO B 3TOH OGJACTH TEOPHS KOMILJIEKC-
HBbIX YIJIOBEIX MOMEHTOB, OOBIYHO HaspBaeMas AJIs KPaTKOCTH PelKeBCKOMH
TeopHeil, npHUMeHseTcs HauGoJiee MJOAOTBOPHO.

Eciiv HCKJIIOUHTDH JIENTOHBI (3JEKTPOH, MIOOH H HEHTPHHO) M (OTOH,
TO O4YeHb O6o0JblIOe UYHCIO OOHAPY:KEHHBIX 3JIeMEHTapHBIX YacTHi — 6a-
PHOHOB H Me30HOB — Y4YacTBYeT KakK B CHJIbHEIX B3auMoJefCTBHAX (smep-
Hble CHJIBI, KOTODble CBSI3bIBAIOT HYKJIOHHl B Sfipe), TaK H B 3JEKTPOMAr-
HUTHBIX, CJaGhlX M TPaBHTAUHOHHBIX B3aHMOJEHCTBHAX. TakHe YaCTHII
6LUIM Ha3BaHBI aPOHAMH OT I'PEYECKOro cJoBa abpé {, 03HAUAIOMmEro Tsi-
xkespit. HekoTopele 3 HHX CTaGHJIBHE, HO GOJIBIIMHCTBO HeCTaGHJIBHO H
GHICTPO pacnajaercsl Ha ApPyrue ajApOHEl U JENTOHH. AJPOHBI MOXKHO KJac-
cHdHIHPOBATh B COOTBETETBHH C HX KBAHTOBHIMH UMCJIaMH, TAKHMH, K4K
6apHOHHOE YHCJIO, 3apS], CTPAHHOCTD H T. II., IPHYEM JJI Kaxaoro HaGopa
KBaHTOBBIX YHCeJ HalfijleHa NOCJeNOBaTe/bHOCTh YaCTHI, OTJIHUYAIOIHXCSH
ToJibKO cnmHoM. Hanpumep, pesoHaHCH, NOAOCHEIE O-Me30HY (HecTaGHJIb-
HOH wacCTHUe, pacnajamomefics Ha N-ME30HEI! P —- W), CYIIECTBYIOT CO
CIHHaMH ¢ = h, 2k, 3%, ..., IpPHYEM Macca HX BO3pPAcTaeT C yBeJHUEHHEM
Cn¥Ha.

Ecnn o6bACHATL TaKWe Pe30HAHCH KaK CBS3aHHBIE COCTOSHHSA, oGpa-
30BaHHBle nmoTeHuHuaJoMm V (r) mexny nuonami (puc. 1.II), To paananbHoe
ypaBHeHnne Illpenunrepa Gyner comepxaTb 3¢peKTHBHBIH NMOTEHIHAJ

Ver ) =V () + 1+ 1D/,

KOTODBIH H3-3a UJIeHa, CBA3aHHOTO C IeHTpoOeKHEM 6apbepoM [ (I + 1) r~2
NPHBOAUT K YMEHBUIEHHIO CHJB CBSI3H NPH BO3PAacCTAHHH OPOHTAaJBHOTO
yrJjosoro MoMeHTa nHoHOB {. Takum o6pa3oM, npH GoJbIIMX [ NOTEHIHAJ
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JeHcTByeT MeHee 5gdeKTHBHO, UTO H OOBACHSAET, MOYEMY Pe3OHaHCHI C Bhi-
COKHMHE COHHaMH HMeIOT GOJBIIYIO Maccy. B NefCTBHTeIbHOCTH MOXKHO pe-
AT ypaBHEHHE JJIs TPOH3BOJIBHON KOMIIEKCHO BeJHUHHSI [, H COGCTBeH-
Hble 3HAUEHHs STOr0 ypaBHeHHs GYIyT HENPEPHIBHO MEHATHCS BIOJb TPaeK-
TOPHH B [-IJIOCKOCTH,CBA3LIBAIOIIEH Pas3/IHUHbEIE (QU3HUECKHEe DelleHHs IpH
{ = nh (n — uenoe). PasymeeTcs, Takad HepeJIdTHBHCTCKasg MOJEJb CO-
BepLIEHHO GecroJie3Ha MJIsl GH3HKH BHICOKHX 3HeprHil, HO OCHOBHas Hied,
YTO MOCJ/eOBATEJbHOCTh COCTaBHBIX UAaCTHI, C MacCaMH. #M; H CIHHAMH
o; (=1, 2, 3...) noJxHa JiexkaTb Ha JaH-

HO#M TpaekTopuH Pemxe [ = a (¢), rae ¢t — 7 x
KBaJipaT SHEPrHH B CHCTeMe IEeHTpa Macc, ' » .
TakoH, 4To A/ BeeX i o (m})=o; ycnemHo & —>
ofecrieunBaeT B3aHMOCBA3b BHYTPH MHOTHX

4 a bid

rpynn pesoHaHCOB. B Hacrodlllee BpeMs CuH-

TaeTCs, YTO BCE aJAPOHHI ABJSIOTCHA COCTABHHI-

MH YaCTHIAMH, JIEXallHMH Ha 3THX TPaeKTo-

pUAX, H He ABJAIOTCA MNO-HACTOSLIEMY 3Je-

MEeHTapHBIMH. § — a(t)
Kpome Toro, Xopoulo YCTaHOBJIEHO, 4YTO

CHJIbHBIE B3aMMOjieHCTBHA 06YCOBJIeHl o6Me-

HOM HaCTHIIAMH. DTO fBJIAeTCcHd 06o6HeHHeM ‘t ¢
runotesnl ¥OKaBbl, 4TO JaJbHOHEHCTBYIOIAS Y
9aCTh MEXHYKJIOHHHIX CHJ oOycJoBJeHa 06- . 5

MeHOM MH-Me30HOM. Ho BMeCTO Toro 4ToGH! Pc. 1. a — BsanmoeficTae
paccMaTpuBaTh OOMEH OTJAEJBHOH YacCTHUEH, IBYX 7-ME30HOB ¢ O6pasosa-
I0JIe3HO PacCMOTPeTb OOMeH LEJIOH TPAEKTO-  huem HecTaGHIBHOrO p-peso-
pueft wactui. PejkeBcKas TEOpHSl NpPEACKa-  HAHCA, KOTOPHA cHOBa pac-
3EIBAET, 9YTO MOBEJEHHe aMIJIMTY[bl pacceg-  [aAaeTCd Ha jBa JI-ME3OHA.

Py 6 — O6men TpaekTopHeh
HHs NPH BBICOKOH SHEPIHH B 3TOM CIY9a€ g4 “woropas onpgnemef o-
GyneT

BE€ICHHEe AaMIVIMTYAbl pacce:d-
HHSI NPH BBICOKOHA 3HEpPrHH
A(s, 1) = s, P ep

rje S ~— Telnepb KBajipaT SHEPIHH B CHCTeMé IEHTpPa Mace; ! — KBajpaT
nepeflanHoro HMmyJnca (puc. 1, 6). Takoe noBeleHHe HMEIOT aMILIHTY/BI
GOJIBIIOTO YHCJIa MPOLECCOB. _

Utak, pelKeBCKas TeOPHA CBA3aHa CO CNEKTPOM YacCTHI, C CHJIAMH
MeXKJAy YacTHIAMH H C NOBeleHHEM aMIIUTYABl pacCesiHUS NPH BEICOKOH
SHEpPTHH, T. €. NOYTH CO BCEMH YePTaMH CHJIbHEIX B3aUMOAeHCTBHi. ITo-
3TOMY NOHHMaHHe TeOpHH Penzxke HeoO6XOIMMO BCeM, KTO XOUET 3aHHMAThCS
(H3HKOH BHICOKMX SHepruil, H le/b 3TOH KHHI'H — JaTh BBeJeHHE B pej-
JKEBCKYIO TEOPHIO. :

B ri. 1 Mbr 06CcyauM KHHEMaTHKY MPOIECCOB pacCesiHHS, BBENEM aM-
TUIMTYABl PaccesiHHs H TpoBefileM 0030p HX aHAJHTHUECKOH CTPYKTYDHI
Kak (YHKIHH OT 3HEPrMH M MepelaHHOro HMmyJibca. B ri. 2 onmpenejnm
napuyaJbHble aMIIATYAB C JaHHBIM [ U MOKaKeM, KaK H NOUYeMYy OKasbl-
BAETCA MOJIE3HHIM MPOBECTH aHAJIUTHUECKOe NpojoJxkenHe 1o /. OGbsCHUM,
noueMy moJiioca Pejzke mo /, KoToprle JiexKaT Ha TpaeKTopusax Pemxke, co-
OTBEeTCTBYIOT yacTHaM. B ri. 3 uccrnenyem modoca Pefizke B nOTEeHIHAJb-
HOM pacCessHHH, B TEOPHH NOJIS H B APYTHX MOJENAX CHJbHEIX B3aHMOJeli-
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cTBHH. 3aTeM B IJl. 4 BBelleM HECKOJIbKO GoJiee CJIOXKHBIH (pOpMaJH3M /IS
TOTO, YTOObl PacCMOTPeTh NpoGJeMy CHHHA, OpexAe 4YeM NPeACTaBHTh
B I'J1. 5 JI0Ka3aTeJbCTBA PEAKEBCKOHN KacCHQHKAIHH 9aCTHIL IO TPAeKTOPH-
aM. T'y1. 6 nocesimeHa 0GCYKIEHHIO NpPeACKa3aHHUH TeOPHH MOJIOCOB Pemxke
IJIs1 TIOBEJIEHHUS aMIJIMTYJ pacCessHHS NPH BLICOKOH SHEPTrHH, a B Ii. 7
H3y4YHM THIOTE3Y O TOM, UTOCYIIECTBYeT «AyaJbHOCTbY MeXAYy Pe30HaHC-
HBIMH TOJIIOCaMH H OoOMeHaMH pelXeBCKHMH TpaekTopuamu. B ri. 8 omu-
caHbl 3PdeKThl PeIKEeBCKHX pa3pe3oB — CHHTYJSPHOCTH B IJIOCKOCTH YT-
JIOBOTO MOMEHTA, BbI3BaHHbIE OJHOBPEMEHHEHIM OOMEHOM ABYMS HJIH 6OJIb-
IIHM YHCJIOM Pe/’KEBCKHX TPaeKTOpHi. 3aTeM B IJI. 9 clieslaeM 0630p mpes-
CKas3aHHH TeopuH Pelke NI NOBEJEHHs aMIVIHTYJ MHOTOYaCTHUHBIX IPO=
meccoB, a B Il. 10 — ee mpejackasaHH#l I «HHKIIO3HBHEIXY peaKuHi,
B KOTODBIX JIETEKTHPYETCS TOJbKO HECKOJIbKO YacTHI, H3 KOHEUHOro Co-
cTosiHUSA. 3ta 06JacTh B MOCJeLHHe oAbl Jaja GoJblIoe KOJHYECTBO MOJ-
TBEPXK/IEHUH NMPaBUJIBHOCTH TeopHH Pemxe. B ru. 11 uccnenoBansl pasHo-
o6pa3Hele MOJie/IM TNOBeleHHsS CeUeHHH NPH BHICOKHX SHEPTHAX H CaMOCo-
IVIaCOBaHHOCTb T'HIOTE3H O TOM, YTO peljKeBCKHe OOMeHHI OGeCIeYHBaloT
CHJIBI, CBSISBIBAIOIIMe MeKAY co0O0i YaCTHIBI, KOTOPHIE, B CBOIO Ouepeb,
006pa3yloT pelKeBCKHe TPAaeKTOPHH TaK HashlBaeMOro GYTCTPAamHOro Mexa-
HU3Ma. B nocnenHeill ryaBe NOBOJIBHO KPaTKO OOCYKIaeTCs NPHMEHeHHe
TeopuH PelKe K 3JeKTPOMarHHUTHHIM U CjaGbIM B3aHMOJAEHCTBHAM. Ma-
TeMaTHUYeCKoe NONOJHeHHe O PyHKnuax Jlexanapa u D-pyHKUHAX AaHO
B NPHJOKEHHAX. v

Kunra B OCHOBHOM npefHa3HaueHa JJIsi TeX, KTO TOJBKO HAUHHAET
3aHUMaTbCHd (PU3MKOH 9YaCTHI, HO yXkKe HMMeeT XOpPOHMIYIO NMOATOTOBKY Ha
YPOBHE MOCJeNHEero Kypca ¢GHM3HUYeCKHX (aKyJbTeTOB, T. €. NpeanoJara-
eTCs1 3HAaKOMCTBO C KBaHTOBOH MEXaHHKOH H, B UaCTHOCTH, C Teopueil pac-
cesiHusl B oGbeme, HanpuMep, KHHUTH [355], co cnenuasbHON TeopHel oTHO-
CHTEJIbHOCTH W OCHOBHBHIMH TNOHATHAMH (H3HKH SJIEMEHTapHHIX YAaCTHIL,
TAKHMH, KaK Pe30HaHCHOe paccessHHe M H30TONHUYECKHH COHH (HampHMmep,
no kuure [61]). Heo6xonumo TaxKe 3HaHHe TeOPHH QYHKUHH KOMIJIEKC-
HOrO NePeMeHHOro M CHeNHaJbHHX (YHKOHH MaTeMaTHueCKOH (H3HKH.
B HeKOTOPHIX MeCTax mocJjie KPAaTKOrO BBeleHNs HCNOJIL30BaHLL HAEH Teo-
pHH mosis (B OCHOBHOM auarpaMmbl QDefHMaHa), U UHTATENb JOJIKEH HJIH
NOHATb O UeM HIeT peub, HJIH OOPAaTHTbCA K LUTHPYeMOH JuTepaTtype.
Ilono6uEIM 0Gpa3oM KeJsaTeJbHO OoJjiee AeTaJbHOE PACCMOTPEHHEe TPy
Jlu SU (2) u SU (3), uem TO, KOTOpPOoe HMeeTcs B AaHHOM KHHre. ONHAKO
{1 HaJelCh, YTO Te, KTO GYJET YHTaTh 3Ty KHHTY C HEOOXOAHUMBLIMH CChlJi-
KaMH, He HCMOBITAIOT CJHIIKOM OGOJIBHINX TPyAHOCTeH. MBI HACTOATE/bHO
COBETyeM ONYCTHTb HauGojiee TPYAHBIE YaCTH NPH NMEPBOM YTEHHH H Bep-
HYTbCA K HHM, KOrjla 3To cTaHeT HeoOxoxumo. UToObl moMOYbL B 3TOM, Te
pasedibl, KOTOPEIE MOTYT OBITh ONYIIEHH!, TOMeUeHbl 3Be3I0uKOof. Mbl Tak-
e HajeeMcsd, uTo GoJiee ONBITHBIE HCCJENOBaTeJH CMOTYT HafTH B 3To#
KHHIe TOJIe3HbIfi KOHCNEKT OCHOBHBEIX HJEH M DPe3yJIbTaTOB pelKeBCKOM
TEOPHH.

Koraa kuury nummyT o 6bicTpo pasBHBaiomefica o6iacTi HayKH, BCer-
Ja TPYAHO ONpeJeJHTh, KaKHe BONPOCH! Bhlep:KaT NPOBEPKY BpeMeHeM,
a KakHe OKaXKyTcs HeaopaboTaHHRIMH. B Hauajsie 60-X romoB Koe-KOMY
Ka3aJioch, U4TO BCS TeopHs Pelzke MOKeT NOMAacTh BO BTOPYIO KaTerOPHIO,
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HO Tenepb MHOTOE HAJeXKHO YCTaHOBJIEHO H 51 MOCTapaJiCsl COCPeOTOUHTH
OCHOBHOE BHHMaHHe HMEHHO Ha 3TOM, JIHIIb H3peika Opocas GerJbii
B3IVl HAa TO, YTO NPOMCXOAMT BOJNHM3H OBICTPO ABHIKYIIEHCS TpaHHIEI
Hamux 3Hauuit. HauGosee ycTaHOBHBLIMMECS SIBJISIIOTCS Te BONPOCH TeO-
PHH, KOTOpble HENOCPEJCTBEHHO CB3aHBI C SKCNEPHMEHTOM, TaK 4TO £
BKJIIOUHJI B H3JI0KeHHe OOJBIIYIO 4YacTh «pelkKeBCKOA (EeHOMEHOJOTHH?,
ocoGeHHO B ri. 5—10, onHaxo s cTapaJjicsi He NPONYCTHTH HOJHOCTBIO Te
MHOTOUHCJIEHHbIE YKa3aHHs, KOTOpue TeopHs Pejke rOTOBHT AJS NOJITO-
KNaHHOH (yHAaMeHTaJbHOH TEeOPHH CHJIBHBIX B3aHMOJAEHCTBHI.

51 He mBbITasICA AaTh NOJIHBIE CCHIJIKH- HAa MHOTOTOMHYIO JIHTEpaTypy IO
paccMaTpHBaemoii TeMe. He nutHpoBas B GOJIbIIOM KOJHYECTBE OPHUTHHAJb-
HYIO JINTEPATyPy, OTHOCALLYIOCA K HauaJbHOMY NepHOAY Pa3BHTHS TEOPHH,
33 HCKJIOUEeHHeM, pasyMeeTcsl, HEKOTODHIX HCTOPHUECKH HaHGoJiee BaiK-
HBIX CTaTe#, OIHAKO STH CCBHIJIKH MOTYT OBITB JIerKo HafiieHsl B YIOMAHYTHIX
3/1eCb MHOTOUYHMCJIEHHBEIX KHHrax W OO30DHHEIX CTaThaX. UTO Kacaercss Go-
Jiee COBPEMEHHHIX PalOT, TO s MOMEITAJCA AaTh GoJibllee KOJHYECTBO MO-
JIE3HBIX CCHIJIOK, HO TOJIBKO C II€JIBIO NPOHJIIOCTPHPOBATHL TEKCT, a He JJIs
YTBEPXK/ICHHS NPHOPHTETa KOHKPETHBIX OTKPBITHH. $I MOTY TosbKO mpm-
HECTH HU3BHHEHHS TeM, UbH PaGoThl ObLIH NPONMYLIEHH HJH HEIOCTATOUHO
npelcTaBJIeHsl.

Dra KHHra MHOTHM 00si3aHa mpejpinymell paGore mo nosocam Pepxe,
kotopyio npod. E. M. CkBaiipc u a1 HanmucaJH HeCKOJBKO JieT Hasax [132],
u o63opy [121], a Takxke pasHOOGpasHEHIM KypcaM JIEKUHH, KOTOPHE A UH-
TaJ B YHHBepcHuTeTe [lapxafiMa M B APYTrHX MecraxX. M xoTa g He cran Gul
MEHSATh TEKCT NPOCTO H3 JIOGBH K HCKYCCTBY, HO 1 CHOBa NMOAYMAJ O TOM,
KaK HaWJY4IIHM CnocoO0M H3JI0XKHTb MaTepHaJsl, HCHOJb3ysd HAEH H3
MHOTOUHCJIEHHBIX TNPEBOCXOAHHIX 0030pOB H KypCcOB JieKuuil. Bwmecre
C TeM f TONBLITAJCA YIPOCTHTh MaTepHaJ HACKOJbKO 3TO BO3MOKHO.

B -3akouenne s XoTes Obl BHIPA3UTh CBOIO MPHU3HATENBHOCTh U GJaro-
JapHOCTb MHOTHM JHnaM:. mpod. Ix. @. Uy, KoTopsiil nepBbM NMO3HAKO-
MHJI MeHsl ¢ uaJaraemoii Temolt, mpod. E. M. Ckeaiipcy, or koroporo s
y3HaJ MHOTO TOApoOHOCTe#l M AeTaJeff, MOMM KOJIJIETaM MO Y HUBEPCHTe-
Ty Hapxafima, co3faBlIEM OGCTaHOBKY, CTHMYJIHPYIOILYIO H3yUeHHEe TEOPHH
sJleMeHTapHBIX 4acTHI, ¥ MHoruM ApyruM, npod. Jx. K. Ilosxkuuxopny,
KOTOpBIH yGenus- MeHs HamucaTb 3Ty KHHry, npod. k. K. INosxkun-
xopHy, npod. E. M. Ckeafipcy, n-py A. I. Mapreny, a-py B. Ix. 3a-
KPEBCKH 3a MHOTHe IeHHble 3amedanud, T. . Bb. Yunku u A. [I. M. Pai-
Ty 3a GOJIBIIYIO NOMOHIb NO peJaKTHPOBAHMIO H HCMpaBJEHHIO TEKCTa,
Mapraper u ujapio, o6ecneunBIEM YCJIOBHSA U JIaBIIHM BO3MOXKHOCTb Ha-
nucaTh JaHHYO KHHrY, u Inane @uanot, Kotopas 3aMeyaTesbHO Hepere-
yaTaja O4eHb TPYAHBIH OpHUruHaJl.

Kadenpa o¢usuxu YHuBepcurera apxatiMa I1. I. B. Komnmuus
asrycr 1975 r.
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MATPHUIA PACCEAHHA

1.1. BBepenue

B THOHYHOM 3KCIEepHMEHTE N[O DAaCCesHHIO Ha YCKOPHTEJNE YacTHia
H3 YCKOPEHHOro ny4yka CTaJKHBaeTCd C JAPYro#l 4acTHUEH BemecTBa MH-
meHH (0OBIYHO 3TO MPOTOH) ¥ B pe3yJ/bTaTe BO3MOXKHO oGpa3oBaHHE He-
CKOJIbKMX THIOB YacTHL, ABHKYIIUXCA B Pas3jUYHBIX HaNpaBJEHHAX,
KaK 3TO moKasaHo Ha puc. 1.1. Takum o6pa3soM, nepej B3auMOAEHCTBHEM
ObLJIO HavyaJIbHOE COCTOSIHHE | i), COCTaBJeHHOe M3 JABYX CBOOOAHBIX YACTHIL
(myuka u MHINIEHH), a NOoCJe OKOHYaHHS B3aUMOJIEHCTBHSI — KOHEYHOEe CO-
cTofHHe | f>, cocTosllee YaCTO U3 MHOTHX yacTul. Ecan 6vl cymecTBoBaJsa
NoJiHaA KBaHTOBOMeXaHHWYeCKash TeOpHs NpoHecca paccesHHsi, MOXKHO Gbi-
JI0 6bl BHLIBECTH BEePOATHOCTb NOJIyYeHHs J06Oro ompefieleHHOro KOHed-
HOrO COCTOSHHSI H3 -HaHHOrO HaYaJbHOI'O COCTOSHHS.

OnpeliesiuM onepaTop paccesiHHA S TaK, YTO €ro MaTPpHYHBIE 3/1eMEHTHI
MexX1y HadyaJbHBIM H KOHEUHBIM COCTOSAHMAMH <f | S | i) Aal0T BeposATHOCTD
Py; Toro, ute | f> GyneT KOHEYHEIM COCTOSTHHEM, BO3HHKAIOMUM H3 | i),
T. €.

Pu =KFISTidP =G ST IS |D, (1.1.1)

rie ST — omepaTop, 3pMHTOBO CONPSXEHHHIH € S.

3HaHHe MOJHON MaTpULbI paccesTHUS (MK S-MaTpHIbL, A1 KPaTKOCTH),
cofiepxKanieil MaTpHYHBIE 3JEMEHTH, KOTOPHIE€ CBA3LIBAIOT JIIOG0E MBICJIUMOE
Haya/IbHOE COCTOSIHHE, C JIIOOBIM BO3MOXKHBIM KOHEYHHIM, HPHBOJAHJIO OBHI,
pasymeeTcs, K NOJHOMY ONHCAHMIO BceX B3aMMOAEHCTBHH YacCTHIl, YTO IB-
JsieTcd Hamed KOHEYHOH wneJibio.

K coxkaljienmio, 0 CHX HOp He CYHIECTBYeT TEOPHH CHJBHOIO B3aMMO-
Je#cTBHS 3JIeMEHTapHEIX YacTHI, TaK YTO MHOJYYHTb S-MaTpPUIy HAefyK-
THBHBIM IyTeM HEBO3MOXKHO, HO TeM He MEHee B 3TOH IVIaBe MEI O0BSICHUM
KpaTKoO Te NMpeAnoJsIoXKeHHsI, Ha KOTOPHIX GyJieM OCHOBEIBATHCSA MPH MOCJ/e-
LYIOIIeM Pa3BUTHH TeopHH Pelxe, T. e. o6LINe NPHHIUNLI, TaKHe, KaK aHa-
JI¥ THYHOCTb B KPOCCHHT, KOTOpBIE, XOTS ¥ He JIOKa3aHHl TBePJO, HO BBLAEP-
JKa JIX MPOBEPKY BpeMeHeM H OYAYT ABJATHCI OCHOBOH AJIS PACCMOTPEHHA.
Me1 nonpobGyeM nmpuiaTh MM OoJibllle HPaBAONOROGHs, MOKa3aB, KaK OHH
BKJIIOYEHBI B TEODHIO HEPEJISTHBHCTCKOIO MOTEHIHAJBLHOTO paccesHUs H
B KBaHTOBYIO TEODHIO N0JIsI, KOTOphIe OJarojiaps 3TOMY CJAYXKaT MOJe3HEI-
MH HCTOYHHKaMH ¢(usnueckodl HHTYHLHMH.

B Teopun nosis, nojo6Hofi KBAaHTOBOH 3JIEKTPOJWHAMHKE, STH 3JI€MeH-
TBl S-MaTpHUBI MOTYT GBITh BBHIBEIEHBI, MO KpailiHe#t Mepe B NPHHUHMIE,
M3 OCHOBHOrO JlarpaH:KHaHa, ONHCHIBAIOHNIEr0 B3auMojedcTBHe (YHIaMeH-
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TaJbHBIX YacThl,. OJHAaKO AJIs CHJIBHBIX B3aHMOJIEHCTBHIH 3TOT crocob moj-
XoJla BbI3LIBa€T MHOTO NMpo6JieM, TAKHX, KaK HeMPHMEHHMOCTb CXeMEI fepe-
HOPMHMPOBOK H PacXoJHUMOCTb psdja TeOPHH BoaMymeHu#l. Hecmorpsa na
3TO, 3JIEMEHTBEl S-MaTPHUEl BCerfa BEIYHC/SIOT MeXJAY TaK HashIBAEMBIMH
aCHMIOTOTHYECKHUMH COCTOSHHSIMH BO BpeMeHH ! = -+ oo HJH, 4To GoJee
TOYHO, Haya/JbHOe COCTOSHHe CcHHMTaeTcd CHOPMHPOBAaHHEIM 33J0Jro Jo
Hayasa B3aHMOJEHCTBHSA, a KOHEYHOE COCTOSIHHEe — CHYCTA J0/roe BpeMs
rocJie ero OKOHYaHHd (T. €. BpeMs, GOJIBIIIOE O CPaBHEHWIO CO BpeMeHeM
B3auMOJeHCTBHs1 mopsika 10-22 ¢). EcrecTBeHHO, TO, YTO MPOHUCXOIHUT BO
BpeMsl B3aHMOJIEHCTBHSI, HENOCPeACTBeHHO He Habumiomaerca. Ilostomy,
HECOMHEHHO, OueHb I0JIe3HO, a8 HEKOTOophle aBTOPhI (cM., Hanpumep, [101])
HacTauBaJH Ha 5TOM, HCXOASd U3 IPHH-
[MIIOB KBaHTOBOH MEXaHHWKH, MONHI-
TaTbC Pa3BUTb TEOPHI0 MPAMO JIJis
S-matpuupl. JIpyrue aBTOPH NO-NpekK-
HeMy CUHTAIOT, 4YTO HeOOXOAMMO HCXO-
IUTb U3 B3aHMOJeHCTBUS KBaHTOBAH-
HBIX MOJIEH W YTO Hamled HeJbio JA0JIKHO
6bITH NOJIyYeHHE AJIT TEOPHUH CHJIBHBIX
B3aHMOJICHCTBHH 4ero-To MOXOXKEro Ha  pyc |.1. Mpouecc paccesnus ¢ ABy-
KBAHTOBYIO 3JIEKTPOAUHAMHKY (CM., Ha- Ms YacTHHAMH 5 HAYAJbHOM COCTOSN-
npuMep, 0630p mo 3toit Teme [51]). wum ¥ ¢ n wacTHuamm B Komeunom
OnHako MBI BCe eHle TaK JajleKH OT 3a-

KOHYEHHOH TEeOPHH, 4YTO MNOJOGHEIE pa3HOIJIACHA KaxXyTcs NOpexiaeBpe-
MEHHBIMH. 3JileCb NpHMeM B OCHOBHOM S-MaTPHYHYIO TOYKY 3pEHHd,
rJIaBHEIM 06pa3oM NOTOMY, 4TO, paGoTasi C S-MaTPHYHBIMH 3JEeMEHTaMH,
MBI HMeeM JeJo C (TOYTH) HENOCPEACTBEHHO H3MEpPSIMBIMH BeJHYHHAMH,
H TakuM obpasoMm S-MaTpuna npexcraBiaser coboif yaoGHEIH ammapar,
KOTODEII MOMOraer pacCMOTDPETh CBfi3b TEOPETHYECKHX BBIYHCJEHHH
C 3KCHepPHMEHTAJIbHBIMH (akTaMH,

B caenyromux pasfielax BBelleM OCHOBHHIE HJEH TEOPHH S-MaTpHII,
ypaBHEHHs1 YHHTapHOCTH M aHAaJHTHYEeCKHE CBOHCTBa aMILIUTYJ pacces-
uud. IlokaxkeM, Kak MpeAnNoJOXeHHS 00 aHAJUTHYHOCTH MO3BOJIAIOT 3a-
nHucaTh AUCNEPCHOHHBIE COOTHOIIEHHS JAJIS aMIVIHTYABI paccesiHHs, U 06-
CyIUM Te HeomnpeJie/IeHHOCTH, KOTOPBIMH 4YacTo 006JafaioT TaKue AucCnep-
CHOHHBIE COOTHOIIEHHS H3-32 TOr0, UTO OHH BKJIIOYAIOT PacXOfsuifecs HH-
Terpassl. Mel Takxke 06CYANM KpaTko (eflHMaHOBCKYIO TEOPHIO BO3MYHIe-
HHH B MOJIeJIM pacCesiHHs C MoTeHuuaJsoM FOKaBu M MOKa)keM, YTO B 3THX
c/y4asiX BBIMOJHSIOTCA MHOI'HE M3 MepeuyHc/eHHBIX CBOHCTB. Bee sTo maer
OCHOBaHHe JJ1s BBeJleHUs TeopHH Pelyke B ciexymomieil rJjage.

ByneM no/sib3oBaThCA OOBIYHO NpHMeHsAeMOR B H3HMKe YaCTHI CHCTEMOH
eJHHHUI, B KOTOPOH CKOPOCTBH CBeTa ¢ U NocrosHHad Ilnanka A nogaraior-
Cs1 paBHEIMHU eJMHHIEe. DHeprus, UMMOYJbC H Macca BhHIPaiKeHBI B 3JIEKTPOH-
BOJIbTaX HJH, 4To GoJlee yNo6HO, B rHrasaekTpoHBoJbTax: 1 I'sB =109 aB.
Ora eguHMpa Moxer ObITh HpeBpallleHa B €IHHHUILI BPEMEHH WA JJIHHEI
C TIOMOMIBIO PaBEHCTB: '

h = 6,58-10-% T's3B.c; Aic = 1,97-1072% I'sB-m.
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HApyro#t ynoGHO! eiwHHIEH IJVHEL ABJIAEeTCA ¢epMHu:
1 & = 107 M = 10/(1,97 I'sB) =~ 5 I'sB-L.

Ceuenus ofbraHG H3MepAT B MunubapHax (1 mGapn = 10-31 M?), Ko-
TOpBIE MOryT OBITH MEepeBefieHbl B I'HIad/eKTPOHBOJBTHL:

1 I'sB~2 = 0,389 M6apu.

1.2. S-Ma’rpuud

Teopym S-MaTpHUB HAUYHHAETCS CO CJEMYIOMHMX OCHOBHEIX MpEANoJo-
KeHHH. ,
ITocryaar 1

Cocrosinus -CBOGOAHBIX YaCTHI[, COAep:Kamue Jd000e YHUCJIO YaCTHIL,
YAOBJIETBOPSAIOT MPHHIHINY CYHEPHNO3UIHH KBAaHTOBOH MeXaHHUKH, TaK UTO
eciu [Pg> U |Pp) — PHU3HUECKHE COCTOSHHSA, TO [Py>> =a | P> +
-+ b |ppd, rie a U b— moGkle KOMIJIEKCHEIE YHCJIA, TOXe ABJAercd ¢u-
3HYECKHM cocTosiHueMm. Ha caMoMm Jesie. CymieeTBYIOT MpaBHJa CyHepoT-
Gopa, TakKHe, KaK 3aKOHBI COXPaHeHHs 3apsifa H GapHOHHOIO 4YHCJa, KO-
TOpble HApYINAOT 3TOT MPHHNHIN, HO 31eCh OHH OyAyT HeCYIILGCTBeHHbI
(cm. paGory [305]).

IToeryaar I1

_ CuupHete B3auMofieicTBHs1 o6safaloT MajieM pajuycoM. K3 axepHoit
u3MKH MBI 3HaeM, YTO CHJIbHBIE B3aMMOJEHCTBHs He NEHCTBYIOT Ha pac-
CTOSIHHH, GOJbIeM YeM HEeCKOJbKO eIuHHN Ha 10-1% M (HeCKOJbKO KOMII-
TOHOBCKHX JUIMH BOJIH MHOHA). STO 3HAYHT, YTO MBI MOXKEM paccCMaTpPHBATh
JacTHIBI KaK cBoGojube. (T. €. HEB3aHMOJEHCTBYIOMIUE), 32 UCKJIIOUEHHEM
TOro cJjlydYas, KOrjla OHH HaXOAATCA odeHb OJIH3KO. JAPYr K APYry, H TaKHM
06pa3oM aCHMNTOTHUECKHE COCTOSTHUSA JO0 U HocJe 3KCIepHUMeHTa NpeacTaB-
JSAI0T co6oit cBOOOMAHBIE YaCTHIBI (MBI pacCMaTpUBaeM CBSI3aHHBIE COCTOSI-
HHd THOA ZeHTPOHA KaK OXHY HacTHUNY). SICHO, UYTO 3TO cpaBeNJIHBO, KOr-
Ia MOXHO NpeHe6peunb CHJIaMH ¢ GOJBINTHUM PaJlycoM AeHCTBHSI, TaKUMHU,
KaK 3JIeKTPOMarHUTHbHIE H rpaBUTAllMOHHBIE. B IeHCTBHTE/IBHOCTH 3TH CHJIBL
He MOryT OhITHb BKJIOUEHEI B PaMKH (opMmajusma S-maTpuibl 6e3 sHayu-
TEJIBHEIX TPYAHOCTEH ¥ MBI, B OCHOBHOM, 6yneM HTHOPHPOBATb 3TH cjabkie
B3aMMOJIEHCTBHS M NpeinoJaraTe, YTO HMeeM Jelio ¢ H;Lea.nnanposaﬂ-
HBIM MHPOM, IJleé OHH <BEIKJIIOUEHBL».

Yto6b1 onpelie/IuTh NMOJHOCTBIO COCTOSTHHE OJHOH CBOGOAHOH YacTHHBI,
MBI JOJIKHBI TOYHO yKa3aTh e€e BHYTPEHHHE KBaHTOBHIE UHCJA, T. €. €€
3apsafn Q, GapuoHHoe uucio B, usocnuH [, cTpaHHOCTH S, 4yeTHOCTH P
(a ana HecrpaHHOro MesoHa G — 4eTHOCTb G M 3apsAmoBYIO YeTHOCTH C,)
H ee cnuH o [co6cTBeHHOE 3HaveHMe o? paBHO ¢ (0 -+ 1)]. Knaccupuxanus
YacTHH B TePMHHAX 3THX KBAHTOBHIX uHceJ o6CyxkJeHa B rJ. 5. Msr 0603+
HayHUM BCce 3TH KBaHTOBBIE YHCJIA BMeCTe KaK THN uyacTuikl 7. Heobxomaumo
TaK:Ke ONPENEJUTDh NPOEKIHIO €€ CIHHA Ha BHIGPAHHYIO OCh KBAaHTOBAaHHST,
CKaKeM, O3 H ee MacCy m, SHePruio E i MMITyJIbe p B HeKOTOPOH BEIOpaH-
HOH JIOpeHUEBOH CHCTeMe OTCYeTa. -
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ITocryaar 111

ITponecc paccessHHsT U, C/€lOBAaTeJbHO, S-MaTpHNA HHBapHAHTHBI OT-
HOCHTeJIbHO mpeo6pasoBanusa JlopeHuna. Yno6Ho pacematpuBath E = p,
KaK BPEMEHHYIO KOMIIOHEHTY DeJATHBHCTCKOro 4-BeKTopa, HpOCTPaHCT-
BEHHbIE KOMIOHEHTHl KOTOPOIO e€CTb Py, Pg H ps3, T. €.

pp=@op),n=0123. ’ (1.2.1)

Mm1 Beerjia umeeM Jieslo CO CBOOOAHOH HacTHIeEH, /s KOTOPOH MoJHas
SHEPrUsl ompefie/sieTcsi Kak

E? — p2c® + m?ct, (1.2.2)

rje m — Macca MOKOsl 4acTHUbl. TaK KakK MBI HCIOJB3yeM eIHHHIBI, IJe
¢ =1, 10 4-UMImyJBC HAXOAUTCS HA ¢MACCOBOH NOBEPXHOCTH»

Ipupt = p* = p§ —p* =E2—|;?2 = m?, (1.2.3)

TaK Y4TO NPH 3aJaHHOH Macce TOJBKO TPH H3 €ro 4YeThIpeX KOMMOHEHT He-
3aBHCHMEL.

B >Toii KHMre MBI IPHUMEM YacTO HCIOJb3yeMOe YCAOBHE, YTO OCh CIH-

Ha COBMNAJAeT C HaNpaBJIEHHEM JBHXKEHHsl YaCTHIHI B BHIGPaHHOM cHCTeMe

QTcueTa. Hpoexunﬂ CnHHa Ha STy OCb HAa3BIBae€TCsi CHHPaJbHOCTBIO A
H onpeneJsieTca Kak

x_ap/[p| (1.2.4)
cho, 4yTO0 A MOXKeET HpHHHMaTb Ji06oe U3 20 + 1 BOSMOXKHBIX 3HAYEHHH:
g, 6 —1, ..., —oO.

TaKHM 0o6pa3oM, OJHOYACTHYHOE COCTOSTHHE 0003HAuaeTcsa Kak

[T, A pu> =|P>, - (1.2.5)

H TakHe COCTOSHHA 06pa3ylioT HeNPHUBOAMMBIE MPEJCTaBIEHHs I'pPYIIEL
JlopeHna (moxasaTesJbCTBO cM., Hampumep, [305]).

.. O4eBHIHO, YTO COCTOSIHHS, COOTBETCTBYIOIIHE Pa3/JHYHHM HMIYJIbCAaM,

BHYTPEHHHUM KBAaHTOBBIM YHCJIaM HJIH CIHHPAJIbHOCTSAM, JO/IKHH GHITH Op-

TOrOHAJIBHEL IPYT APYI'Y, TAK YTO HX CKaJIsipPHBIE NPOH3BENEHUST HMEIOT BHI:

P PY=<T", A, pu| T, N, pu> = N& (p—p") 87/ 7 8pra, (1.2.6)
rae 8% (p — p’) ecTb CoKpaueHHOe o6o3HAYeHHe MJIs

8 (pr — p1) 8 (P — p2) 6 (p3s — p3), (1.2.7)
a. N — HOPMHPOBOYHEIH MHOXKHTEJb.

Mul XOTHM HOPMHPOBATb BEKTOPBL COCTOSIHHH JIOpEHI-HHBapHAHTHEIM
o6pasom. HopmupoBKa cOCTOSIHHSA JaCT YHCJIO YACTHLL B JaHHOM 3JIEMeHTe
¢dasoBoro ob6beMa d®p BOKpYT BeKTOpa P, HO 3TO COCTOSIHHE, O4YEeBHIHO,
He SIBJISIETCS JIOPEHI-HHBapHAHTHOH BeJIMYHHOM, [OTOMY 4TO HEHHBapHaH-
TeH 3JeMEHT obbema d®p. DnemeHT o6neMa § (p2 — m?) d*p, onHako, fB-
HEIM 06PasOM WHBapHaHTeH, a 8-¢yHKUMS rapaHTHpYeT, YTO YacCTHIA Ha-

XOIHTCS Ha MacCOBOM MOBEPXHOCTH. SJIEMEHT o6heMa MoxkeT OLITh 3anHcaH
-B BHJe .

d* pé (pz_m2) — dip

(1.2.7)
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NOCKOJIBKY, HCHOJBb3Yys OObIMHBIE NpaBusa AJd obpameHHs ¢ §-pyHKuuedh
Jupaka, T. e.

8 (ax) = 48 (x),
a
HoJy4aem

2 1 —_—
8 (p*—m?) =8 (p3—p*—m’) =~ —8 (po—V p*—m?)—

2+m?),

(1.2.8)

H Bcerfia MOXHO OIPAaHMUHTh WHTErPHPOBAHHE TOJBKO MOJOXKHTEJIbHBIMH
3HaueHusAMH p,. ClefoBaTesbHO, YJ06HO BeIGpaTh N B (1.2.6) TakuM, yTO

(P'"| Py =(2m)*2py &° (p’ —p) 8777 B 1. (1.2.9)
MHoxuTenp (27)® ABJseTcs pe3y/bTaTOM ONpee/IeHHOTO COIJIAIIEHHS,
B TO BpeMsl KaK NPHCYTCTBHe p,y ¢ yueToM (1.2.7) rapanTHpyeT, uTO0 HOp-
MHpPOBKa HHBapHaHTHa OTHOCHTeJBbHO NpeoGpasoranuili Jlopenna.

CocrosiHHe, cocTosImee U3 1 CBOOOMHBIX YaCTHL, MOXKeT OBITb 3aMHCAHO
KaK MpsiMoe INPOHU3BelieHHe OJHOYACTHYHBIX COCTOSHHMH

ITI’ }"11 P1; T2’\ }?’2’ P2; -+ Tn’ }‘fn’ pn> = |P11 sevs Pn> =
=|P1>®IP:>Q®IP3> Q... ®| Py (1.2.10)
H ero HopmupoBka H3 (1.2.9) umeer BHR
CPj oo Pir | Py oo Pad = T1 @201 8° (0 — P) 87 7 8,1 Sarm. (1.2.11)

i=1

Hocryarar IV

MaTtpuna paccesaHus saABisercsi yHuTapHo# wmatpunedi. Taxk 6yner,
€CJIH COCTOSIHHUSI CBOGOAHBIX 4acTHIl | m), m = 1, 2 ... o6pa3yIoT NOJHBIH
OPTOHOPDMHPOBaHHEIH HaGop Ga3HCHBIX COCTOAHHH, YIOBJETBOPSIOMIUH
YCJIOBHIO MOJHOTEI

§|m><m|=1, (1.2.12)

H, CJeJoBaTeNbHO, AJs JoGoro JaHHOrO COCTOSHHA | [ BEPOSITHOCTD TOTrO,
4yTo o6pasyerca Jno6oe KOHEYHOE COCTOSHHUE, JOJIKHA PaBHATLCA eAVHHLE.
Takum o6pasom, u3a (1.1.1) caenyer

§Pmi—2|<m|8|z>|2 2<z|S+|m><m|S|z>—-<z|S+S|z>~1

(1.2.13)
U TaK KakK 3TO J0J/IKHO OHIThb CHpaBeJIHBO AJs J1OGOro COCTOAHHA | i),
noJy4aemM ‘
S+tS =1 = §S+, (1.2.14)

TaK 4TOo S AB/AsAeTCd YHHUTapHOH MaTpHHEH.
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[/ MHOro4aGTHYHEIX COCTOSIHH#E ¢ HopMHpoBKo# (1.2.11) ycioBue
nosHoTel (1.2.12) umeer BHA

2 [] 22(2n)—3j;‘—;§£ | Py P> CPy... Py|=1, (1.2.15)

m=1i=1 i

rie CyMMHPOBaHHE NPOBOJMUTCSI MO BCEM BO3MOXKHBIM YHCJIaM YaCTHL, HX
THNAM H CNHPaJBbHOCTAM M O BCeM BO3MOXKHEIM HMOYJbcaM dacTum. Ta-
KM 0o6pasoM, B TepMHHAX 3THX COCTOSHHMH COOTHOINEHHE YHHTapHOCTH
(1.2.13) npuHHMaeT BHJ

oo n d dig; -
3 n 22(2n)—3§ 29 (Pl P |S]QueQud X (1.2.16)
m=1i=1 i
X{Qy .t Qm | S+ | Py Ppd=(Pi... Py | Py... Py,
rae yepe3 Q; = {7y, Ay, g,,} 0GO3HAUEHBI YACTHLBI B POMEKYTOUHOM CO-
CTOSIHHH C 4-HMIYJbCaMH ¢y, . OTMETHM, YTO B 3THX yPaBHEHHAX MEI pac-

CMaTpHBaJIM BCe HACTHIE KaK HeoJWHAKOBHle H OyJeM JejaTh TakK H Ja-
Jee. [1J1s1 oAMHAKOBEIX YaCTHI HeOGXOJIHMO CYMMHDPOBaTh HO #! crnocoGam
nepeCTaHOBoK uMnyabcoB B (1.2.11), npH 3ToM B YCIOBHH NOJHOTH
(1.2.15) n B Buipaxennu (1.2.16) nogsaserca mMHoxurens (n!)=1,
Yecnosue ymurapHoctH (1.2.16) umeer dyHIameHTaNbHOE 3HaueHHe
IJ1s1 onpefieieHust S-maTpuibl. OAHAKO OHO JOBOJIBHO CJIOKHO U CTAHOBHT-
Csi CYHIECTBEHHO Ipoimle AJis1 NOHUMaHHMSI U NPHUMeHeHHd, ec/lH MpelcTa-
BHTb ero rpagu4eckd B TepMHHaX «OJOYHEIX Auarpamm». (BoJiee moJHoe
H3JIOXKEHHE 3TOro INpejaMeTa MoxeT OwITh HaineHo B [157].)

1.3. Baounsle guarpaMMbl 4 aMILIMTYAB paccessHUus

CyMMHEpOBaHHE MO pas3JHYHEIM THOAM YacTHL M HX CHOHPaJbHOCTH
B.(1.2.16) 6e3 ocoboii HeOGXOAUMOCTH YCJIOXKHAET 0603HAUEHHS STOTO YpaB-
HeHHd. Jlo KOHUA 3Toi ryaBu MEl 6yJeM HMeThb JeJI0 TOJIBKO C HMIYJbC-
HBIMH M NPOCTPAHCTBEHHHIMH CBOHCTBAMH S-MaTpPHIbI, TaK YTO MBI ONY-
CTHM HHJEKCH 7" U A ¥ 3anuieM ypaBHeHHS Tak, KaK OYATO CYIIECTBYeT
TOJIBKO OXWH THI YaCTHIEI C HYJIEBHIM CIHHOM. Torja n-4acTHYHOE COCTOS-
HHe MOXeT OBbITb 3aMHCAHO NMPOCTO Kak | py ... p, ). Kaxloe uHTErpupo-
BaHHE MO HMOYJBCY MOJXKHO, TaKHM 06pa30M paccMaTpUBaTbCS BMeCTe
C'CYMMHPOBAHHEM [0 BCEM DA3/IHYHBIM THIAM YACTHI, KOTOPEHIE MOTYT Ja-
BaThb BKJaJ, C y4eTOM OrpDaHW4eHHH, HajlaraeMelX COXpPaHEHHeM KBaHTOBBIX
yHces, U ¢ CYMMHPOBaHHEM N0 BCEM BO3MOXKHBIM 20; + | 3HaueHHsAM cOH-
PaJIbHOCTH HaCTHHBI CO CIHHOM Oj.

OGo3HaunuM KaxABIH 3JeMeHT S-MaTpHUbl, NpPelCTaB/AIOMHUE HEKOo-
TOpEIR Iponecc paccestHUsA GJOKOM C JIHHHIMH, COOTBETCTBYIOMIMMH BXOJ-
OIUM M BHIXOJSIINM YacCTHHAM, a UMEHHO

. y 7
Pl Por | S| Prven Prd = @n' (1.3.1)
n
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’ ’ "“ - 1I
A - 0= (1:3.2)

[TpoMeXXKYTOUHBIE COCTOSIHHSI, MOSIBJASIIOIIMECS B YCJIOBHH YHHTapHOCTH
(1.2.16),  o6o3snaunM crenyiommuM o6pasoM:

— ey

r .- X A S —
2n)— —= T 1.3.3
[1 {en—252 (1.3.3)

Y SSU————-
iv=ll i m
I—IepTO‘{KI/I Ha KOHIlaX 03HaualoT, YTO TaKHe JJHHHUH JOJI2KHbL ORITH IpuKpen-

JeHbl K G/sokaM. CKaJjiipHOoe NPOH3BelieHHe BeKTOpoB cocrosHuit (1.2.11)
3anuchiBaercsi B BHJE

em——

x0, (1.3.4)

’ ’
Pieee Prt | Proe Pud =

. , : n

UsBecTHo, 4TO BCJEACTBHe JIOpPeHI-HHBapHaHTHOCTH (moctysat III)
B IpOLiecce pacCesiHHS COXPaHSAETCsS SHeprus M HMOyJbC H, CleloBaTe/]b-

Ho, 3JieMeHT S-maTpuusl (1.3.1) obpamaerca B HY/b Be3ne, 3a HCKJIOUe-
HHeM cay4as

i=1

n n’
Spw=3pi, #=0,1,2,3. (1.8.5)
i =1

210 o3Hauaer, HanpUMep, 4YTo B cymmy (1.2.16) Za1oT BKJIaJl TOJBKO MMpPO-
m

2 n 2
MeXKyTouHble cocTosiHus ¢ 2ym; | << | X pi).‘ PaBeHCTBO 3JieCh BHINOJHSIET-
. i=1 i=1

csl, KOrja sHeprus mnpouecca |p; ... pnd —|4qy ... 4> paBHa mopo-
roBOii.

Hrax, nmpeinosiouMm, 4To JaHO (@ 3TO U €CThb TOT CAy4al, KOTOpHIH
OCYIIECTB/ACTCH B JEHCTBHTEIBHOCTH) ABYXUaCTHUHOE HayaJbHOE COCTOf-
HHe, H JONYCTHM JAJIST IPOCTOTEL, YTO BCE afPOHBI HMEIOT OJHY H TY XKe Mac-
cy m. (3to, pasymeercd, JOJKHO 03HaYaTh, YTO BCE OHH CTaGHJIBHEI, TakK
KaK He CyMEeCTBYeT COCTOSIHHI C MeHBbINel Maccol, Ha KOTOPhIE OHH MOTJIH
6n1 pacnactbes.) Torma mpu (2m)? < (py + p2)? << (3m)?, T. e. BhE
JBYX4acCTHYHOrO [Opora, HO HHXKe [opora oGpa3oBaHHSI TpPeX YacTHIL,
B YCJIOBHE YHHTAapHOCTH MOTYT J]aBaTh BKJIAJ TOJBKO JIBYXYaCTHYHBIE NPO-
MeXKYTOYHbIE M KOHEYHble COCTOSIHHSI. YcJaoBue yuuTapHoctH (1.2.16)
TIPUHHMAaeT BHJ

2

da' 14 ’ v r's r

5‘1—[ 2m)—3 Qq(:’-i <p1p2lS|‘h‘h> (19| ST | prp2d>=LKP1 P2\ P12,
i=1 ¢

(1.3.6)
18



4TO MO MPHBEAEHHBIM Bhillle NMPaBHJIaM MOXKET OBITh MEPEMHCAaHO Kak

P1 g P; , '
GG = (1.3.7)
1)) dz P2 }

OjHaxo, KOrja >Heprus HadajJbHOrO COCTOSIHHs BO3pacTaeT TaK, 4To
2
Bm*< (3 pe) < (4m',

B HAaYaJbHOM COCTOSIHHH OKa3bIBAlOTCS BO3MOXKHBIMH (B MPHHIHINE) ABYX-
H TPeXdYaCTHYHHIE COCTOSIHHSI M Te K€ COCTOSHHS BO3MOXKHBI (H 3TO OCY-
IECTBJSIETCS Ha ONBITE€) B NPOMEXKYTOYHOM H KOHEYHOM COCTOSHHSAX;
npu stom (1.2.16) Hdaer psAX YCIOBHH YHHTapHOCTH!

G0REG=0 Sl
@I@+@E@= 0 ‘(1.3.8)
G+ ERsY= 0
SO TR =.

O6o6menre Ha GoJsiee BHICOKHE SHEPrHH, KOrJa MOKET JaBaTb BKJall emie
6oJibilee YHCJIO YaCTHI, OYEBHIHO. _ '
. JaubHehmee npeo6pasoBaHHe 3THX yYPaBHEHHH 0Ka3bIBaeTCsl BO3MONK-
HeiM OJsiaroflapsi KOHEUHOMY pajHycy CHJBHEIX B3aMMOJEHCTBHIl (MOCTY-
aat I11). Hanpumep, 3/JeMeHT S-MaTpPHUBI C ABYMsS YaCTHIAMH B HayaJb-
HOM H KOHEYHOM COCTOSIHHAIX MOXKeT OBITh pas/ioxeH C/eLYIOmHM o6pa3oM:

@ T 4 I_D: = (1.3.9)
={p1, p2| Pr, P>+ <p1, P2| Ss | Prs P2

IlepBrifl uieH 3mech CYyHIeCTBeH, KOrja JBe YaCTHILI HUKOrja He MOAXOMAT
JocTaToyHo 6/1M3KO, 4TOOBI MPOB3aHMOJEHCTBOBATb, a BTOPOMH, Tak Has3bl-
BaeMasi CBsI3Hasl 4acTb, NpEACTaBJseT B3aHMOAEHCTBHE JBYX YaCTHIIL.
(3HaxK - ucnosb3oBaH AJ1s1 0603HAUYEHHUHA CBSI3aHHOH YacTH S-MaTPHUBL [0
NPHUYNHAM, KOoTophle OYIyT BRISICHEHH JaJjiee). DTH WIEHH CHJBHO OTJIH-
4aloTcs JPYT OT Apyra, NOTOMY 4YTO B IEPBOM WieHe KamjAas YacCTHHa B KO-
HEYHOM COCTOSIHHHM HMEET TY K€ SHEPrHI0 H HMIYJIbC, KOTOPHIE OHA HMe-
Ja B HayaJIbHOM COCTOSIHHH, B TO BpeMsl KaK BO BTOPOM HJIEHE TOJIBKO MOJI-
Has SHEPTHsl U NOJHBIE HMMOYJBC JABYX YacCTHI JOJKHEI COXPaHSTHCS.
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Toacrasnsia 8-byuxuuu u3 (1.2.11) 1 BeesIAsl 3aKOH COXPaHEHHS 4-HM-

nyJbca H3 :@: B fIBHOM BHje, moJydaem u3 (1.3.9):
’

TS = (27)° 4Pn poa 8% (b — 1) 8 (p3— ) +1(2m) 82 (03 + pa—

—p1 —p)<pip2| A| pyLp2d (1.3.10y
Mruoxureab § (2n)* BK/OYeH, YTOORI MOJYYHTb HYXKHYIO HOPMHDOBKY

A-MaTpUIbl MJH <aMIUIMTYIBI PaccessHUs», 0603HaueHHOM :(.B:

C npyroit CTOPOHBI, 3JIEMEHT S-MaTpHUBI 2 —~ 3 CYMIECTBYET TOJBKO TOrNa
KOrja fIBe Y2CTHUBI JAeHCTBHTEJBHO PAacCEHBAIOTCS, TaK 4YTO

1 L Y
@ 22:@E§§—‘ 1(27%) 8% (p1 + P2 —p1—p2 —p3) X

x<pipa ps| At | pLp2d> (1.3.11)

Ecan cymectByer Goabilie BHEMIHHX JHHHH, TO MoxXKeT ObITh GoJbine He-
CBA3HBIX YacTel, HampuMmep

@+@+;§_—_+ G, ___.»»: E (1.3.12)

¢

Haa St cooTBeTCTBEHHO

:@:—~ (1) :@: (1.3.13)

rae

¢ N .
L= @8 (putp—pi—pd pips| A= | pp>  (13.14)
31ech OmATh 3HAK MHHYC HMeET YCJOBHBIH CMEICJ.
370 CBOHCTBO HECBA3HOCTH MO3BOJISET MPOBECTH JaJbHeliee yIpoie-

HHE YCJOBHHA yHHTapHocTH. Taxk, mnocie moacrasoBku (1.3.9) m (1.3.13)
paBeHCTBO (1 3 7) OpPHHHMaeT BH]

<_—_ + 40 * ( :@:)2:_“" ,(1'3'15)
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4TO MOCJIe NMEPEMHOMKEHHs] H COKPAIIEHHS OfMHAKOBBIX WIEHOB JaeT IBYX
YaCTHYHOE YCJIOBHE YHHTapPHOCTH : :

p 5 pi_pr 7 o
T ST (I (3.1)
/ 3 Y] D. pl W,
B2 ’Pz.P by Py 1rq 2
AHaJlornyHbBIM 06pPa3oM BbIIIE TPEXUaCTHYHOTO MOPOra MepBoe ypaBHEHHe
u3 (1.3.8) naer -

T - = I@@:t@z@f (1.3.17)

Pasymeercss, B TaKkMX ypaBHeHHSX O-QYHKIHH COXpPaHEHHS] MOJHOH
SHEPTHM H MMNYJbCa OJWHAKOBBI B KaXKJOM 4JeHe H MOTYT GbITh COKpalle-
HEl BMECTE C Pa3/IHYHBIMH MHOXKHTEJSIMH THHA i, 27 H T. 0. (Hamu o6o3Ha-
yeHHS GblJM BEIOPAHHI C [EJIBI0 OMOYb 3TOMY), H B pe3yJbTaTe MBI MpH-
XOMUM K CJEAYIOIEMY YNpOIIeHHOMY HaGopy MpaBHJ /sl AHArpaMM:

IJS1 KaxKJIOro cBsI3HOro O6J10Ka ‘

1 1l ’ ’
£ . (—1) A= (... Pui pi - Pa) (1.3.18)
n n

IJIS KakJo# BHYTPEHHEH JIHHHH
g = — 2mid (¢ — m?); ' (1.3.19)

-1
IJIT KaxKJOW 3aMKHYTOH NeTyIH

q

_ X‘# . (1.3.20)
(2m)s

rfe § — 4-HMITyJIbC MHTErpHPOBaHHA [C yueToM CoXpaHeHHs HMIYJ/bCa
B Kaxzol Bepmune — cM. (1.3.16)]. Tak, Hanpumep, BhHIpaxeHHe (1.3.16)

NpUHHAMAET BHA

A+ (py, pay pi, p3)— A~ (P1, Pa, P, P = Sd4q(—2ni)2 X

(2m)4
X 8((p1+q)2 — m2) 6 (p2—q)* —m?) At (py, P2, PL g, P2a—G) X
X A= (p1+9, p2—q. Pi, p2)- (1.3.21)

Kak 6yieT BHIHO, STH YCJOBHSI YHHTapPHOCTH CH/IBHO OrPaHMYHBAIOT BHI
aMIUIATYAbl PacCesHHs.
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1.4. AHaauTHuecKHe CBOHCTBA AMIJUTYAbI PacCeaHHNA

Jo CHX mop MEI pacCMaTPHBaJH aMIVIHTYAB paccesHus A+ (py, ... p,-,
P1 ... Pr’) Kaxk TNIpoM3BOJIbHBIE (YHKIHHM 4-HMIYJbCOB BXOAAIIMX 4Ya-
cmu; OnHako JiopeHI-MHBapPHAHTHOCTb MpeanoJaraer, 4ro A XoJKHA
ObITh CKaJsipOM OTHOCHTEJNbHO Tpynnel JIopeHna H, CjeloBaTe/bHO,
MoOXeT ObITh 3amMcaHa KakK (YHKIHS TOJBKO JIOPeHIEBEIX CKaJsipOB.
o Tex mop moka Mbl NpeHeOperaeM CIHHAMM, 3TO O3Hauaer, 4To A —
GYHKIHST TOJNBKO CKaJSPHBIX IPOH3BEJEHHH HMIIYJIBbCOB.

Tak, amnautryna A (py, Ps, P3, Py Npoumecca 1 + 2— 3 + 4 Gyner
cpyHKu;HeH TOJBKO JIOPEHIIEBEIX CKaJsAPOB, TaKPIX, Kak (p1 + p.)3
(p1 + p3)?, (p1 + ps + p3)? ut. a. (Hanomunum, uto pf =mf, i =1, ...,

, 4 He ABJSIOTCA HepeMeHHbIMH.) Om{axo He BCe CKaJIsipHBIE [iDOU3BEle-
HHUSI HE3aBHCHMBIE BeJHUYHMHBIL, IOCKOJBKY, Hanpumep, (p; + ps)? =
= (ps + p,)?® BChencTBue coxpaHeHHs1 4-uMmnyJabca. B ofmeM ciydae
IJIs TIpollecca € 7 JIMHHUSMH CYINECTBYIOT 471 NepeMeHHBIX (KOMIIOHEHT 4-
BEKTOPOB), OMIHAKO 7 YPaBHEHHH MaCCOBOH IIOBEPXHOCTH B BHIE pf = mf,
4 orpaHHYeHHs BCJIEACTBHE COXpaHEHHS IMOJHOH 3EeprHH U UMNyJbca H 6
VCJOBMH H3-3a BpallaTeJbHOH HHBAaPHAHTHOCTH B UYeTBIDEXMEPHOM IIpoO-
CTpaHCTBe MHHKOBCKOTO OCTaBJSIOT 372 — 10 He3aBHCHMBIX IlepeMeHHBIX.
Tax, ecJu MBI pacCMOTPHM OJHOYACTHUHBLIH IPONAraTop KakK «aMILIATY-

1/ 2
Iy pacceanus» 1— 2 —>—®——> , TO n =2, TaKk 4TO HMeeTcss — 4

CTelleHH CBOOOABI, T. €. 4 YCJHOBHA Pyy = Pay, B =0, 1, 2, 3. Hasa
npoiecca paccessiuus 1 + 2— 3 + 4, n =4 u TakuM 06pa3oM HMEIOTCH
JBe He3aBHCHMBIX NlepeMeHHBHIX, B TO BpeMsi Kak mpouecc 1 +2— 3 +
+ 4 + 5 3aBHCHT OT 5 nepeMeHHBIX H T. A. MBI Ha30BeM 3TH NepeMeHHbIe
JIOpeH1l-HHBapHaHTaMH

Sijh o = (£ p; & pj == pr )2

Ho kax A 3aBuCHT OT 3THX HHBapHaHTOB? OTBeT Ha 3TOT BONPOC JaeT
CJeAyIOMHA NOCTyJaT TeOPHH S-MaTPHUEI.

Hocryasar V.
MakcunarvHas aHAAUTUYHOCTS Nepaozo poda
)

AMITUTYRBL pacCesTHUS IBJSIIOTCS TPAHUYHBIMH 3HAYEHHSIMH aHaJHTH-
4eCKHX (GYHKUMI MHBADHAHTOB S;j,  , PACCMATPHBAEMEBIX KaK KOMILJIEKC-
Hble TIePeMEeHHbIe C TEMH H TOJBKO TEMH CHHTYJ/SIPHOCTSIMH, KOTOPHIE Tpe-
OyIoTCS YCJIOBHSIMH YHHTapPHOCTH.

TakuMm o6pasoM, XOTsi OOBIYHO TOJBKO NEHCTBHUTENbHBIE 3HAUEHHS
Syjn... MIMEIOT PH3NUEeCKHH CMBICJ, MBI COOMpaeMCsi paCcCMaTPHBATh HX KakK
KOMILIEKCHBle TlepeMeHHble. [IpeAnmosioxMM, 4TO aMIVIUTYABl SIBJSIOTCS
aHAJINTHYECKUMH QYHKUHSMH S;jp,. , TaK YTO MBI MOXKEM MNOJYYUThb (HH3H-
4eCKYIO aMIVIUTYJly paccesiHHs, NIepeXoAs K Ipeneny s— AefCTBHTENbHOe
3HaueHHe.
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N3 mocJlenylolliero pacCMOTPeHHSI MOKHO JIETKO IOHSTH, HoueMy CJe-
IyeT OKHAAThb TAKHX aHAJHTHYECKHX CBOHCTB aMIIMTYA. PaccmoTpum pac-
CesiHHe BOJIHOBOTO NaKeTa, paclpoCTPAHSIOIIErOCs BHAYaJie BJOJb OCH Z
CO CKOPOCTBIO U:

Yin (2, ) = "vlz_—a i dop (@) exp{—io(t—z/v)},  (1.4.1)
rie ® — sHeprus (% = 1). Bosbmem ¢ypre-o6pas
l o0
= —— t io?). 1.4.2
P @)= _Ld (0, f) exp (i) - (142)

Jnst Toro 4ToGel MMeTh (PU3HUECKHH CMBIC/, STOT HHTErpaJl JOJIKeH CXO-
JTUTbCS AJIS JeHCTBHTENBbHBIX ®, HO OH ONpesiesIsieT @ () IPH BCeX KOMILJIEKC-
HEIX 3HAUEHHUSX . ECJM BOJHOBOI IaKeT He NOCTHUraeT TOUKH z = 0 10
TeX mnop, noka £ =0, o P (0, £) =0 maa £<< 0, Tak 4TO

(1.4.3)

~

¢ (@)=

310 03HauaerT, 4T0 ¢ () ABJASETCS aHAJUTHYECKOH PYHKIMeH ©, He HMelo-
mell oco6eHHoCTell B BepXHeH MNOJYIJIOCKOCTH (T. e. mpHu Im o = 0),
TaK Kak B 3Toil ob6nactu uHTerpaJ (1.4.3) Jo/KeH HaBepPHSIKa CXOXUTBCH
(uHTerpan CymiecTByeT AJAS JAeHCTBUTEJBHEIX ® U IpH Im ® > 0 oH eme
Jydwie CXoAuTCs H3-3a pakropa exp {— Im o ¢}). [TogoOHEIM 0Opa3om Aist
pacCessHHOH BOJIHBI HMEEM:

[+~

S dwA (o) p (o) exp{—io(ft—r/v)}, (1.4.4)

rfie, 1o onpefeneHdio, A (©) — aMIINTYXa paccessHUs NpH NAaHHOH 3Hep-
ruu (cM., Hanpumep, [3551). Ecau npouecc paccesinus o6/afaeT CBOHCTBOM
NPUYMHHOCTH, TO pacCessHHAsi BOJIHA He MOXKeT YHTH Ha pacCTOsHHe &
OT IIeHTpa pacCesiHWs paHbIUE YeM 3a Bpems ! == r/v, Tak 4TO

Yont (ry 1) =0 mpu ¢t <<rly,

OTKyZAa aJs ¢ypre-obpasa (1.4.4), moBropsist aprymentsr (1.4.1)—(1.4.3),
nosaydaeM, uto A (w) Takke SBJASETCH aHAJIUTHYECKOH (ydKiMell ® B
BepXHeH MOJYNJIOCKOCTH.

TpyaHOCTb NOAOGHOH apryMeHTAIlHH 3aKJIIOUaeTCs, pa3yMeeTcs, B IIpef-
NOJIOXKEHHH, 4TO TOYHOE ONMCAHHE DaCIpOCTpaHeHHs1 BOJIHOBOTO NaKeTa
BO BpeMeHH HMeeT cMbica. o, MOCKOJIBKY MEI IpeANoJIOKHIIH, YTO 3HaeM
TOYHO H €ro SHepPruio, He sSCHO, HACKOJIBKO HMEET CMBICJ TaKas KOHIeIl-
UM MHKPONPHYHHHOCTH. OUueBHIHO, YTO HH OJHO KBaHTOBOMEXaHHUYECKOE
H3MepeHHe He MOXKeT, JaKe B IIPHHIIMIIE, BBISICHHTb, KAKHM JOJIZKHO OHITH
BpeMeHHOe OINHCaH#e BOJIHOBOro nakera. OnHako HHxke OyJeT BHAHO, 4TO,
NO-BHAHMOMY, Tpe(SoBaHHe MHKPONPHYMHHOCTH CYIIECTBEHHO TOJIBKO B
KJIaCCHUYeCKOM IIpefiesie.
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BelIM NpeAnpHHSITBI TONBITKY BBHIBECTH CBOMCTBAa = aHAJMTHYHOCTH
(M MoJIoKeHHe CHHIYJASPHOCTeH) aMILIUTYALL paccesiHHS H3 aKCHOMaTHue-
ckoll TeopHM moJsa (cM., Hampumep, [197]) u akcHomaTHuecKoil TeopHH
S-matpuupel (cMm. [157]), HO IpH 3TOM BO3HHMKaeT MHOTO TPYRHOCTER ¢ 06-
XOJIOM pasJHYHEIX ocoGeHHOCTel. CHTyanus 6oJiee UM MeHee SICHA TOJIBKO
IJ1si ocobGeHHOCTed B (uanueckoit obnactu [56]. Eciun amnuuTtyna pacces-
HHsl MOXKeT OBLITb 3allHCcaHa KakK psijl TEOpHH BO3MYINEHHH (CyMM qHarpaMm
®deifiHMaHa), TO MOTYT ObITH HalilleHbl aHAJIMTHUECKHE CBOHCTBA OTAEJBHEIX
4JJeHOB psija (o KpaiiHeil Mepe B HM3IIMX NOpsJKax), HO, pa3ymeercs,
B CJy4ae CHJIbHOTO B3aHMOJEHCTBHS MLI MMe€eM JIeJIo C PACXOAAIIHMCS ps-
JOM TeopHH Bo3MmyilieHuii. OfHAKO, TNOCKOJBKY OKHJaeTCs, 4TO TeOpHs
S-MaTpHOBl H TeopHs BO3MYIIeHHH 006JaJaoT OAMHAKOBOH CTPYKTYpo#
ocobeHHOCTel, TO 4acTo GBIBaeT YAOOHO HCIOJNB30BaTh MOJeJH (peiiHMa-
HOBCKHX auarpamm (cm. pasia. 1.12). 3mech ke Mpl IPOCTO NPEATIOJNOKHM,
4TO CTPYKTYPa CHHTYJSPHOCTEH, KOTOpasi MOXeT OhIThb BHIBEleHa H3 IIO-
CTYJIaTOB TEODHH S-MaTpHIE], CIIpaBefJiiBa B JeHCTBHTEJBHOCTH.

.1.5. Crpykrypa ocoGeHHocTeill

Hau6Gosiee BaKHEIM THIOM CHHTY/SIPHOCTH, KOTODBIH MOXKeT OBITh
OnpelleJieH C NMOMOINBIO YCJOBHH YHHTADHOCTH, SIBJSIETCS MPOCTOH INOJIOC,
oTBevaomuii o6MeHy ¢u3nudeckoil dacTHileH. Ilo/oXKeHHs] TaKHX IOJIOCOB
MOTYT OBITHb BBIBElEeHBI M3 YCJOBHil YHHTapDHOCTH AJIS aMIUIMTYyAel 3 — 3
(1.3.8), B KOTOpEIX MBI BO3bMeM, HalpHUMep, YJeH

A «
4
7 5
. 7
2
3 &

~ At (—2nid (¢} —-m)) A7, §i = p2 +Pp3—ps=pa+ Ps—p1 (1.5.1)

S8-OVHKUMS BO3HHKAET, Pa3yMeeTcs, OT TOr0, YTO OOMEH 4yacTHUeH MeXIy
BepLIMHAMH BO3MOXKEH TOJIbKO TOrha, Korjaa (p, -+ ps; + pe)® = m?. Ilo-
CKOJIBKY

1 ; '
! — = P ~+ nid (gf —mf)
q} — mp L ie qi—m}

(rme P — ryiaBHas 4acTh), TO aMIVIMTYARI @ JOJIKHBL  COJIEP-

JKaThb BKJaA INOJOCa B BHIAC
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—=Ap 1 5
g —m? Lie
Ay .
Az ‘
: ' 1.56.2
_A: 1 Az (1.5.2)
q}—m2 —is
Ay

, .
TaK YTO BhIpaXKeHHS E(*}E - @E cofepxkat O-¢pyukuuu u3s (1.5.1)

B npefiesie € — 0. DTOT pe3y/bTaT He SBJASETCS] HEOXKHAAHHEIM, INIOTOMY
4YTO B TEOPHH BO3MYLUeHUH ¢(eHHMaHOBCKHMI npomaraTop GeCCIIMHOBOM
4acTHIBI HMeeT BHJA noJuoca (g8 — mf + ie)™t (cm. pas3n. 1.12). Kpome
TOrO, U3 SJePHOH (HU3HKH H3BeCTHB HeCTaOMJIbHble YACTHUBI (HJIH pe3o-
HaHCHI), KOTOPHIE NPHBOJAAT K aMiutyiae B ¢opme Bpeiita — Burnepa
~ (g} —m} 4 im;T))™1, rme I'y — mmpHHA pesoHaHCa, M OTBeYalOT
KOMILJIEKCHOMY MOJOCY HpH gf = mf# — im;T';.

JononuntenbHoe cBoiicTBO Bripaxmenus (1.5.2) sakimouaercs B Tom,
4TO BBIYET B NOJIOCE §7 = mf MOXKeT OvITb (PAKTOPH30BaH B aMIIHUTYIB
JIBYX IPOIECCOB pacCcesiHHs, BKJIOYAIOIIMX YacTHLY i, a UMeHHO | 4 [ —
—-44+5u2+3—>1i-+6. I/IHOI‘,I[a FOBOPSAT, YTO 5Ta (paKTOpH3ALUSA —
CJIeICTBHE YHHTapPHOCTH, HO B JeHCTBHTeJILHOCTH OHa CJIEJCTBHE IOCTYJa-
Ta HecBsizHOocTH II, mockoseky Auarpammel (1.5.2) mpencTaBJsgiOT mocJe-
JoBaTeJbHEIE MPOIECCHl PACCesTHHS, KOTODhIE IOJTHOCTHIO HE 3aBHCAT JPYT
OT Jpyra H IIPOHCXOJSIT B JABYX TOYKAaX, pa3JieIeHHHX IIPOMEXYTKOM
> 1 Om.

Takum oGpa3oM, MEl HallJIH, YTO OOMeH qaCTHueH JlaeT moJroc no g°
B S-MaTpuie, U Hao6OpOT, NMPHUCYTCTBHE MOJIOCA IO ¢® YKa3bIBaeT HA cy-
INECTBOBaHHE YaCTHIBI: CTAGHJIBHOH, €CJH MOJIOC CYIIECTBYeT NpH Jefict-
BUTEJILHBIX 3HAUEHHAX §2, U HeCcTaGHJIBHOM, €CIH NOJIOC CYNIECTBYET NpPH
KOMILIEKCHEIX g2, KaK B ¢opmyJte Bpeiita—Burnepa.

Canenyromast mpocreiiias oco6eHHOCTb 00YCJIOBJIeHA OOMEHOM [BYMs
4aCTHIlaMH, KaK 3To nporcxoauT B (1.3.21). I1pu aToM Ha nopore (p; + p,)?
== (2m)? BO3HHKaeT TOYKA BeTBJEHHs. 3aMeHss1 INePeMEeHHYIO HHTErpH-
poOBaHHA ¢ — q — py, HoJaydaeM

At — A= jd4qa (P—m?) 8 ((py+ ps — GF—m?) A+ A~ (1.5.3)
B cucreme nentpa Macc py = (Pgy, P) U Py = (Po2, — P), TAK UYTO
p1+p2=(p10+p20s O)"::(V;v O)v (15'4)
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rle Mb ONpeleJHJaH /S KaK MOJHYIO SHEPTHIO B CHCTEMe LeHTPa Macc.
IMonarast ¢ = (go, q), apryMeHT BTOpo# 8-dbymHkuuHu B (1.53) mpHHHMaer

BHJ -
(pl—]~p2—q)2—m2=s—21/?40 +g@—mt=s—2Vs q,, (1.5.5)

IOCKOJIbKY TepBasi 0-QYHKUHS NPHBOAHT K ¢* = m?. Hrax,

A+A-——(-2—-); Sd4 g8 (P—m) 8 (s—2 V5 go) A+ A~ =
-————quod3 q6 (qo~lq12—m2)6(——l/?—qo) At A~ =
@ner2Vs
e i (g8 (-Ls—|qp—m)ata-. 5.
AT Sd q6(4s lqP—m?) A+ A (1.5.6)
Monarass d®q = (1/2) | q|d | q|?dR, rae dQ — slemeHT TesecHO-
ro yrja mo HampabJeHHIO q, NOJIydaeM

A—-A"—1MSdQA+A— (1.5.7)
(4::1;)2
Yc/ioBHE YHHTADHOCTH MOXKHO pacCHpOCTPaHHTL Ha 0O6JacTh HHKe

nopora ‘
:@: - :@: =0 uqu At—A-=0 (1.5.8)

tak wro At u A~ MOXHO pacCMaTpHBAThb KaK ONHY H Ty Ke PYHKUIHIO
A (s & ig, ...), aHAJUTHYECKH NpPONOJIKEHHYIO BEIllle HJH HHKe AByXua-
CTHYHOTO MOPOTa, IJe OHA MMeeT TOUKY BEeTBJEHHS, IIPHYEM CKAUOK Yepes
KOpHeBo#i paspe3 naercsi BoipameHHeM (1.5.7) (cm. puc. 1.2). Dusnue-

l m?  4m? 1 gm?

(I77+M,- irr2)?

X e et et v e

X

; MZ-iMT
Puc. 1.2. CHHrYJISIDHOCTH aMIUIMTYABl DAacCeAHUA B KOMIIJIEKCHON S-TJIOCKOCTH:
MONIOC 'TIpy S=7n2, noporosme TOYKH BETBJEHHN npH S=4m? 9m? ..., nojioc, orsevaruuii peso-

HaHCy B Touxke S=M 2 7—iMrT' Ha HedbH3MIECKOM JUCTE NOA Pa3pe3cM H paspes oT mopora oGpaso-

BaHUA Pe3onanca. Cbmuqecxoe 3HageHHe aMnauTyAb A+ poayuaerca npr ODpHGIMEKeMHN K Aeficr-
BHTENLHON OCH § CBEPXY, KaK YKa3aHO cTpeikoft

CKas AaMIUIHTYJa, pa3yMeeTcsi, BBIYHC/ASETCH MPH. JeHCTBHTEJBHOM S,
OJIHAKO HMeeTCs BEIGOP B BLIXOJIE Ha JeHCTBHTEJIBHYIO OCh CBePXY MJIH CHH-
3y. Mbl BriGHpaeM (YCJIOBHO) npaBuJo -+ ie aas ammautyan A+, uTo npH-
BOIMT K pe3yJbTaTy:

¢dusuveckass A*(s,...)= 11rn At (s+ie,...), (1.5.9)

" NIPOBOJUM pa3pe3 BIAOJb ,I[eI/ICTBI/ITeJIbHOI/I §-0CHM, KaK IoKazaHo Ha
puc. 1.2.-JIucT s-nyiocKocTH, mpejacTaBJeHHBIH Ha puc. 1.2, HasmiBaercs
(H3MIECKHUM JIMCTOM.
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IMockonbKy HHe nopora A JeHCTBHTeNbHA, TO M3 NMPHHIMNA CHMME-
tpuu lIBapua [381] sicHo, uto A (s*,"...) = A* (s, ....) H uTo A~ KOMILIEKC-
HO compsaxeHa A+, Tak uro

¢usnueckass A (s,...)=limA (s—is, ...), (1.5.10)
-0

Amnutyna, YIOBJETBOPSAIOmAsh NPHHUHMIY CHMMETDHH, HA3BIBAETCS «Be-
IIlECTBEHHO-aHAJUTHUYECKOH» MM «AeHCTBHTEJNBbHO-aHATUTHUECKOHY.

OTH pe3yJbTaThl MOTYT ObITh OCOOIUEHBI C LEJBLIO IOJYYHTh CKAYOK
Yepes3 pa3pes, CBA3aHHBIH C IPOH3BOJILHBIM YHCJIOM YaCTHIL B IIPOMEXYTOU-
HOM cocTostHHH oT 1 1o n (puc.1.3). B coort-
BETCTBMH C pe3yJbTaTaMu KaTKOCKoro
[135, 1361 on pasen

n—1
Disc (4) = j' [ 2k
it (2m)4

n . Puc. 1.3. ‘Cxaqox Ha 7-9aCTHY-
X []1—2nid (¢ —mP)] At A7, (1.15.11) wom mnpomexyrounom cocrosHuH

i=1
rae MHTErpHpoBaHHe NPOBOJHUTCSA IIO 71 — 1 He3aBHCHUMBIM NeTJIAM, 06pa-
30BaHHBIM 71 JIHHHSIMH B IIPOMEXKYTOYHOM COCTOSIHHH. Tax kax '

1 1
=P o & mid (g} —mi), (1.15.12)

g2 —m} L ie G —m

rie P — raaBHas uyacTh, 1o (1.5.11) MOKHO mepemucaTbh Kak

n

1 n
. . id* k; 1 —
Disc (A4) = Disc S ln o [ AT 45 (1813)

=1 i=1 " :

3r10 BhIpaxeHHe COBNAJAET C TeM, KOTOPOE MOJY4aeTCst IPH HCIONb30BaHHH
(el HMaHOBCKHX IPONAraTopoB AJIsi YACTHIL B IIPOMEXKYTOYHOM COCTOSTHHH
(cm. pasx. 1.12).

Oco6ennoctr unTerpanos tuna (1.5.13) neranbHo mccnenoBansl [1571,
a HX NOJIOXKeHHs1 JAIOTCsl npaBuJamu Jlangay [269] (cM. pasm. 1.12):

I. g¢) =m? nna seex i =1, ..., n; (1.5.14)
II. ¥o;q; = 0 npu HEKOTOPHIX 3HAYEHHSIX KOHCTAHT &;, NPHYEM CyM-
neras I

MHpOBaHHe BEJIETCS MO BCEM 3aMKHYTHIM NeTJsM, a a; = 0 npH Bcex i.

TakuMm o6pa3oM, MOMKHO OIPEJIe/IUTh BCe CHHTYASPHOCTH aMILJIHTYHHI,
3alHCaB BCE DPAas/IMyHBIE MPOMEXYTOUHBIE COCTOSHHSA (8 MX GeCKOHeYHOe
4HCJI0), COCTABIEHHBIE M3 Pa3HOOOPa3HBIX YaCTHL, JaHHOH TEOPHH, KOTO-
phle MOTYT NepeBeCTH Hada/IbHOe COCTOsiHMe B KoHeuHoe. [Jlasee Myl pac-
CMOTPHM HECKOJbKO npumepoB. M3 mpaBua Jlannay u Kartkockoro, 3Has
MOJIIOCAa, OTBEYaoliMe YacTHIAM, MOXKHO (B INPHHIIHIE) BBIYHUCJHTL BCE
MOJIOKEHHSI pPa3pe3oB H CKa4YKM Ha HHX.

OTH CHHTYJSPHOCTH BKJIOYAIOT TOJIIOCA HA JeHCTBHTEJBHOH ocH, 00yc-
JIOBJIeHHBIEe CTAGHJbHBIMH YaCTHIIAMH, H TOYKH BeTBJIEHHS Ha. AeHCTBHTENb-
HOH OCH, CBSI3aHHBIE C MOpPOraMH oOpasOBaHHS Pa3JHYHEIX CTaOHJIBHBIX
gactui. CJeAyeT OTMETHTB, YTO HeCTaGOHJ/IbHbIE UACTHIBI HJIH De30HAHCHL
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NPHUBOJAT K MOJIOCY IOA AEHCTBHTEJbHOH OCBIO, B TOUKe ¢f = mi —
—im; T';, rmie I'; — mupuHa pe3oHaHca. Tak Kak JeHCTBHTeNbHasl 4acTh
MacCHl Pe30HaHCa, OYEBHIHO, AOJKHA ObITH GOJIbIIE, 4eM NOpOroBasi SHep-
rUsl KaHasa, B KOTOPHIEl OH MOXKeT pacnaiaThCsi, COOTBETCTBYIOILMI MOJIIOC
6ylieT JiexkaTb He Ha (H3HUECKOM JIKCTe, a Ha JIHCTe, KOTOPHIH JOCTHIaeTCs
00X0loM TOYKH BeTBJEHHsi. TOUKH BeTBJEHHS, BKJIOYAIOUiHe TaKHe ua-
CTHIBI, TaKxke OYyAyT JiexaTb BHe (pU3HUecKOro JHcTa (cM. puc. 1.2).

Mbr yke yHNOMHHAJH, YTO 3TH OCOGEHHOCTH, KaK IpeAnoJiaraercs,
BBI3BaHB NpHYMHHOCTHIO. KosmeH H Hopton [1191 nmokasamu, uto B du-
3uyeckoit obnactu ypaBHeHnus Jlanmay (1.5.14) coOTBETCTBYIOT TaKMM KH-
HeMaTHYeCKHM YCJIOBHSIM, 4YTO IIPOIECC, NIPeACTaBJsieMBI JaHHOH Iua-
rpamMMoii, MOMKET HITH KJacCHYeCKHM o0pa3oM. DTO 3HAYUT, YTO €CJH
MBI pacCMOTPHM KaxKJblii BHYTPEHHMil IIpollaraTop Kak IpolaraTop To-
9eyHOH YaCTHLEBI C HMIYJBCOM §;,TO BEPIUIMHBEI HCIYCKAHUSI M MOTJIOLUIEHUS
9acTHIE! MOT'YT OBITH pasfieJeHsl B NPOCTPaHCTBe—BpeMeHH

A; = g%,
rie o; — BpeMs MeXJY HCIYCKAHHEM H MOTJOIIeHHeM B COGCTBEHHOH CH-
creMe dacTHipl. Ecau o; = 0, TO 5TH JABe TOYKH COBHAAAIOT. UTOOGHI 3TO

OBLJI0 BO3BMOXKHO /IS YaCTHILEI, [BUKYILEHCS 10 3aMKHYTOH neT/e, OueBHI-
HO, Tpebyercs, 4ToObl X A; = 0, uTo coBmafaeT ¢ BuipaskeHHeM (1.5.14).

neTasn
A ycaoBus (1.5.14) (1) ecTs mpocTo ypaBHEHHSI MacCOBOH IIOBEPXHOCTH
I 4-UMIyJbca.

Takum o6pa3oM, CHHTYJSIPHOCTH B (pH3HUECKOH OO6JaCTH BO3HHKAIOT
TOJBKO TOTJla, KOTJa COOTBETCTByIOmias Auarpamma PeliHMaHa OTBeuaeT
peaJbHOMY (PH3MYECKOMY INPOLECCY AJsI KJACCHYECKHX TOUYEUHBIX PeNISATH-
BHCTCKHX vacTHl. IloaTomy KaxkeTcsi, 4TO MHKPONPHYHHHOCTL B TEOPHH
S-MaTpHipl TpeOyeTcs TOJMBKO B Ipejesie NPHHIMIA COOTBETCTBHS, KOTAa
KBaHTOBasl MeXaHHKa IlepeXOAMT B KJAaCCHUYECKYIO.

1.6. Kpoccunur

OueHb BaxKHBIM CJIECTBHEM NIPHUBEJEHHBIX BbILIE aHAJJHTHYECKHX CBOHCTB
SIBJSIETCS COOTHOLIEHHE, YCTaHABJHBAaeMOe MEXAY PAasJIHYHBIMH IIpollec-
CaMH paccessHHsI, KOTOpBle HHade OblH Obl COBeplleHHO He3aBHCHMBI. DTO
COOTHOLLIEHHE M3BeCTHO IOJ Ha3BaHHEM «KPOCCHHIY,

Ecan mbl paccmorpum amnauryny npomecca 1+ 2—3 + 4 + 5,
TO HHTYHTHBHO SICHO, YTO OHa OyJeT MMeThb TOT e Habop ocobeHHOCTel,
Kak M amnauryjaa npouecca 1 + 2 + 5— 3 + 4, rne 5 — antHyacTHna
[I0 OTHOLUEHHIO K YacTHIe 5, IOTOMY 4YTO BCE, YTO MBI CHeNaJH, CBOAMTCS
K H3MEHEHHIO HaNpaBJIeHHsI JHHHH, COOTBETCTBYIOUIefl uacThie 5, T. e.
MBI IlepeBepHYJH €€, a HMEHHO

, TOE-t 2O

2 5 7 4
ITpoMesKyTOUHEIE COCTOSIHUS B 3THX JABYX O6JIOKax GYAYT COBEpPLUEHHO OJH-
HaKOBBIMH.
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SIcHO, YTOo 5 JO/KHA ObITb AHTHYACTHLEH MO OTHOLIGHHIO K 4aCTHIE
5, TIOTOMY 4TO ecJH 06a NpolLecca BO3MOXKHEI, TO OHA MOJIKHA HMEThb IpO-
THBOTIOJIOXKHEI! 3HAK BCEX aAJMTHBHBIX KBAHTOBEIX uHcesl. Pasymeercs,
06J1aCTH 3HAYeHHH MePEMEHHBIX, OTBEYAIOWUX STHM ABYM IIpolleccaM, pas-
JIMUHEL, TOCKOJIBKY AJIsS IIepBOTO TPeGYeTcst, YTOGH V813 =V Sy + M,
B TO BpeMsi KaK JJisi BTOPOro ) sz = V51, + mz. OnHako, MOCKOJBKY 3TH
JIBe aMIJIATY/bl IMEIOT OMHAKOBble CHHT'YJISIPHOCTH, OHH JOJUKHEI, B IPHH-
LMIe, TMOJy4aThCss OAHA M3 APYrofl AHAJHTHUECKHM IIPOJOJIKEHHEM.

BoJsiee Toro, ecqu Mel TNepeBepHEM BCE JHHHH

=027

TO IOJYYHM OIISITH Te 3Ke 00JIaCTH 3HaYeHHH NepeMeHHBIX, H TAKUM 06pa3oM
aMmIuTyAel npoueccoB 1 +2—3 4+4+5u3-+4 + 5— 1 4 2 nonxk-
Hbl ObITh OJMHAKOBHI. 310 mnpumep 7T CP-HHBAapHAHTHOCTH, INOCKOJIBKY
3nech Tpebyercs, 4ToObl S-MaTpHIla He MeHSJach MPH KOMOMHMPOBAHHBIX
oNlepalMsiX OTpaykeHHs1 BpemeHH 7', 3apANOBOrO coupsiKeHHs C H H3Me-
HEHHUS YeTHOCTH P (KOTOphbie HeOOXOJHMH, YTOOH IIOJYUUTh AHTHYACTHIIEI,
pacnpocTpaHsomuecs B oOpaTHOM HalpaBJieHHH B IIPOCTPAHCTBe M Bpe-
MeHH).

K coxa/sieHHIO, [I0Ka3aThb 3TOT pe3yJbTAaT HeNb3si, TAK KaK MBI He
MoKeM OBITb YBepeHHBIMH, UTO aHAJHTHYeCKOe INPOJOJKeHHe H3 (HU3HUe-
CKO# 06/1acTH OHOro Ipoiecca 006s3aTebHO NPHUBEJET Hac B (PU3HUECKYIO
06J1acTh APYroro mpouecca. Mel JIOJIZKHEI NPEAIIOJOKHUTD, 9TO MPOJOJIKe-
HHS MOTYT OBIThH BBINOJIHEHBI He CXOJs1 ¢ (pH3HUYECKHX JIHCTOB IepeMeHHBIX
S. DTO BBHINOJIHAETCS B TEOPHUH BO3MYINEHMI W KajKeTcs BeCbMa HMpaBROIO-
JNOCHEIM B (H3HKe YacCTHII.

.
F5

Iy

1
2

1.7. AMmantyasa 2—>2

Kak npumep, xoTopreiii 6yJeT HCHOJB30OBaH Jajlee, PACCMOTPHM IIpO-
necc paccesuus 1 + 2 — 3 + 4 (puc. 1.4, a). Huxe 6yayT BBeneHH Ka-
HaJbl, KOTOPHIE HA3BIBAIOTCS II0 COOTBETCTBYIOIMM 3SHEPreTHUECKHUM HH-
BapHaHTaM, '

Bceaencreue kpoccurra u TCP-TeopeMbl BCe LIECThH IPOIECCOB
14+2—>3+4+4; 34+4—>1+2 (s-kanan);
1+3—>2+4; 244143 (t-kanan); 1.7.1)
14+4—>2+43; 243—>1+4+4 (u-xanax)
6yAyT ONUCHIBATRCS OJHOH U TOH XKe aMIIUTYAOH paccestHHs, HO Iapel Npo-

1IeCCOB, O6O3HaUeHHBIE S, ! H 4, OYAYT 3aHHMaTb pPasjHuHBIE OGJacTH
nepeMeHHBIX.
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Puc. 1.4, Ilpoueccnl paccesnuss B -, [- U u-KaHajax, ompegeieHnsie B (1.7.1)

B cucreme nentpa Macc dactuy | ¥ 2 ux 4-HMIyJbCH 3aNHCHIBAIOTCS
Kak

Pr = (Elv Qsm), P2 = (E'zv - qsl2), 7 (1.7.2)
L€ g5 — TPEXMEPHBIA HMITYJbC, KOTOPHIHA /IS ABYX 4YacTHI] OAMHAKOB,

HO HMEET IIPOTHBOIIOJOXKHOE HAaIlpaBJICHHE. AHaJIOrHYHO I KOHEYHOro
COCTOSIHH A

Ps = (Es, Gssa)s pa = (Eqy — Qsgi)- (1.7.3)

TMockonbKy HadaJibHOE H KOHEYHOE COCTOSIHHS BKJIIOYAIOT TOJBKO CBOGOJ-

HEBI€ YACTHIEI, TO JIOJIKHEl VIOBJIETBOPSITECS YDaBHEHHST MacCOBOI HOBepX-
HOCTH:

pi = E}—qd2 =mi;

p3=E}—qi12 =m3;

p3=E3—qi34 =m3;

pi=E} — Qs34 =mj.

(1.7.4)

OnpenesiiM MHBapHaHT
s = (1 + p)? = (py + p)* = (Ex + E)* = (B + EJ%,  (1.7.5)

KOTOPHIfI sIBJISIETCS KBaJpaTOM IIOJIHOH 5HepTHH B CHCTeMe leHTpa mace
ISl S-KaHaNBHBIX IpoieccoB. Tenepb, oOveauuss (1.7.4) u (1.7.5), moay-
qaeM

s = pt + p3 + 2pyp, = m} + m} + 2pyps, (1.7.6)

rJie TOYKa O3HauaeT NPOH3BeJieHHe 4-BeKTOpoB. [ToMoGHEIM 06pa3oM moJy-
gaem u3 (1.7.2) u (1.7.5): -

Py (py + p2) = mi + pipy = EiV's (1.7.7)
Teneps, o6vemuusasa (1.7.6) u (1.7. 7), monydaem
E =(1/2V s) (s +m}—m}) (1.7.8)

IJIsT SHEPrHH 4YacTHiBEl 1 B CHCTeMe IeHTpa Macc, BEIPAjKEHHOH depes S.
AHanorHuyHO HaXOMHM:

Ey,=(1/2V s) (s +mi—m3);
Ey;=(1/2V's) (s +m3 —mj); (1.7.9)
E,=(1/2Vs) (s +m} —m}).

30



Teneps H3 (1.7.4) u (1.7.8) nonyuaem
q22 = E}— m} = (1/45) [s — (my + m,)?] [s — (my — m,)2L. (1.7.10)
YV 1o6HO BBECTH «(pYHKIHIO TPEYrOJbHHKa»
Ax, y, 2 =x2+ 4 22 — 2%y — 2yz — 2x2, (1.7.11)

TakK 4TO :
ghre = (1/4s) A (s, mi, m3). (1.7.12)

ApaJoruuHo HalijeM
s34 = (1/4s) A (s, m3, mj).
Hanee BBeneM HHBapHaHT
t = (pr— p3)® = (ps — p2)°. (1.7.13)
BcnoMHHAasi, 4TO NMPH KPOCCHHTE MEHSIETCSI 3HAK pPs M p,, CTAHOBHTCSH

SICHO, UTO 3TO KBaJpaT IOJHOH 3HEPIHH B CHCTeME I[EHTpa Mace {-xaHana.
JI/iss 5THX TNpOLECCOB IOJydaeM

E,= 12V ¥#H { + mt — md); (1.7.14)

ghs = (1/4) A (¢, m}, m3) u 1. n., (1.7.15)

a TMopor HaXoAuTcs NpH ¢ = (my + ms)®. OpHako B s-KaHaJle f mpejcTaB-
JsieT coGof MMIyJIbC, NEPENaHHbIH B NPOLECCe PACCESHHSA, T. €. Pa3HOCTDb

MexXay uMmnyJbscamu dactul 1 u 3. Takum o6pasom, u3 (1.7.13), Hcnonb3ysa
(1.7.2) u (1.7.3), naxoaum

t=mi+m3—2p; ps =mi +m3 —2E; E342q4;Qez =
=m3 4+ m3—2E E; -} 2412 §egu COS O, (1.7.16)

rae O, — yros pacceiHHS MeXAY HamNpaBJeHHAMH [BHMKEHHS dacTHL 1
H 2 B CHCTeMe LieHTpa Macc s-kaHaja (cMm. puc. 1.4, @). IlogcraBiasag B
(1.7.16) (1.7.8) u (1.7.9), nosnyuzaem

zg=1C0s 0, =[s®+ 5 (2t —Z) + (M} —m3) (m3 —m3)1/45G15 G50 =
=82+5 2t —3)+(mi—m3)(m3—m3)/V A(s,m}, m3)A(s, m§, m})
(1.7.17)

u3 (1.7.12), (1.7.13), roe MBI omnpeiesHJIH
2 =m}{+ mi+ md4 mi. (1.7.18)
[ono6HEIM 06pa3oM B {-KaHaJle s TpeicTaBJIsgeT coGOH NepenaHHbIi HMIYJIbC,
[O3TOMY MOJIyYaeM
2y = c0s 0, = [£2 -t (25 — Z) + (m§ —m3) (i —m§)/419415 Gros =
[t”—l—t(Qs—Z)—I*(mr—ma)(mz—m"‘)] (1.7.19)
Va ¢, mg, m3) A (¢, m3, m2)

Haxoneu, AJd y¢-KaHaJbHBIX IIDOLIECCOB KBaJApPaT 3HEPrHH B CHCTEME
OeHTpa MacC paBEH

u = (py—pa)* = (ps — pa)® = mt + mi — 2p,p, (1.7.20)
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H MOXKHO HAamHCaTh aHAJOTHYHble BBIDAXKEHHS HJISI SHEepPTHil, HMIYJLCOB
H YIJIOB paccessHHs B 3TOM KaHale.

Onuako u3 pasg. 1.4 MEI 3HaeM, uyTO aMILJIHTYA YeTHIPEXXBOCTKH 3a-
BHCHT TOJIbKO OT ABYX HE€3aBHCHMBIX HHBAaDHAHTOB, TaK YTO MeXAY S, f
H u JOMXKHO ORITb coOTHOIIeHHe. JleHCTBHTeNbHO, oO6benuHsis (1.7.6),
(1.7.16) u (1.7.20), nHaxoaum

s+t+u=m}+md + md+ mi+ 2mi+ 2p, (p, —ps—py),
HO 3aKOH COXpaHeHHs1 HMIIyJbca TpebyeT, uToObl p; + ps = p3 -+ p,.
Hcnonwbaya (1.7.4) u (1.7.18), nonyuaem
s+t+u=2. (1.7.21)

O6BIYHO MBI 6yneM HCIIOJIL30BaTh B Ka4YeCTBe HE3aBHCHMEIX II€pEMEHHBIX

su it
A1t GopMyJIBL CYIeCTBEHHO YMPOILAIOTCH NPH PacCessHHH 4acCTHI| paB-
HBIX Macc: my; = My, = M3 = M,, TaK Kak

A (s, m®, m?) =s(s— 4m?

naet
g2 = qis = (s — 4m?)/4;
2 =1+ 2¢(s — 4am®) = — 1 — 2u/(s — 4m?3);
ghs = gl = (£ — 4m®)/4;
2 = 1 + 25/(¢ — 4m?) = — 1| — 2ul(t — 4m?). (1.7.22)

®usnueckas o6JjacTh S-KaHaljla oOIpelleJsieTCs  YCJAOBHAMH S =

= max {(my + m,)?, (ms; + my)®} (T. e. moporoMm mpouecca) u — 1 <

< cos 8, << 1. Dry rpaHHny yAoOGHO 3alHcaTh B BHJAE pPaBeHCTBA HYJIO

(PYHKIHH

D (s, #) = dsq7i2q3 sin® 0, =0, (1.7.23)

KOoTopasi TocJie aJreOpaHYecKHX Ipeo6pa3oBaHHH C HCIOJbL30BaHHEM
(1.7.12), (1.7.13) n (1.7.17) paBHa

D (s, {) = stu—s (m} —m3) (m3 —m3)—t (m} —m3) (m3 —mj)—

—(m} mi—m3m3)(mi{+mi—m3—m3)=0 (1.7.24)
HJIH
01 1 1 1
1 0 m3 ¢ m}
1 m3 0 mi s |[=o, ’ (1.7.25)
1 ¢ mi 0 mj
1 mi{ s mi. 0

HecMOTpsT Ha aHTHCHMMETDHUHEIA BHA Bhipaxkenus (1.7.24), mosyuaem
@ (s, f) =4tqh3 gfa sin®0; = 4uqi 4 ghas sin® 0, (1.7.26)

TakK uTo paBeHCTBO @ (s, f) = O JaeT rpaHHUE (PH3HYECKHX oGJacTel AJs
s-, {- ¥ u-xkaHaJioB. 1 paccesHHs yacTHIL paBHEIX Macc (1.7.24) cBoautca
K paBeHCTBY siu = 0, H TpaHHUAMH SBJAIOTCA INPOCTO JHHHH § = 0,
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=0 u u = 0. Jlis HepaBHLIX MacC KPHUBHIE TPAHHIULI ACHMIITOTHYE CKH
NpHOJHIKAIOTCH K 3THM JHHHAM. HeKoToprle NpHMeph NOKa3aHBEI Ha
puc. 1.5, rie H3o0pakeHH s, { H 4, YAOBJIETBOpsIOIHE yciaoBHO (1.7.21).

Ha nJiockocTH MaHZesbcTamMa MOXKeT GRITH YKA3aHO TaKzxKe MOJIOMXKe-
HHe pasJIHYHBIX ocoOeHHocTel. Tak, ec/M Bce MacChl PaBHHI, TO MOMKHO
OXMJaTh NMOSIBJEHHS IIOJIIOCOB, OTBEYAIOI[HX CBSI3aHHBIM COCTOSHHAM NPH
s =m? t =m® 4 u=m? [BYXYaCTHYHBIX TOYEK BETBJEHHA INpPH S, I
HiH u = 4m® M CJefyIOIHX IIOPOTOB, CBSI3AHHEIX C TPEeMS, YeTHIPbMSA
H GOJILLIHM YHCJIOM YacTHI[ B IIPOMEXKYTOYHOM COCTOSTHHH mpH 9m2, 16m?
i 1. . HygJoHHBIH moJioc H pasHooGpa3Hble pe30HAHCHI LA caydas 6o-
Jee peaJHCTHYecKoro nN — nN-paccesHHst NOKa3aHbl  Ha pHc. 1.5, 6
(Ges yuera CJIOXKHOCTeHi, CBS3aHHBIX C H30CITHHOM).

H3-3a KPOCCHHIa MOMKHO OKHJAATh, UTO GJHIKaflIHe OCOGEHHOCTH B I-
H u-gkaHajax OyoyT ompeiessTbh NOBeIeHHE aMIIUTYALI pACCesHHS B S-
KaHaJle Bnepel H Hasal (2, = 4-1 coorBerctBeHHo). Tak, B mN-pacces-
HHH CVIIeCTBYeT IHK pacCessHHsi Bhepex NpH { = 0, oOyCIOBJEHHLIH IO-
POTOBEIM DPa3pe30oM B JIA-CHCTEME H, B YaCTHOCTH, BLI3BAHHBLIA pe3OHaHca- -
MH p, f H T. 1., KOTOphle CYIIeCTBYIOT B Jiji-KaHaJle, H NHK Hasal NpPH
u =~ 0, cBas3aHHHA ¢ oO6MeHoM N, A H APDYrHMH IHOJIOCAMH, OTBedalo-
muMH OGapHOHHEIM pe3oHaHCaM. DTa AOMHHAHTHOCTL OOMEHa IIOJIOCAMH
6yleT BaxKHBEIM NOJIOXKeHHeM TeopuH Pemke.

XoTs TeopeTHueckH GoJiee yno6HO pafoTaTh B CHCTeMe LiEHTpa Macc,
SKCIIEPHMEHTHI (32 HCKJIOYEHHEM TeX, KOTOpbIe BEINOJHSIOTCS Ha CTaJKH-
BalOIlUXCH NY4YKaX, TaKHX, Kak CERN-ISR) nenaiorca B TaK HasuiBaeMoOH
JabopaTOpHOH CHCTeMe, B KOTOPOfl YaCTHI[a MHIIEHH HaXOOUTCS B IOKOE.
Eciu 1 — gyactHua nyyka, a 2 — MHIIEHH, TO

piL = (Er, pL); por = (ms, 0), (1.7.27)
rie E; — sHeprus, a p;, — TPeXMepHBIf HMNYJbC YACTHIBI yYKa B Ja-

GopaTopHOH CHcTeme. YpaBHeHHs MaccoBoH mnoBepxHoctd (1.2.3) TpeGy-
0T, 4YTOOBI

E} = pi+ mi, (1.7.28)

TaK YTO HHBAapHAHT S MOXKET ObITh BbIpakKeH B TePMHHaX J1aGopaTOpHBIX
BEJHYHH CJeYIOIHM 00pasoM:

S=(piL+por)?=(EL+my pLf=mi+ms +2mE; =
=m} +m3+2m,V pi + mi. (1.7.29)
Jns sHenrufi MHOro GOJIBUIMX MacChl 3TO BhIpaxK€HHe NPHHHMAaeT BHI
s &~ 2myE; &~ 2myp;. (1.7.30)

ITogoOubiM o6pasoM, ecan F,; — sHepruss 4acTHusl 4 B KOHEYHOM CO-
croauHd, u3 (1.7.13) naxomum

t =m3 + mi — 2myE,;. (1.7.31)
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Puc. 1.5. ¢ — ITnockocts MangenscraMa s—Ii—u aas paccessHUS YacTHIL OJHHAKOBHIX
Macc, Ha KOTOpOil NPHBeleHHl IOMIOXKEHHS NOJIOCOB NPH Mm% TOUEK BETBJAEHHA TpH

..., B KaXJ0M KaHaje. 3alUTPUXOBaHH TpH ¢U3HIeCKHX obJaacTty; 6 —
nJ0CKOCTh MaHpenascramMa aas cayuas nN paccesiuus (B npeHeGpeKeHHH U3OCIHHOM),

ykKasaHel (Qnu3udeckue objgacTH U OauXKamiliHe

0COGEHHOCTH: HYKJOHHBIE
B §- H W-Ka”ajax U p- H f-mojioca B f-Kauaje (Macwira6 He cobaionaercs)
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1.8. AKcnepHMeHTaJbHO HaGAIOAdeMbie BeJdHIHHBI

PasymeeTcs, aMIIMTyJa pPacCessHHs, KOTOPYIO MBI BBeJIH B pasfi. 1.3,
He MOKeT OBITb H3MepeHa HeNoCpelACTBeHHO. B akcmepuMeHTe mo pacces-
auio (B HIEAJbHOM CJydae) H3MEPSAIOTCA HMIYJIbCH, SHEPTHH H NOJISIPH3a-
L[HH CIIHHOB BCEeX 71 4aCTHI, KOTOpble 06Pa30BaHEl B JaHHOM IBYX4YaCTHY-
HOM CTOJIKHOBeHHH | + 2 — 1, H UeJib TEOPHH — HAXOXKAEHHE BEPOSATHO-
CTH BO3HHKHOBEHHSI H3 JaHHOTO HayaJbHOTO COCTOSIHHS OIpeAeieHHOro
KOHEYHOTO COCTOSIHHS.

Ucxons u3 seipaxkenus (1.1.1) u onpeneneHus aMIUIHTYALl paccessHHSA
(1.3.10), (1.3.11) ¥ T. K. BEPOATHOCTb B €IHHHLIY BPEMEHH H HA €XHHHIY
obbeMa TOro, YTO M3 JAHHOIO HAa4daJIbHOTO COCTOSHHSA

[i> =| Py, Ps)
obpasyeTcss KoHeuHoe cocTosiHMe |f,> =| P{ ... P;>, pmaeTcs BeposT-
HOCTBIO Ilepexoja
Ry = @) 8 (o — pi) | FIA [ i > (1.8.1)

CeuyeHHe pacCesiHHsI JIsi 3TOTO Ipolecca Cjg, ONPENEJEHO KaK MOoJHas
BepOSITHOCTL Tepexoja Ha €JHHHIY IUVIOTHOCTH MNajJalolllero NoTOKa 4a-
cTHILL.. [IOTHOCTH TMOTOKa MaJalOIHX YaCTHI F — YHCJO HavyaJ/IbHBIX 4Ya-
CTHII Ha eJHHHIY NJIONaJAH H B eIHHHIY BPeMEHH — OIIpefeJIeTCs OTHO-
CHTeJIbHOH CKOPOCTBLIO IBYX GacCTHI | v; — V, |, JeleHHOH Ha MHBapHaHT-
HBlH HOPMHPOBOUYHHIHA o6neM V, T. €. Ha 00beM (a30BOro NpOCTPAHCTBA,
KOTOPHIH OTBeyaeT [ABYM H3OJHDOBAaHHBIM YaCTHIAM. IJTOT o0GbeM H3

(1.2.11) paBen
V = (2p012po2)

TakuM oOpa3oM, B CHCTeMe LEHTpa MacC IoJydaeMm

F = 4E1E2 I Vl —_— VZ I- (1.8.2)
CkopocTH B cHcTeMe leHTpa Macc H3 (1.7.2) paBumnl
Vi = Qqs/Eyy Vi = — Qg/E,, (1.8.3)

TaK 4YTO

F = 4E:E; (§s12/E1 + Ge1z/Es) = 4 (Ex + E3) Gz = 4V's @srn,  (1.8.4)

4TO, pPa3ymeeTcs, €CThb HHBapHaHT. UTOOHI MOJYYHTD MOJHYIO BEpPOSTHOCTh
nepexojia, HYXKHO NPOCYMMHPOBATH II0 BCEM BO3MOXKHBIM KOHEUHBIM CO-
CTOSHHSM | f,>, COZep:Kal[HM 7 4YaCTHL, TaK 4YTO

Glaon= 3R — ——— = 3 @n)*8(p;— ) | <Ful A] D=
f f

442 Vs
-1 5 If’] dtp]
49512 V''s fog 23

x 68 ( N pi—pi—pd) 3 I<Pi ... Pl A|PyPy) P

i=1 CIIHH

8 (pi 2 —mf) (2m) x
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riie Mbl IPOHHTErpHPOBAaJIH IO BCEM BOSMOXKHBIM HMIIYJbCaM 71 YaCTHI
B KOHEYHOM COCTOSIHHH ¢ ydeToM HOpMHpPOBKH (1.2.11) u (1.2.7). Bpemesn-
HO MBI 6y IeM HMETH JeJI0 TOJILKO ¢ 6eCCIIHHOBEIMH YacCTHIIAMH, TaK 4TO ONYy-
CTHM ) H 3ameHHMM P/ Ha p;. MHOXHTeNB
CIHH
n L pi’ n ,
a®, = 1 ( o 8ot —mD) @) 8 X pi —p1—ps | =

i=1

d p/ & '
= n ( o o )(2:04 64( 3 pi —pl—pz) (1.8.6)
t i=1 ’

npejcTaBJIsieT coéon o6beM (pa30BOro NPOCTPAHCTBA, KOTOPHIfI MOT'YT 3a-
HHMATb 7 9aCTHIl B KOHEUHOM COCTOSIHHH, H HHTerpaJ B Belpaxenus (1.8.5)
b6epercss mo 3TOMY oOOGBEMY.

TNosnoe ceuenue paccesanus 4actil | u 2 mosyyaercs CYMMHpOBaHHeM
Boipaxenus (1.8.5) mo BceM BO3MOXKHELIM KOHEUHBIM COCTOSIHHSIM, COJEp-
JKalllUM Pa3/IMYHOEe YHCJIO YaCTHI, a HMEHHO

ol = > Gi2osn (1.8.7)

n=2

EcnH B KOHEYHOM COCTOSIHHH HMEIOTCS TOJIBKO [Be 4acTHUHI 3 H 4 ¢
HMIyJIbCAaMH B CHCTEME LIEHTPa Macc, OnpefeieMbIMH BbipaxkeHueM (1.7.3)
T0 H3 (1.8.5) mosnydaem

_ 1 dSps dip, 2
1234 = e o y SE, O, | <pspul Al p1p2d P X
X 8% (ps -+ pu—p1—p2)- (1.8.8)

Tak kak TpexMepHEIE HMIYJIbCH 4YacTHIL B (1.7.3) paBHH H IPOTHBONOJIOXK-
HO HampaBJeHbl, TO B (1.8.8) MoHO, HCTIOJIB3Y A 6-(pYHKIHIO, BEINOJHHTD
OJHO HHTErPHPOBaHHE

— ! . a3 gsas 1/ < 2
Orzwgs = o [ 2B 8 (Ey o+ Eo— V) [P pul Al P2 P
(1.8.9)

MoHO BHIpa3HTh 3JIeMeHT 00bheMa B HMIYJLCHOM NPOCTPAHCTBE B NOJSP-
HBIX KOOpPIAMHATAX d3Qs34 = §%4dqs3dRQ, rpe dQ2 = sin 0,d0.dp — ane-
MeHT TeJIECHOI'O YrIJia,CBA3aHHEIH C HalpaBJeHHeM YacTHULL 3, a NOJISIPHBIH
yroJ ompefesneH IO OTHOLIEHHIO K HalpaBJIeHHIO NyykKa — OCH z. Torja,
onpepenss

E=~E3+E4=Vm§ +gi34 +V mi+ g3, (1.8.10)
noJiy4yaem
= _giﬁ ds3a — qssaE
R ) dais =224 dg (1.8.11)
TaK 4TO
‘7334 dqsss _gssadE_ dE _ Gssi_
j FiE, S(E—V's)= S S(E—V's)= e (1.8.12)
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u, HaKoOHEI,

gs
012»24=—6—;—n2—"s‘qs—m—5|<p3ml Alpipy> PdQ. (1.8.13)

[TosTOMY TOJIE3HO BBeCTH «IubdepeHUHalbHOe CedeHHe»

do q
E=m|<ﬂ3p4|/1lplpz> % (1.8.14)

KOTOpOe, NPH €IHHHYHOHA IVIOTHOCTH NOTOKa NAaJalolHX YaCTHI, JaeT Be-
POSTHOCTb HacTHUe 3 paccesTbCs B yroa dQ.

Tak kaK cefiyac Mol paccMaTpHBaeM TOJIBKO CJaydai 6eCCHHHOBbIX
yaCTHL[, TO BCErJa BePOSITHOCTb PAcCesiHHA He 3aBHCHT OT a3HMYTaJIbHOTrO
yrJa @, HOCKOJbKY HEeT HHKAaKoro ()aktopa, KOTOPEIH BbLAE/sAN Obl KaKoe-
JH60 HAIpaB/JeHHE NepPNEeHIHKY/AAPHO MalamlieMy nyuky, H u3 (1.7. 16)
npH (HKCHPOBAHHOM S CJEAyeT

dQ=d (cos 0,) dp=—2L _ de. (1.8.15)
29512 Gs3s
[Mockoabky fdg = 2m, Gosee yIoOHO B3sTb B KauecTBe MH(depeHIHAD-
HOTO Ce4yeHHA ’
do
—_—=—— AP .8.
| = AP (1.8.16)
B o6lleM c/1y4ae MOXKHO TOJYYHThb NaplHaibHOe (HIH THbdepeHIIHab-

HOe) cedeHHe Mo JI000My HHBapHAaHTY, NOMECTHB B BhipaxeHHe (1.8.5)
8-pyukumo. Tax, omnpenenss ¢ = (p, — pi)?, nosydaem

P e e fﬂ L5 (pi—md) 27yt

dt’ 4sq312 Vs (2m)3
X8 (2pi —p1—pa) 8 (¢'— (pr—pi)) 3 [CPi ... Pi] A| Py P> [ (18.17)

H SCHO YTO 3Ta MpOLELypa MOMKeT OBITh NOBTOpEHa C HEJbIo MNOJYYHTh
napiHaJibHOEe CedeHHe MO OTHOLUEHHIO K JIIOOOMY YHCJY He3aBHCHMBIX HH-
BapHaHTOB.

1.9. OnTHyeckas Teopema

Tonuoe ceuenne (1.8.7) yIooBieTBOpseT 3aMeuaTebHOMY YCJIOBHIO YHH-
TApHOCTH, Ha3bIBAEMOMY «OINTHYECKOH TeopeMoH», KoTopoe OyAeM dacTo
HCIIOJIL30BaTh JaJIblIe.

JJ1s KOHKpEeTHBIX Ha4yaJIbHOrO H KOHEUHOIO COCTOSIHHH YCJIOBHE YHH-
TapHocTH (1.2.14) Moxer ObITh 3alMCaHO B BHJE

(SS+)fi =§an S,Ti=(5ﬁ. (1-9.1)
Has ynpyroro paccessuusi 1 4+ 2 — 1 + 2 u3 (1.3.10) noanyyaem
Sy =65+ 1@r)*8(p; —p)<[IA]|D, (1.9.2)
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uto BMecTe ¢ (1.3.13) mpuBoaut (1.9.1) k BHAY
| (FIAT 1D —<[1 A7) = —@a) B84 (pa—pi) <[ A+ n) <n | A1),

(1.9.3)

B cayuae, Korja HadyaJIbHO€ H KOHEYHOE COCTOSTHHSI OZMHAKOBBI, NOJYYaEM,
Bcriomuue (1.5.10):

2m (0] A i3] = @) 28 (pa—p)Knl A*]i3P.  (1.9.)

Ho npapas uacTb 3flech Takas xe, Kak H B (1.8.7) c yuerom (1.8.5) u Ges
HOTOKOBOrO MHOXKHTeJsl. Tak 4TO OKOHYATeJIbHO NOJydaeM COOTHOLUeHHe

tot .~
O = 2 smVS Im[<i|A[i]. (1.9.5)

IMockosIbKYy KOHEUHOe COCTOSIHHE COBIaJaeT € HadaJbHbiM, i |A | i)
eCTb aMIJIHTYAa yHpyroro paccesHus BmnepeX 1 + 2 — 1 4 2 Ges usme-
HEeHHsI HalpaBJIeHHS [BHKEHHS YacTHu, T. €. O, — 0, uTo o3HauaeT H3
(1.7.16) mpH YCJNOBHH ms = m,, My = My, 410 t{ =0, H NO3TOMY

tot._._______ el —
0% = T Im [Ae! (s, t = 0)]. (1.9.6)

Dra onrTHYeCKasi TeopeMa XOPOLIO H3BeCTHa B HEPENSATHBHCTCKOM IIOTEH-
LHAJBHOM paccesiHUH (cM., HampuMep, [355]), rme oHa yTBepxkmaer, 4To
BCJIECTBHE COXPaHEHHSI BEPOSITHOCTH aMIIMTYJa BOJIHOBOH (pYHKUHH B
«TeHH» 3a MHIIeHBIO (0, = 0) noJKkHa ObITh MEHBLUE, YeM aMILJIHTYIa Tafalo-

7 n|2 1 7 1 1
fﬂt 1 by ':i _1 . )
2 2 2 2 2

Puc. 1.6. Ontuyeckas teopema.
MHuoxHuTeas (25)—! ecTh BoipaXeHHe Ajs noroka (1.8.4) B npeneite Goabluiux §

Llefi BOJIHEI, HA BEeJIMUHHY, PAaBHYIO NOJIHOMY CEUEHHIO pacCesiHHS BO BCeX
HanpaBJeHHs1X. Y paBHenHe (1.9.5) npeacrasasier coGol TOT Ke 3aKOH CO-
XpaHeHHs] BepOSITHOCTH, PaCIpOCTPaHEHHRIH Ha PEJSITUBHCTCKHH cayuaw,
KOr'Jla MOXKeT IPOUCXOAUTH 06pa3oBaHHe yacTHL. OTMETHM, YTO B IpaBoH 4a-
CTH CTOHT TOJBKO yHpyrasi aMIIMTYAa npouecca | +2—> 1+ 2, B 1O
BpeMsl KaK B JIeBOH 4aCTH — INOJIHOe CedeHHe Ipoueccal + 2 —- Bce Boa-
MOJKHEIE COCTOSIHHS. _

Uz puc. 1.6 MOXKHO NOHATH, KaK 3TO COOTHOLUeHHE BO3HHKaeT Ha sI3bl-
Ke auarpamM, npHueM noclefXHHH 1ar ciaexyer u3 (1.5.11), NoCKONMBKY Mbl

GepeM CKauoK :C—’a:_ Ha n-4aCTHYHOM pa3pese H CYMMHpYeM IO BCeM
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BO3MOXKHBIM NPOMEXKYTOUHBIM COCTOSIHHSIM, YYHTHIBAsl 3aKOH COXpaHeHHS
4-uMnyJbca. BelllecTBeHHast aHaJUTHYHOCTH O3HAYAET, YTO

Disc A =Im A.
Dra ONTHYECKas TeopeMa SIBJISIETCS OJAHHM M3 HaHGOJiee NOJe3HBIX

orpaHHYeHHH, KOTOpbleé YHHTapPHOCTh HAKJaAbiBaeT Ha aMIIHTYAy pac-
cestuusg. B ra. 10 6ynyT paccMOTpeHBI HeKOTOpEIE ee OGOOLIEHHS.

1.10. IncnepcuOHHBIE COOTHOLIEHHS MO OAHOH mepeMeHHOMH

B coOTBeTCTBHH C OOCyxJeHHeM B pa3f. 1.5 mnpeanonaraercs, uro
eIMHCTBEHHBIMH OCOOGEHHOCTSIMH, NMOSIBJSIOINIHMHCS Ha (PH3HYECKOM JIHCTE,
ABJISIIOTCSL NOJIIOCa, KOTOpble OTBeYaloT CTaGHJbHBIM YacCTHIAM, H IOPOro-
Bhie TOUKH BeTBJeHHMs. Tak, /s clydast paBHBIX Macc, 3aHKCHpoBaB f

s-t-9m? 3-t-4m? s-t-m? | m?  4m?  gm?

T —
- ®
’,/”’—_ \\\
/ \
Ur St ]
~.
e —— e N ——
rom—=—__ O A\ =
\ i
\\ S

Puc. 1.7. @ — Oco6ennoctd n0 § Ha (HU3HYeCKOM JHCTe 0pH (PHKCHPOBAHHOM
t(Z=4m?2). 6 — KOHTYp HHTErDHPOBAHHMA B KOMINVIEKCHOH S-NIOCKOCTH, DPACTAHYTHIA
[0 GeCKOHEUHOCTH W OKPYXKAKIHi paspessl U MOJIOCA HA BelIECTBEHHOH OCH

PaBHBIM HEKOTOPOMY MaJIOMY AeHCTBHTEJBHOMY OTPHIIATEILHOMY 3HAYEHHIO
(cM. puc. 1.5), MBI OGHAPY2KHM B S-IJIOCKOCTH OCOOEHHOCTH, NIOKA3aHHBIE HA
puc. 1.7. Cnpaga, aas Re s> 0, 6yAyT HaXOAUThCA S-KaHaJbHEIE MOJIOCA,
OTBedalomHe CBI3aHHOMY COCTOSIHHIO, H pa3/IHUHble S-KaHaJIbHblE NOPOTH.
CneBa, npH Re s << 0, Mbl OGHapyKHM 4-KaHAJbHBIH MOJIOC H #-KaHaJb-
HBble IOPOTH. SICHO, YTO PAaCCTOSIHHE MeXKIY NOJIIOCAMH 3aBHCHT OT BhIpazKe-
aus (1.7.21)

s =4m> —t— u. (1.10.1)

Ecau BaaTh ¢ foctaTtouHo GOJIBIIMM OTPHUATENbHBIM YHCJIOM, TO 3TH OCO-
GeHHOCTH GYRYT mNEpeKphbIBaTHC.
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Mgl npoBesiu paspess oT S-KaHaJIbHBEIX NOPOrOB BJOJIb ACHCTBHTEIBHOM
OCH IO HanpaBJieHHi0 Re s—- oo (HO cJlerKa CMECTHB MX JJIS JIydlllel BHIH-
MOCTH) H OT u-0cOGeHHOCTeH N0 HanpaB/eHHIO Res — — oo. Torxaa Jucr,
u3zobpaxeHHBIH Ha puc. 1.7, a, sBAseTCa QU3HIECKHM JIHCTOM, Ha KOTOPOM
s-kaHaJbHasi ¢H3HYeCKasi aMIINTYJa MOJyyaeTCsli NPHUOJIHKEHHEM K Hefi-
CTBUTEJBHOH OCH § CBepxy, lirgls + ie, ¥ aHa/MOrHYHO u-KaHaJbHas aM-

&—>

IIUTYAa monaydaercss Kak lim s — ie, 4To COOTBeTCTBYeT NPHOGJIHKEHHIO
-0
K JAeACTBHTEJBHOH OCH § CHM3Y, KaK 3T0 OOGYCJOBJEHO COOTHOIIeHHEM

(1.10.1). ‘
OmnpeflenuM CKauKH Ha pa3spesax:

Dy(s,0)= 5 (A (s £, ) —A (s, 6, w));

D, (ut)= %(A (5,8, ) —A (5,8, 1)), (1.10.9)

-

rae sy =S 4 ie. BD, u D, MBI ONYCTHJIH TPeTbIO 3aBHCHMYIO NepeMeH-
Hylo. BcaencrBHe BellleCTBeHHOU aHaJHUTHUHOCTH A (cM. paszp. 1.5) no-
JyuaeMm

A(s* £ u) —A* (s, £ u) (1.10.3)

H TaKHM ob6pasom D; (s, f) = Im A (s, ¢, u)] Broap s-KananbHBEIX paspe-
soB U D, (u,'t) =ImIlA (s, ¢ u)] Brone u-KaHANBHBIX Pa3pe3oB. -

Hnest nucnepCHOHHBIX COOTHOIUEHHH 3aK/IOYaeTcsi B BREIPAXKEHHH aMm-
IJIATYABl paccesiHHSI C INOMOIIBIO HHTerpaJbHOl dopmysu Kowmu [381]

1 dz’ ,
FO=gr 5 F @
TaK 4TO

As 1, u)=-—2—:?d;—-£—/-1(s', t, u'), (1.10.4)

s’ s

rjle HHTErpaJa 6epercs Mo JMo6OMY KOHTYpY, HalpaB/JeHHOMY IIPOTHB Ya-
COBOH CTPeJIKH B KOMIIJIEKCHOH IJIOCKOCTH S, OKpYyIKaloWeMy TO4KY S H Ta-
KoMy, uto A (s, ¢, #) ananuTHyHa (roMOMOp(HA) BHYTPH KOHTYpPa H Ha HeM
caMoM (cM. puc. 1.7, 6). MoxKHO paclIHpUTh KOHTYpP TakK, 4TO OH OGOHAET
nosioca M pa3pesbl, KaK 3TO NOKa3aHO Ha PHCYHKe, H TOrAa

m?—uy 2ni s’

A (s, t,u) = mg;‘_"s+ gul® , 1 j "is A(s', t,u)). (1.10.5)

(Heo6xomaumMo MOMHMTE, 4TO S’ U &’ CBSI3aHBI COOTHOHIeHHeM s’ + ¢ + u' =
= 4m?.) Toraza ecau

| A(S, £, 1) oo —| S |78, €0, (1.10.6
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1o BKJaA OT OKDYXKHOCTH Ha GECKOHEUYHOCTH HCUe3aeT H OKOHYATEJbHO
no.nyqaeM

_ g, gult) | 1 0 Dy(s’t)
O e il i el
sT
+—l-5 RS (1.10.7)
i1 1 u —u

ur

rie Sr H Ur — S- M u-KaHaJbHBIE NOPOTH COOTBETCTBEHHO.

TakHe AHMCINEePCHOHHBIE COOTHOIUEHHS! ObIH BbIBeleHBI [€PBOHAYAJBHO
Kpamepcom [265] u Kponurom [266] nns paccesnus cBera Ha CBOGOAHBIX
3J1EKTPOHAX, H OHH NPEeACTABJSIOT CO00H KPHTHYECKYIO NPOBEPKY CleJaH-
guiX B pa3a. 1.5 mpeanosoxeHuil 06 aHAJUTHYHOCTH. C TOUHOCTBIO HMEIO-
HHXCs SKCIepPHMEHTAaJbHBIX NAHHBIX OHH COrJacylorcsi ¢ omeitom [156].
TeopeTHYeCKH OHH OYeHb BaKHBI, NOTOMY 4YTO, KaK Mbl MOKa3aJH, 3aja-
Basi IOJIOCA, OTBevalollHe YacTHIAM, C IOMOIIBIO YCJIOBHH YHHTAPHOCTH
MOKHO IOJIYYHTh BCE€ OCTaJIbHbIe OCOOEHHOCTH aMILIMTYABbI PACCesiHHS H
CKauKH Ha paspe3ax (o KpaliHeli Mepe B NpHHUHMIe). Takum oGpasoM,
YCJIOBHSI YHHTapHOCTH HaloTr Ham Im A, o He paor Re A. Onnaxo,
HOCKOJIBKY MBI 3HaeM BCe CKauKH aMIIMTYABI, C IOMOLIBIO JHCIIEPCHOH-
HBIX COOTHOLUEHHH MOXKHO HafiTH TaKxkKe H JeHCTBHTEBHYIO YaCTh AMILJIHTY -
fbl, H TAKHM 00pa3oM IpH 3aJaHHEIX IOJIOCaX, OTBEUANOIIMX YaCTHIAM,
YHUTAPHOCTb IJIOC aHAJUTHYHOCThH MOJIHOCTBIO ONpPENEe/sIOT aMIVIHTYILY
paccestHHS.

Onnako uyacto TtpeGoBanue cxoauMoctH (1.10.6) me BRImONHsETCH,
H B TAKOM CJydae MBI JOJUKHBI NPHOETHYTh K MNpOLENype BBIYHCIEHHH.
Tak ecau [npeneGperast st mpocrotel ApyrumH ujenamu B (1.10.7)]

A(s, ¢, u):;l-jl P-s%,—‘*:’s-ids', (1.10.8)
sT

HO MHTErpaJsl pacXOAHUTCSI NPH §' —- 00, TO BMECTO HEro Mhbl JOJIKHBI 3a-
MHCaTh JHCIEPCHOHHOe CooTHoUienue A A (s, ¢, u) [(s — ) (s —s,) ...
... (s —s,)1"Y, BK/MIOYHB B CKOOGKHM JOCTAaTOYHOE KOJIHYECTBO UJIEHOB,
4TOOLI OGECNeYHTh CXOAHMOCTDH (HpeAanoJarasi, 4YTo JJIsi 3TOr0 JAOCTATOUHO
KOHeUHOro HX uHchaa). Hrak,

Aty w) [T —s)t = 3 ALnbi) o

s-—
i=1 =1 5y

—58) ... (8" —sp)(8" — s)

x I (s,-—si)-1+LS : Ds (s, 1) ds’. (1.10.9)
i=1 n (s
i+j s
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3neck MBI coGpagy BMeCTe IONOJHHTEbHBEIE BKJAALL OT KAXKJIOTO H3 MOJIO-
COB HPH § = 5y, Sa, --.., Sp. OTCIONA

A(S, t’ u)=Fn—1(s’ t)+

e (8 —sp) (st — 8)

—1— - — S d DS(S'»t) ’
+— 16 s,)j — ds’, (1.10.10)
sT

i= 1

rie Fn_1 (S, ) — Npou3BOJIbHEIA IOJHHOM n — | mopsiika nHo S, HO
Tenepb HHTErpans cxomurcs, ecau D, (s, £) —s ¢, ¢ > 0. Takum 06-

§—»00

pasoM, npo6JieMa CXOAMMOCTH pellleHa LEHOH BBeJeHHS NPOH3BOJBLHOIO
NOJIHHOMA, KOTOPEIA He onpeliesieH (00 KpaHHeH Mepe INPSMO) YCJIOBHSMH
yuurapHoCcTH. OJlHAa H3 OCHOBHBIX 3a/lad Pel)KeBCKOH TEOPHH — JIMKBHAA-
IHS 3TOr0 HEJNOCTATKa OlpefleJIEeHHEM BbIYHTAHHH.

Ocobeliio TOJI€3HBl AMCIEPCHOHHBIE COOTHOIUEHHS IJISI YIPYrOH am-
IJIMTYABl PacCesiHHs Blepel, TakHe, Kax s peakuud ntN — nN npu
t =0, xormla u = X — . M3 onruyeckoit Teopemnl (1.9.5) caenyer

D, (s, 0)=Im[A¢#! (s, 0)]=2q4, (V's ) oi% (s),
D, (4, 0) =Im[A° (u, 0)] = 2q,1,(V ) o1% (1) (1.10.11)

H 3TH CEUEHHs paBHBI, €CJH dacTHUbI 2 H 2 (= 4) oAuHaKoBbl. MOKHO
nokasath (CM. pasf. 2.4), uto ¢¥(s) — const (c BO3MOXKHBIMH MHOXKHTeJIs1-

S§—>»00
MU THna lns), tak yto B (1.10.7) HeOGXOAMMBI TOJBKO JABa BHIYMTAHHS.
Tak, npousBeass BbHIUHTAHHS B Touke s = 0, Mbl MOJyuHM (npeHeGperas
BCEMH TOJIIOCHBIMH BKJIaJaMH) sl NeHCTBUTENBbHBIX S BbILI€ S-KaHAJbHOTO
nopora:

o0

g ds'V's” gi12 0% (s') X

ST

1 1

. ( Py P P Y P ) (1.10.12)
rie P — raaBHoe 3HaueHHe [cm. (1.5.2)]. Taxkum o6pasom, ecaum H3BecT-
HO TOJIHOe CeueHHe (M Clle/IaHEl PelNOJIOXKEHHS O €er0 OBeIEeHHH NIPH OUeHb
GoJbLINX s, Tle OHO ellle He H3MepeHO), TO MoxHO HaitH Re [A (s, 0)]
B TepMHHaX TOJIbKO JBYX HEH3BeCTHBIX — BBIYHTATEJIbHBIX KOHCTAHT
U a,. [ToCKOJBbKY B SKCIIepHMEHTaX N0 HHTepdepeHIIHH C KYJIOHOBCKHM B3a-
uMoneiictBieM Re [A (s, 0)] Moxker OHITb H3MepeHa HemocpeACTBEHHO
(cM., Hanpumep, [155]), To cnpaBeANHBOCTD AHCIEPCHOHHBIX COOTHOLIEHHH
npu ¢ =0 MmoxeT ObITb NPOBepeHa.

Re [A° (s, 0)] = ay+ ay s+;iP

1.11. Mpeacrasaenue MaHpeascTama

JlucrnepCHOHHBIE COOTHOLUIEHHS 1O OXHOH nepeMeHHOH MBI MOJIYYHJIH,
(HKCHPYSL ONHY HHBapHaHTHYIO nepemennyio (B (1.10.4) 6wina dukcupo-
BaHa {) U NPeICTaBJsAs aMIVINTYAy KaK KOHTYDPHBIH HHTErpaj BOKPYT 0OCO-
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——
S
2
a 0
. -
Puc. 1.8. @ — Bxaapx f-kaHaJAbHHX TPOMEXKYTOYHHX COCTOAHME B S-KaHaJbHOE ABYX-
yaCTHYHOE ycJioBHe yHHUTapHocTH. 6 — Ksapgpatnas guarpamMma — mpocrefimiasg gHa-

rpamma, gamoias BKJAAL B Qs (S, f

GeHHOCTEH NO IPYruM HHBapHaHTaM (s). OxHako D; (s, f) Gyxer umerb oco-
GeHHOCTH IO [, COOTBETCTBYIOIME {-KaHAJbHHIM IoporaM U T. X. Ha
pHC. 1.8, a sTH f-KaHanbHBIe OOMeHBl NMOMEIIEHB! B S-KaHaJIbHOE YCJIOBHE
YHHTapHOCTH. BynyT cymecTBoBaThb TaKke H 4-KaHaJIbHblE MOPOrOBEIE
TOUKH BeTBJIeHHSI, HO, KOHEUHO, # He eCTb He3aBHCHMAasl IepeMeHHas;
Guarofapsi cootHoweHuio (1.7.21) npH (UKCHPOBAHHOM IOJIOXKHTEJIHLHOM
S 9TH TOUYKH BETBJIEHHS OYIYT NOSIBJASITHCS IPH OTPHUATENBHBEIX 3HAYCHHSX

(cM. puc. 1.5).

MOXKHO OXHJaTh, YTO 3TH OCOGEHHOCTH JIeXKAT Ha BeEUIECTBEHHOH OCH
¢, Tak uro aas D (s, {) MOXKHO 3anHcaTh RHCIEPCHOHHBIE COOTHOLUEHHSI,
AHAJIOTHYHBIE COOTHOLIEHHAM IJIs1 caMoH aMIuTyiel A (s, £, u). Oupenenum
cKauoK D (s, f) uepe3 pa3pesbl B {-IIJIOCKOCTH KaK

put (5, ) =—— Dy (5, 1) —D (5, L)), 1> b1 (>0 (L.1L)
H 4depe3 pa3pe3nsl B U-IINIOCKOCTH Kak

Psu (S’ u):_;l—(Ds (Sv u+)_Ds (Sv u+))1 u>b2 (S)>O. (1.112)

ITosoxkeHus1 ocoBeHHOCTef HarpaMm
HH3LIEro NOpPsKa, MAIOMIHX BKJaf

B p, 3alaloT CpPaHUYHBIE (YHKIHH
by , (s); oOpMHO 3TO  KBajApaTHas
nnarpamma puc. 1.8, 6. B cienyio- P
HEM pasfiejie Mbl [IOKAXKEM, UTO

by () = by (s) =
= 4m® + 4m2/(s — 4m?) (1.11.3)
IJisl Caydasi paBHBIX Macc. DTH rpa-
HHMUBI MOKa3aHbl Ha puc. 1.9. Moxk-

HO 3allHCaTh JHCIIEPCHOHHOE COOTHO-
HieHHe TIpH (PUKCHPOBAHHOM S:

oo

1 s, tll

Dys =0 [ Lllary
”

no 57—t Puc. 19. Ilnockocts MaHmeabcTama
- 1(s) ISl cJaydas pacCesiHHs HAaCTHI[ DaBHBIX

1 Psu (s u” ) macc (cp. puc. 1.5, a).
—_— du’. (1 11. 4) 3amTpuxoBannl 06/AacTH, [Ae ABOHHASA CIIEKT-
n paJabHas d)yHKuHH OTJIHYHA OT HYAA. I‘pavlm-
bz (8) url ob6aacreff pmarotrca shipaxendem (1.11.3)
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AHaNoTHYHBIM 06Pa3OM CKAauoOK IO # HMeeT TOUKH BETBJIEHHS, OTBEYalo-
mue s- H t—HOpOFaM, TaK 4YTO MOXKHO 3allHCaTh
T (
1 w, t”
Dy (4, 1) =— S' _Fﬂu_.t__l_dtﬂ_;_

tr—
by (u)

A}

1 ", u
+ L Pl ®) o (1.11.5)
ki 8" —s§
Bz (u)
Ecau 3TH BeipaxeHHs noactaBuTh B (1.10.7), npeneGperast st NPOCTOTHI
MOJIIOCHBIMH YJIEHAMH, TO OKOHYaTeJBHO IOJYYHM

Pst(s » ) "dt”
A(S, t, u)y= SS (s'—s) (t*—1) ds"dt"+ (1116)

Psu(S »y U7) ds’ du" +

—s) (" — u')

" 1 jn Pru (2, t7) du’ d#” + _SS Psu (87, ') du' ds”.
n? (' —uy(tr —t) (' —u)(s”—s")
Heo6xonuMo HaNOMHHTB, YTO 3TO COOTHOLIeHHe, NOAOGHO BhIPAXKEHHIO

(1.10.7), HanucaHo npH GHKCHPOBAHHOM f, TaK 4TO BO BTOPOM H B YeTBep-
TOM 4YJIeHaX HY3KHO HCIOJb30BaTh BRIPAXKEHHS

s+it+u=s+t+u =3, (1.11.7)

rje IMTPHUXaMH 0603HAYEHBI IepEeMEHHBIE, KOTOPHIE TOJIYYaloTCsl H3 3HaMeHa-
tesieit B opmyaax (1.11.4) u (1.11.5). Koneuno xe, nepeMeHHbIE CO LUITPH-
XaMH SIBJSIOTCS HEMBIMH IiepeMEHHBEIMH HHTETPHPOBAHHSA, TAK YTO MOXKHO
MEPECTaBUTh IUTPHXH B YETBEPTOM UJIeHE H CJIOXKHTh €r0 CO BTODBIM,
noJy4yast )

ﬂ Psu (5", u"j ( (s'— : + 1 )ds’du”. (1.11.8)

s) (u”—u’) ) (u"—u)(s" —s”)

210 MOXHO nepenHcatb, Hcnoasdys (1.11.7) B cneayiomem BHIE:

jﬂS Poulslo ) _ ysr gyr
(s" — sy(u" — u) ’

tak u4ro BelpaxkeHHe (1.11.8) npunumaer Buf

A Z =— Pst (s, t”) —Pst’S: ) 45t d SS Psy (87, u”) "
(s 2, u) H G——n " T e W

SS P (87, 1) g gy T (1L1L.9)
(u’ —u) (t7—1t),




DYyHKUHH Py, Pgyys P, HASBIBAIOTCS «IBOUHBIMH CHEKTPANBHBIMH (YHK-
uusami», a (1.11.9) — RBOMHBIM AHCNIEPCHOHHBIM COOTHOIUeHHeM. Ilpen-
cTaB/ieHHe aMIUIMTYABl PacCesiHHsl B TePMHHAX JBOHHEIX CIEKTPaJbHBIX
(yHKUMH HasbiBaeTcs NpejcTaBleHHeM Mangeiabcrama (293, 294]. Mb He-
JOCTATOYHO XOPOLIO 3HaeM OCOOGEHHOCTH aMIVIMTYIABI pacCestHHsI, YTOOBI
OLITh YBEPEHHBIMH, UTO TaKOe INIpeJCTaBJIEHHe NPAaBHJBHO. B yacTHOCTH,
MBI He 3HaeM, BCe JIH 0COOeHHOCTH Ha (PH3UYECKOM JIHCTE JIeXKAT Ha AeHCTBH-
TeMbHOH OCH. HM3BeCTHO, UTO I AHArPaMM, Y KOTOPEIX MAacChl [TPOMEKY-
TOYHBIX COCTOSIHHII MeHbllle MaCChl BHEIUHHX JHHHH, Ha QH3HUYECKOM JIHCTE
MOSABJISIIOTCS. aHOMAJIBHBIE [IOPOTH H JJ/IS1 TOTO 4TOOBI BKJIIOYHTH HX, KOHTYP
HHTErDHPOBAHHUS JOJ/KeH BBIHTH B KOMINIEKCHYIO INIOCKocTh. (O6GCyxie-
HHe 3ToH npoGsemsl MoxkHO HaiTH B [157].) Ho kaxkerca BeposTHBIM, 4TO
peipaxkense (1.11.9) a1 GONBIIMHCTBA NPHJIOXKEHHH SIBJIsETCS, IO MEHE-
el Mepe, XOPOLIMM NPHOTHKEHHEM. :

Mzl BeiBoAusH (1.11.9) M3 QMCNEPCHOHHBIX COOTHOIUEHHH NPH (PHKCH-
poBanHoM £ (1.10.7). OnHako OKOHYaTeJIbHBIH pe3yJbTaT CHMMETPHYEH
10 BCEM TPeM IepeMEHHBIM S, £ H % W MOT OLITh PaBHBIM 06pa3oM MOJyYeH
U3 JHCNEPCHOHHBIX COOTHOLUEHHH npH (HUKCHPOBAaHHOM S HJH 4. 310
cBsizaHo ¢ TeM, uto H3(1.11.1) u (1.10.2) nBofiHast cneKTpanbHAs QPYHKIHS
paBHa

b =5 |5 A ) —Abo L) — 5 (A sy 1) — A (s, 1) =

,._. =

1A t) A (s L) — A (s, 1) — A (sy, 1)), (11110)

4yTO MOKET 6bITb 3allHCAHO B BHJIe
—2‘_- (D, (54, ) — Dy (s, 1)) um %.(Ds (s, £)—D, (s, £.)). (1.11.11)
1 :

IIpu ucnonw3zoBanuu BhipaxkeHHs (1.11.9) BosHHKalOT ABa YC/IOXKHSIO-
mux obcrositesbcTBa. IlepBoe, MOCTATOYHO TPHBHAJIBHOE, 3aKJIIOYAETCS
B TOM, YTO MBI OOYCTHJIH NOJIOCA, OTBeYAlOUlHe CBSI3aHHBEIM COCTOSIHHSIM,
KOTOPEIE MOTYT CYINeCTBOBaTh B JIOG0OM H3 TpeX KaHaJoB: s, ! HJH 4. IIpu
HeoOXOMHMOCTH OHH JOJIKHEI OBITB MPOCTO A00aBJIeHBI, KaK 3TO CAEJNAHO
B (1.10.7). Bonee cepresnas npobieMa KacaeTcsi pacXOXMMOCTH HHTErpa-
Ja, Korha s’, ¢ u T. A. crpeMsarcsi K GeckoHeuHocTH. [Tomo6HO cooTHOLIE-
uuio (1.10.7), Beipaxkenue (1.11.9) onpenesieHO ¢ TOYHOCTHIO IO PA3JIHYHBIX
BBIYUTATEJNBHBIX UYJEHOB, KOTOPEIE MOTYT OBITbH HEOOXOAMMBI I/l CXOJH-
MOCTH HHTerpasioB. [103TOMY MBI, BO3MOXKHO, GyleM BBIHYIKIEHBI BBeCTH
B npeAcraBleHHe MaHJenbCTaMa OTHOCHTEJIBHO [IPOH3BOJIbHEIE BBIYHTA-
TeJIbHBIE 4jieHsl. OHAKO B CJeJyIOUieil r1aBe MBI YBHAMM, YTO THIIOTE3a
aHAJIUTHUECKOTO INPOJOJIKEHHSI [0 YIJIOBOMY MOMEHTY IOMOraeT oIpeje-
JIUTh U 3TH BBIYHTATEJIbHEBIE YJIEHHI.

1.12. CuHrynsapHocTH ¢eiliHMaHOBCKHX HHTETpaJioB

B pa3x. 1.5 MBIl orMeuasH, YTO YCJOBHSI YHHTAPHOCTH NPHBOAAT K
TOMY, 9TO aMIJIUTYALI PACCESTHUSI HMEIOT Te Ke 0COOGEHHOCTH, 4To H (deliH-
MaHOBCKHe JHarpaMMBI B TEOPHH BO3MYIIEHHH KBAaHTOBOH TEOpPHH IOJIA.
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310 He YIMBHTEsIbHO, NOCKOJBKY TaKHe TEOPHH AAIOT JIOPEHIl-HHBAPHAHT-
HBI€ aMIVIHTYBI C TEMH K€ CaMbIMH CBOHCTBAMH CBSI3HOCTH, KOTOPBIE YJIOB-
JIETBOPSIOT YHUTAPHOCTH, 1O KpafHedA Mepe B Teopuu BoaMmyluenuil. Pa-
3yMeercsl, MBI He HalleeMCsl, YTO TAKOH MOJXOA B paMKaX TeOpHH BO3MY-
meHul Gymer CpaBeNlIHB B TEOPHH CHJIbHBIX B3aHMONCHCTBHH, rfie PAAbI
TEOPHH BO3MYLIeHHH He OYAYT CXOAMTHCS, MOCKOJBKY KOHCTAHTHI CBSI3H
He MaJbl U MBI He MOKEM HCIOJIb30BaTh OGBIUHYIO TEXHHKY NePEHOPMHPO-
BoK. OIHaKO MOXKHO HaJesTbCSI NPHOOPECTH HEKOTOPOE HHTYHTHBHOE
npeicraBjieHHe 0 (GopMe aMINIHTYX CHIABHBIX B3aHMOAEHCTBHH, MCXOAS W3
aHAJIOTHH TEOPHUH TIOJIS.

Py Pz
PiNg m ¢ Ps Py 7 Dz
q Go=psPstk >©<
b2 Pq ds
: P g %’k"Pz e Pz -
a J - i}

Puc. 1.10. ¢ — Huarpamma PefiumaHna mas o6MeHa OZHOR dacTHLell B s-KaHaxe, 6 —
Keagpatnas puarpamma, @ — CTaHyTas KBaJpaTHas JuarpamMma B cJydae, Korja
JIMHHH @z U G5 CTAHYTH B TOUKY HaJIOKE€HHEM YCJIOBHH Og==q,==0

Jlis Halux ueseidl COHHOBBIE XapaKTePHCTHKH YacCTHI He OYeHb BasKHbI
U 1103TOMY MBI GyjleM pacCMaTpHBATh TOJBKO OeCCIHHOBBIE CKaJspHbIE Me-
30HBI C MAacCCO# m, B3aUMOJEHCTBHE KOTOPBIX ONHCHIBAETCS JarpaHKHAHOM
L;,; = g¢®. TlpaBuna PeilnMana I TaKHX YaCTHL odyeHb mpocthl [51].
Kaxnass BHYTpeHHSAsI JIHHHSL C HMIIYJBCOM ¢ B AaHHOH AuHarpaMme cooOT-
BeTcTBYeT MHOXKHUTEMO i [(21)* (g% — m? + ie)l~!, KaxkIoi BepluHHE OTBe-
YaeT MHOXKHTEJb g, COXPaHEeHHIO SHEPIHH — HMIYJbCa B BepiuHHe 1 +2—
— 3 COOTBETCTBYET ¢dakrop (2m)* 6% (¢, + g2 — ¢5) H MmO KaXJIoH BHY-
TpeHHel JIHHHH NMPOBOAUTCS HHTerpHpoBaHue. Hannuue §-pyHKUHE o3HA-
yaer, YTO CBOGOJHBIE HMIYJBCHl HMEIOT TOJBKO 3aMKHYTHIE IETJIH, OAHAKO
ofHa O-pYHKIHS, OTBedalollasi MOJHOMY COXPaHEHHIO SHEPrHH-HMIYJIbCa,
MoxeT GbIThb BbIHECEHA M3 onpenenemm AMIVIHTY Ibl pacCcesiHHsI, MNOAOGHO
TOMY, Kak 310 cienano B (1.3.10).

Teneps BKJax AuarpamMmel ¢ oGMeHoM ofiHOH yacTHue# (puc. 1.10, a) —
GOPHOBCKOH JHarpaMMbl B aMIIHTYZy €CThb BCEro JIHIIL

gHg —m® + ie); ¢ = (pr + pa)* - (11241

a aMILINTYJa, COOTBeTCTBYIOulasi KBajpaTHoH auarpamme (puc. 1.10, 6),
ecThb

e G (G po—m? - ie] [(e—pg) —m? 4 ie] X

X [(k+ p1— pg)? —m? + ie] [k2—m® 4 ie]} 1. (1.12.2)
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[TpoH3BoJIbHASI AHAarpaMMa NPHBOJUT B NpeHeGpe:KeHHH HOPMHPOBOYHBIMH
MHOXHTENSIMH K BblPaKeHHIO

A"\-’ d4k1..-d4kl

. (1.12.3)
H (9% —m} +ie)
i=1
rlle k; — He3aBHCHMBblE HMIYJBCH B NETJSIX, a 3HaYeHHS ¢ ONPEeAEISIOTCS
8-QYHKUMSMH B Kaxno# BepluuHe. Mcnonessys pasencreo Peifinmana

6 (1 - 2 oci)
S S 1)'jda det,, =1 L (1.12.4)

Uy Ug ... Un n n

5]
=1
MmoxHO nepenucate (1.12.3) kax
1

A~ Sdal... danjd‘ikl o di U= (g g5

b [Zoi (9 — mf)+ie]"

CHHTYJIAPDHOCTH TaKHX HHTerpaJioB NoJApo6HO HccaeloBaHel B pafore
[157]. Ecau ¢yukuusa F (x) npeAcTaBjasieTcss HHTErpaJjioM THIA

b
F (%) :5 F(x, 2)dz, (1.12.6)

a
TO OHa Heo6s13aTeJILHO HMeeT OCOGEHHOCTL TaM Ke, e €CThb 0coGeHHOCTh
¢yHKIuH [ (x, 2), NOTOMY 4TO KOHTYP HHTErDHDOBAaHHS MOMKET OLITb CMe-
I[eH B KOMILJIEKCHVIO IIJIOCKOCTh TakK, 4TOOhl H36exXKaTb CHHIYJPHOCTH,
a no TeopeMe KoluH Bce TaKHe NPOAOJKEHUS SKBHBaJEHTHb. OCOGeHHOCTH

BOSHHKaIOT IO ABYM NpPHYHHAM.

. OcoGennocTb PYyHKUHUH [ (x, Z) CYIECTBYeT B KOHEYHOH TOUKE HH-
TepBana HHTErPHPOBAHHS @ WJIH b, NO3TOMY KOHTYD He MOXKET GHITb je-
dopmupoBan, 4yto6bl 0GofiTH ee. Hanpumep,

b
F(x)=5 2 _ Inli=X (1.12.7)

Z2—X a—Xx

a
HMeeT OCOGEHHOCTH NPH X = a HJH X = b.

2. JIBe niM Gosbllee YHCJIO ocoOeHHOCTEH QYHKUHH [ MpHOIHAKAIOTCH
K KOHTYPY C pasHBIX CTOPOH (MJIH CHHTYJAPHOCTh YXOAHT HA GeCKOHeY-

HOCTB), 3alIeMJIsIsi TAKUM 00pa30oM KOHTYD HHTer PHPOBAHHUs, TaK 4TO 060M-
TH 3TH OCOGEHHOCTH HeJb3si. TakK, HanmpHMep,

b
— dz N 1 b—x, b
F (x) —5 e sy i ln[( — )(a_ )] (1.12.8)

HMeeT OCOGEHHOCTb B TOYKE X = X, T'ie JBeé OCOGEHHOCTH NOJBIHTErPaJb-
HOTO BbIPA’KEHHs COBNIAJAKOT, H B TOYKaX ¥ = a, b, Kak U paHee. DTH 1Ba

THNa ocoOeHHOCTeH Ha3bIBalOTCA OCOGEHHOCTSIMH B KOHIEBBIX TOYKAX H
OCOOEHHOCTSIMH [HHYa COOTBETCTBEHHO.
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OGo6menve Ha HHTErPUPOBaHHe IO OOJIBIIEMY YHCJIY IepeMeHHBIX
JIOBOJILHO CJIOXKHO, IIOTOMY UTO BKJIOYAlOTCS JONOJHHTENbHblE NepPeMeH-
Hble, HO H3BECTHO, UYTO OCOGEHHOCTH MNOABLIHTErPaJIbHOTO BbIPAXKeHHs B
(1.12.5) npuBoaAT K 0COOEHHOCTAM aMIUIHTYIb! PAacCesTHHsI, €CJH BbIIOJ-

HEHBl CJEAYIOLlHe YCJIOBHA:
gt =mf um a; =0 aasa Beex { =1,2, ..., n
H

d < 2 2 ;e
(g —mP) =0 100 j=1, ..., L
o 21 a; (i ) B j

Ho nockoabky [cM., nanpumep, (1.12.2)] kaxnoe g nunefiHo no k, To mno-
CcriefiHee YC/IOBHe SKBHBAJEHTHO TPeGOBaHMIO, YTOOB ¥a,q; = 0 AN Kax-
i

go#t metam j. Dro ycaoBue Jlampay (1.5.14).
TakuMm o6pasoM AJA KBaapaTHOH AMarpammbl puc. 1.10, 6 uau ¢f =

—m}, wma; =0aaa i =1, ..., 4 H
gy + @y + gy + gy = 0. (1.12.9)
PaBenctBo ¢; = (0 3KBHBaJIEHTHO CTATHBaHHIO paccMaTpHBaeMoB JH-

HHH, TaK YTO €CJH, HampHMep, C&,, ¢4 = 0, TO mosyudaeTcsi AHarpamMma
puc. 1.10, 6. IIpu stom Tpe6yeTcs, YTOOH g7 = §2 = m® ¥ a,q; + Qyqy =
= 0, TaK 4YT0 ¢; = — ¢, H OCOOEHHOCTbL BO3HHKAeT IPH § = (g; — ¢3)* =
= 4¢% = 4m?, T. e. Ha nopore. Ecau He ofpalllaeTcst B HYJb HH OJHA H3
o;, TO JOJIKHO BBINOJHSITHCS YcJaoBHe (1.12.9). YMHOxeHHe ypaBHeHHs
(1.12.9) nocsenoBaTeNIbHO Ha KaxJoe H3 g; (i = 1, ..., 4) naeT yeTsIpe JH-
HeHHBIX YPaBHeHHS JJIs &, NpHYeM pellieHHe C o; = 0 BO3MOKHO, TOJBKO
€CJIH ONpeje/UTeNb CHCTEMBl paBeH HYJIO, T. €.

det (g;9;) =0 nna i, j =1, ..., 4.

ﬁocxonbxy S = (g1 —gy)® ¥ t = (g2 — ¢4), TO BHAHO, YTO OCOGEHHOCTH
BO3HHKAET NpPH :
(s — 4m? (¢t — 4m?* = 4m*. (1.12.10)

310 rpanuna o6aacTH, riae OTJIHYHA OT HYJIA ABOHHAs CleKTpaJbHas GyHK-
nusi Mangeascrama (1.11.3), mocxoJsbky ycaoeHe (1.2.10) maer kpuBylo,
rje CKauyoK Ha S-KaHaJbHOM pa3pe3e HMeeT CKa4yoK IO #, CBsSI3aHHBIH
¢ {-KaHaJbHEIM noporoM. OTMETHM, YTO IPH §— 00 3Ta IPAaHHNA ABHIKETCH
[0 HanpaBJIeHHIO K Mopory npH ¢ = 4m?. BoJjee c/10XHble 0COGEHHOCTH,
o6yc/oB/ieHHbIe GOJBbIINM YHCJOM YaCTHIl B IPOMEXKYTOYHOM COCTOSIHHH,
GYAYT BO3HHKATh NpH GOJBIUMX 3HAaYeHHAX HHBAapHaHTOB. 3Jech Mbl He
6yleM o6CyX)aaTb 3TOT BONPOC, a YHTaTeJeH, HHTepeCYIOUIHXCs MNOApPOs-
HBIM PacCMOTpEHHeM, OTChlIaeM K KHHre [157]. MBI XOTHM TOJIBKO HCIOJIb-
30BaTh HEKOTODhle M3 3THX pe3YJ/bTaTOB JaJjiee. '
Heo6xoqumMo 3aMETHTBb, YTO COOTBETCTBHE MeXAY ¢(elHMaHOBCKMMH
H YHHTapHBIMH AMarpaMMaMH BCeriia HeoJHO3HauyHo. Tak, yHMTapHasi aua-
rpamma puc. 1.11, @ ¢ o6MeHOM OAHOH 4acCTHIEH COOTBETCTBYET CKauKy
6eCKOHeYHOH INoCJaeJoBaTeJbHOCTH aHarpamMM PefiHMaHa, aHaJIOTHYHBIX
n3obpaxenHoil Ha pHc. 1.11, 6, KoTopble NPUBOAAT K INEePEHOPMHPOBKE
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BepLUMH M Macchl OOMeHHMBaeMOH HacTHbl. BoJjiee c/l0KHble auarpammbl
deliHMaHa, THNa H306paxeHHOH Ha puc. 1.11, 6, OyAyT daBaTh BKJaA
B HECKOJIbKO Pa3/IHYHLIX YHHTapHHIX AHArpamM, MOTOMY YTO CKayoK B
5Toil AHarpaMMe MOXKET GBITh B3ST HECKOJBKHMH Pas3/IMYHBIMH Clloco6amH,

i
a ) i} é

Puc. 1.11. a — YHHTapHasi aHarpamMma JJisi OJHOYaCTHYHOro oO6MeHa, NPHBOAALLAST

K CKauKy Ha NOJIOCHOR ocobeHHOCTH B BuAe &(g?—m2). 6 — OpHa H3 JuarpamMum

deiitHMaHa, KoTOpasi B cjydae, KOTJla B3fT paspe3 MO OJHOYACTHUYHOMY NPOMaraTopy,

KaK NOKa3aHO NYHKTHPHOH JIMHHeH, JaeT BKJAaJ B CKadOK, ITOKasaHHBII Ha pHC. Q.

8 — Huarpamma Qeiinmana. 2 — Tpu pasamuublx paspesa auarpaMMe 6, Aafolixe
BKJAaJ B JBYX-, TP€X- ¥ YeTHpeXYaCTHIHEIE YHUTAPHbIE JHATPAMMEI

KaK 3To nokasaHo Ha puc. l.11, 2. 310 0GCTOSITENBCTBO CieAyeT HMeTb
B BHAY IpH INpHMEHeHHH MoJeJsieH, OCHOBHIBAIOIIMXC Ha JHarpamMMmax
®efinMaHa, K NpoleccaM CHJIbHOTO B3aHMOJAEHCTBHS.

1.13. MortennnannHOe paccesHHe

JlocTaToYHO $sICHO, YTO TEOPHUSI HePEeJATHBHUCTCKOrO INOTEHIIHAJBLHOTO
paccesiHHsI MMeeT BeCbMa MaJioe OTHOLUeHHe K (QHU3HKe YacTHll. DTO He Hpo-
CTO BOINPOC BBeJAECHHS] PENSITHBHCTCKOH KHHEMaTHKH. CaMy HJAel0 MOTeH-
nuaJja, siBJsoerocss (yHKIHeH IPOCTPAHCTBEHHBEIX KOOPAMHAT, OYEHb
TPYAHO 060GIIHTE Ha PeJSITUBHCTCKHH ciaydaili. B pmeficTBHTesnBHOCTH CY-
UIeCTBOBaHHUE JIOKAJIBHOIO NMPUYHHHOTO B3aUMOJAEHCTBHS BCErJA MPUBOMAMT,
BCJIEACTBHE JIODEHI-MHBADHAHTHOCTH, K HCINYCKaHHIO KBAaHTOB MOJ.
A B dU3HKe yacTHI, 32 HCKJIOYEHHEM OYeHb HU3KHX SHEPTHH, MpeHMYLIeCT-
BeHHO GYAYT NPOHCXOAUTHL HEYNpPYrHe IPONECCh], BKIOYAOIHe 06pa3oBa-
HHe HOBBIX 4aCTHIl, KOTOpble, OYEBHJHO, HeJb3sl JIerKO BKJIOYHTb B DaMKH
MIOTEHIIHAJbHOIO pAaCCesTHHUS.

TeM He MeHee MOTeHIHaJBHOE paccesiHHe SIBJASETCH OYEHb IOJIE3HBIM
TeOpETHYECKHM METOAOM HAJis HCCJeJOBAHHsSI MHOTHX acCIleKTOB KBaHTOBOH
TEOPHH paccesiHHsI H HEKOTOPhle M3 MoJieslel, HCNOJIb3YeMbIX B (pH3HKE ya-
CTHII, OCHOBaHEI Ha aHAJIOI'HH C TeopHell NMOTeHIHAaJBHOTO paccessHHs. s
HalIHX 1eJiell 0coGeHHO BAXKHO TO, UTO B NOTEHIIMAJBHOM pacCessHUH, NPH
YCJIOBHH COOTBETCTBYIOLLEI'O INOBeAEHHS IOTEHIIHAJIOB, BBINOJHSETCH TOT
BHJ AMCIIEDCHOHHBEIX COOTHOIUEHHH, KOTOPHIA Mbl OOCYXKAajH B 3TOH IJa-
Be. B 1. 3 MBI OKaXKeM, UTO U OCHOBHEIE HJIeH TeOPHH Pellxke TakiKe MOLYT
OBITb KOKa3aHbl B NOTEHIMAJBbHOM paccesiHHHM. B 3ToM pasjene Mel nmocra-
paeMCsl BBISBUThL aHAJOCHH MEXKAY CTPYKTYPOH CHHIYJSAPHOCTEH aMILTHTYX
NOTeHIMAJILHOTO pacCesiHUA ¢ NoTeHnMaJsoM IOKaBel M CHHLYJISI PHOCTSMHU
S-MaTpHnp.
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Ypapnenne Illpexunrepa mast ABYX YacTHI, B3aHMOJEHCTBYIOUIHX IIO-
CpeJCTBOM JIOKaJBbHOrO HOTEHNHaNa V (r) B CHCTeMe leHTpa Macc, HMeeT
Bug [355]

[ﬁ‘lvz,+ 2 kz—V(r)] $(M=0, (1.13.1)

rae k — BoJHOBoe uHcso (3Hepruss E = A%k%/2M), a M — - MPHBeJleHHas
Macca. YJHoOHO BBecCTH

Ur) =V ()2M/n?, (1.13.2)
Tak 4To YypaBHeHHe (1.13.1) npunumaeT BHJI
(V2+R—U(@)y (r) =0. - (1.13.3)

HauasbHoe cocTossHHe IIpeACTaBJAACTCSA MJOCKOH BOJIHOH C BOJIHOBBLIM BeK-
: TOPOM k, HaIllpaBJe€HHbIM BJIOJb OCH 2

p 7 (puc. 1.12):
T S P (r) = exp (ikr) = exp (ik2). (1.13.4)
07 Z Mol uleM pelleHHe 3TOro ypaBHeHHH,
YIOBJIETBOPsIIOLlee TPAHHYHOMY YCJOBHIO,
TaKOMY, 4TO NpPH 7 — 00
Puc. 1.12. Tlapaiomas I}(JIOCKaﬂ P (r) — exp (ik2) +
poi manpansen siom ook z, pac-  + A (k, K) exp (ik'r)/r, (1.13.5)

CesiHHast IIOTE€HUHAJOM B TOUYKeE o
2—0 B Hanpasnemmu 1 ¢ pomso- [A€ BTOPOH UJIeH eCTh PacXOAsILAsCs pac-

BHIM BekTOpoM K’ CesiHHasl BOJIHA, BOJIHOBOH BEKTOpP KOTO-
poit k' HampaBJieH N0 HaNpPaBJIEHHIO €1U-
HHYHOTO BekTopa r, a A (k, k') — amnauryna paccesnus. as ynpy-
roro paccessuus | k| =|k'| = k.
Pewenue (1.13.3) ¢ rpanuuneiM ycaoBueM (1.13.5) naerca ypaBHeHHeM
JIunnmana—IIBuHrepa

P (r) = exp (ik2) + [Go (r, ') U (t') ¢ (¢') ar’, (1.13.6)
rae ¢yHkuus ['puHa paBHa
n_ 1 expliklr—r']]
Gy(r, r))= ym P— . (1.13.7)

To, uto Boipaxenne (1.13.6) siBisieTcst pelueHHem ypaBHeHHus (1.13.3),
MOXKHO IPOBEDHTb NPsIMOfi NOACTAHOBKOH, HMes B BHAY, YTO

V2({/|[tr—r"]) = —4ad (r—r'). (1.13:8)
U npu ycaoBuu, uyrto limrU (r) =0, mnockomeky |r—r' | ~r —r'r,
noJiyyaem
P (r) — exp (ikr) — exp (ikr)/(4mr) [ exp (— ik't) U (F) ¥ (r') dr’

Opu 7 — oo, (1.13.9)
yTo npd cpaBHeHuH ¢ (1.13.5) nmaer
Ak, K') =— (1/4n) f exp (ik't) U (*") ¢ (r') dr’. (1.13:10)
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BopHoBckoe npnéﬂmxeﬂne CNpaBeJ/INBOe MPH BHICOKHX SHEPTHSX, NOJY-
yaloT annpokcumauuei ¢ (r') B (1.13.10) namamomell NJaOCKOH BOJHOMH
(1.13.4) B npeAnoNIOKEHHH, YTO pacCesiHHe HEBEJIHKO: ,

ABk, k') =— (M/4n)fexp li (k — K) r'1 U (') dr’. (1.13.11)

Y 1o6HO BBeCTH (10 aHAJIOTHH C NpeAblAYIIHMH 0003HaYeHHUAMH) BeJHUHHY
s = k® ans noJsHo# sHeprud (B eAMHHNAX, I'le A2 =2M = 1) u

t=—K=—(k—K) = — 2k (1 — cos 0),
rie K — BekTOp nepepaHHOro ummnyJbca. Torzia
AB(k, k') = AB(s, ) = — (1/4x) fexp (iKr') U (') dr’. (1.13.12)

Tenepb, NpPH NOJCTaHOBKE

oo n 2n
dr'=\r2dr'\ sinada | df (1.13.13)
Jar=Jrndr ] sinad |
u Kr’' = Krcosa, riae «, p— noaspHsie
yrasl BoKpyr ocH K (puc. 1.13), unTerpupo-
BaHHE IO YIJaM Jerko BhINOJIHsIETCS, IIO-
ckoabky U = U (r'), M mnoJsyuaem

Puc. 1.13. BoJHOBEHIE BekTO-
bI |k| u |k’| paBhH, Tak uTO

. o 2|k|sm(0/2) Vrau o

u ecn; MOJNAPHHE YIJIH BEK-

AB (s, t)= —?Ssm (Kr)YU (r'yr'dr'. Topa 7’ TO OTHOMIEHHIO K
0 ocu K

(1.13. 14)

Camoii npoctoii ¢opmMOH KOPOTKOAeHCTBYIOILEro MOTeHUHaJa, MpHCY-
Ero CHJILHBIM B3aHMOJEHCTBHAM, sIBJAsieTCs NoTeHnuasa IOkaBbl

U (r) = g% exp (— pr)ir, (1.13.15)
rjae g% — KOHCTaHTa cBA3H, - a p~l—papuyc; AJas 3TOro HOTeHUHAJA
HoJyyaeM

AB(s, 1) = g¥(p? + K?) = g%/ (u® — ¥). (1.13.16)

TakuM o6pasoM, GOPHOBCKOE NPHOJMHKEHHe AJS aMIJIHTYIbl paccesHHs
B noteHyuaJje KOKaBbl ABJASIETCS MPOCTO MNOJIOCOM B TOYKe f = u?, BulYeT
B KOTOPOM JaeTcsi KOHCTAHTOH CBs3H. Pasymeercsi, /51 GoJsiee CJIOMKHBIX
NOTEHIHAJOB aHaJUTHUeCKHe CBOHCTBA He OYAYT CTOJb HPOCTHl, HO KakK
CYNepO3UIHsT IOTEHIHAJOB IOKABCKOTO THIA MOXKET ObIThb NpelCTaBJIeH
IIUPOKUH KJacC NOTEHLHAJOB:

1 0o
U ()=~ p@exp(—nndp, (1.13.17)
rge p — BecoBast (YHKUHsA, 4YTO JaeT

{i.13.1é)

A2 (s, 0= [ dp

210 BbIpaxKeHHe, O4YeBHIHO, FOMOMOD(HO MO S, a paspes MO f{ HAET OT
t=m? g0 oo.
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Yrobbl ABHHYTbCS JAaJblle, Mbl OTMETHM, 4YTO, IOCKOJBKY

(V® + £?) exp (ikr) =0, (1.13.19)
poipaxkenue (1.13.3) MoxkeT OBITH 3alHCaHO KakK
(V2 + BA)p = (V2 + k%) exp (ikr) + Uyp. (1.13.20)
[Tostomy ¢opmanbHO
» P = exp (ikr) + U/ (V2 4 &%) (1.13.21)
H nocnae HOCJIe,ZIOBaTeJIbeIX I‘IO}ICTaHOBOK
1 .
P = exp (ikr) 4+ V2+k= Uexp (ikr) + V=+k2 T U exp (ikr) 4-...
(1.13.22)
IMostomy B BeIpaxkesuu (1.13.10) noayuaem
Ak k') = -—-4‘? S exp (— ik’ ') U (exp (ikr’) 4
+ U exp (ikr)/(V2 4+ k%) +...) dr'. (1.13.23)

IlepBrifi usleH ecTb GopHOBCKOe npuGauxkenue (1.13.11), xoropuiit
0603HaYHM CIenyIOUM 06pasoM:

AB (k, k') =<k" | U | k), (1.13.29)
rae coctosiHHS | k) eCTb COGCTBeHHBlE COCTOSIHHS OllepaTopa HMIYJIbCA,
TaKHe, 4YTO

Vi k> =—K| k.
Tenepn, HCNMOMb3YsT COOTHOLIEHHE MOJIHOTHI, YTOOBl 3alHCaTh

p
— <p|, (1.13.25)

11
T ) PTE
nosyyaem GOpHOBCKHH psl (1 13:23) B BHEe
Allo k)= U O+ S VU 22 (Ul + ).

(1.13.26)

INockoabKky usieH B GUIYPHBIX CKOOKaX eCTb oNATbH GOPHOBCKOE Pa3Joxe-
Hue ammuaTyasl A (k, p), To MmoxHo nepenncatb (1.13.26) kak ypaBHeHHe
JlunnmMana—IIIBuHrepa AJs aMHJIHTlebI paccesiHH S

Ak, k)= AP (k, k') +— )3 S'A (k, p)_léz‘_’jpz

(2m)3

AB(p, k'), (1.13.27)

KOTOpoe MpeACTaBJMeHO rpadHyecKH Ha puc. 1.14.
s notennuana IOkasel noactanoeka (1.13.16) B (1.13.24) u (1.13.26)
NPHBOAUT K YpaBHEHHIO _

n__ g
A(k’k)_— ke T

S 2p 4o, (1.13.28)
@up ) (k' —p)R ] (k2—p? [(p— K)? + p]
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SIBJISIIOLIEMYCSI CTeNEHHEIM DSIIOM II0 KOHCTaHTe CBSI3M M HaIOMHHaIOlLe-
My npaeuja Pefinmana Aas auarpamum Ha puc. 1.10, Ho, pasymeercs, ass
caydasi Tpex H3aMepeHHH. BTopol ujieH HMeeT pa3spes mno k® =s miasa
k? > 0, riae sanameHaTeNb (p2 — k?®~! o6pamaetcsi B Hysab. [lepBrlfi ujen
HMeeT NOJIOC NpH ¢ = p?, BTopoﬁ — pa3pe3, HaYHHAIOMUACA B TOYKe
t = 4p2. BTopoii u/seH HMeeT nBom{yxo CleKTpaJbHYIO (YHKIHI0O MaH ae/n-
cTama ¢ rpaHHUed MpH

t=b(s) =4p® + pds. (1.13.29)
Takum o6pasom, paccesinue B noTeHnHa e IOKaBsl HJH ero npocTthle 0606-

menus tHna (1.13.18) uMeloT cTpyKTypy ocobGeHHOCTel, aHAaJOrHYHYIO TOH,
KOTOpO# o6JiafjaeT KBaHTOBasi TeopHsi moJsi ¢®. Pasymeercs, ecTb NIpHH-

K K

@ -

+-

<< <

-+

Y
H\(EZ/,(/ PNV ]
'\(-@/

U

Puc. 1.14. Tlpencrapnenne ypaBHewus JIunnMaua-lllpuurepa pauarpammamu GOpHOB-
CKOTO psja, rie NOTEHNHAJ AeHCTBYET B IPOU3BOJBHBIA MOMEHT BPEMEHH

[IMIHAJbHAsL Pa3sHHIA, 3aK/I0YAIOIAsCsd B OTCYTCTBHH U-KaHAJBHBIX OCO-
OeHHOCTell (KOTOpBIE JOJIKHBI COOTBETCTBOBATH OOMEHHOMY MOTEHLHAJ Yy
MaflopaHOBCKOIrO THINA), NPH OTCYTCTBHH HEYNPYTHX HOPOroB IO S U B TOM
tdaxTe, YTO ynpyrag TOYKA BETBJEHHS HAXOAUTCS NPH S = 0, MOCKOJBLKY
BMECTO DEJIATHBUCTCKOH KHHeMaTHKH § = E? = k? 4 m2®, MBl HCIOJb-
3yeM HEDPEJIATHBHUCTCKYIO: § = E = k2

1.14. dfikoHaabHOE pa3JoxkeHHe *

INone3HpIM NPHOJHIKEHHBIM METOIOM, KOTOPHIH Mbl GyAeM HCIOJb30-
BaThb B I'J1. 8, siBjIsieTCs TaK Ha3blBaeMoe 3HKOHaJIbHOE pa3JoKeHHe aMIJIH-
Tyael. OHO MOXKeT GBHITH JIEFKO BBIBEJEHO B CJydYae IOTEHIHAJbHOTO pac-
CesiHHsA, TJle OHO CINpPaBeJJIMBO NPH SHEPrHSIX MHOrO GOJIBIIHMX, YeM Io-
TeHIHAaJ B3aMMOJEHCTBHsSA, T. e. npu E > V uau k® > U B BlpaKeHHH
(1.13.3) (cm. [192, 254]).

B 3ToM ciyyae MBI OKHAaeM, YTO paccesiHHe Ha3al OyJeT HeBEJHKO
H NMo3TOMY MOXKeM 3alHcaTh peluleHHe ypapHenusi (1.13.3) B BHAe

P (r) == exp (ikr) @ (r), (1.14.1)
rie @ (r) — u3MeHeHMe mnajawoliefl BOJHBI, BhI3BAHHOE IOTEHIHAJOM.

* 31ech M HNajee pasjies, OTMEUYEHHBI 3BE3JOYKOi, MOKET GHTb ONYyLIEH HPH
NnepBOM YTEHHH.
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ITocne mnoacranoskH (1.14.1) B (1.13.6) ypaBHenue gas @ (r) npuHuMaeT
BHJ

O =1—(1/4n) fexplik|r—r' | —ik(c—r)U(F)D ') X
X dr'/lr—r'| =1 — (1/4xn) § exp likr" (1 — cos 6”)] X
X U@ —r")YO (@ —r") r'dr'd (cos 6") do”, (1.14.2)

rie BBelleH BeKTop 1’ =r —1r1', a 8 U @" — noJsipHEIe YIJIbI BEKTOP2
r’ 110 OTHOIUEHHIO K HaNpPaBJeHHIO T.

ITpy BLICOKHX IHEPTHSIX MOXKHO NPEANOJOXKHTb, UTO 06JacTh, B KO-

Topo#t mpousseieHne U® MeHsieTCsi CYIIECTBEHHO, MHOrO GoJiblle JJIHHEL

BOJIHEI A, TaK YTO HHTerpHpoBaHHe

J i no cos 8" MOXHO BHINOJHUTH MO Ya-

CTSIM H, NpeHeOperasi BTODPHIM 4Jie-

/ bV \ ' HOM, IOJIYYHTH
d 1

exp [ikr” (1—cos 67)]

B

0 z O~ ] ——
’ ~ 4n —ikr”
" 1 'COS e”= l
X U@F—r)O®([r—r") X
€08 §7=—1
" ’ ”

Puc. 1.15. Tlnockas BOAHA, Majaiolas X r"dr’ de”. (1.14.3)

Ha TOTEHIHAL: UieH ¢ cos 8” = — 1 odenb 6wICTpO
b — aByMepHBI BEKTOP B IJIOCKOCTH IIDH-

LeAbHOTO napaMerpa, NEPNeHAUKYJAApPHOH 2 OCHHJIVIHDYET U IIO3TOMY JiaeT MaJiblHd

BKJIaJ, B MHTerpaJ mno r”. IIpeneGpe-
rasi UM, HoJiydyaeM, UTO HHTerpaJ OTJIHYeH OT HYJs TOJBKO TOrAa, KOrja
r’ napasjened k, T. e. HampapJieH BAOJIb OCH 2, H M03TOMY (TaK Kak
[de"” =2x) Boipaxenue (1.14.3) npunHMaeT BHJ

2
O~ 1—-2‘; S Ux, y» 2)D(x, y, 2")d2", (1.14.4)
pellleHHe KOTOPOro ecThb
- - z
@ (x, ¥, z)=exp(——2‘; S U(x, y, 2") dz”). (1.14.5)

IMosToMy ecau Mbl pasJfoxuMm r (puc. 1.15)
r=b—!—ﬁz,

rie b — AByMepHBI# BEKTOp, NEePNEeHAHKYJSIDHBIH €IHHHYHOMY BEKTOPY
k, To moayuum

¥ (r)=exp [ikr— 2% X U (b+k2") dz”], (1.14.6)
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yro npu moxacraHoBke B (1.13.10) maer
Ak, k)= -+(1/4n) (exp (—ik'r") U (b’ +kz') x

F1 .
x exp (ikr’ —(i/2k) { U b’ + k") dz"ydz' d2b".  (1.14.7
; )

Hasa paccesinnsi Ha MaJsble yrael (k — k') k &~ 0 u B 3TOM npuGIHKeHUH
HHTErPHPOBAHHE 110 2’ NMPOM3BOAHTCA OT QPYHKUHH, SBJSIOLIEHCS MOJHBIM
IuddepeHNHaNOM. DTO TaK, NOTOMY 4TO

62' [exp (—6Y Udz”))]: ——[exp(—by Udz”)] Udz'. (1.14.8)

WM nostomy nosayyaem .
A (k, k') = (ik/2x) fexp (ikb’) (1 —exp [y (b")]) d®b’. (1.14.9

3nech BBeJeHA 3UKOHAJbHAsE (PYHKIMS, ONpeJeseHHasi CAeAyIomuM obpa-
30M:

x(b)=_2_‘k S' U (b +kz") dz". -~ (1.14.9)

Hnast  cdepHyecKH-CUMMETDHYHBIX [OTEHIMAJIOB MOXHO BBHINOJHHTbL B
(1.14.8) unTerpHpoBaHMe IO YyIJaM, HMes B BHAY, UYTO

d®’ = b'db'dy;
= (2k sin 6/2) b’ cos ¢ = (V7) b’ cos ¢
n us [292]

T
ﬁj exp [i % cos @] dp = Jo (%). (1.14.10)
0
rae J, — ¢ynknus Beccens HyseBoro nopsiika. B pesyabraTte nosyuaem
Ak, k)= —ikj' Jo(b' V —%) (exp [ix (b)]— 1) b" db’. (1.14.11)
0

Ecau pasjioKUThb 3KCIIOHEHTY N0 CTeNeHAM ), TO MOJYYHM 3HKOHAJbHBINR
paa

Ak, k')= -—ikEon bV —8) 0 prgp. (1.14.12)
- nl
SiikoHaabHass GyHKMs (1.14.9) MoxeT GbITh BhIpaxkeHa KaK ABYMep-
Held ¢ypbe-06pa3 OT GOPHOBCKOTO npuénmxemm (1.13.12), 1. e.
x (b )——Scﬂk exp (—ikb) AB(k, k')=
=.§LS o (BV D) AB(s, t)dt. (1.14.13)
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O6pamas (1.14.13) u ucnoansys [292]

fJo(xy)Jo(x’y)dy=6(x—x'), (1.14.14)
0
noJryyaeM ‘

AB(s, t)j;kjfx(b)Jo(b]/ —7) bdb, (1.14.15)

0

KOTopasi SIBJIsieTCs1 NepBeIM 4YJeHoM B psaay (1.14.12).

Takum o6pa3oM, NepBhIf UJleH B SHKOHAJIbHOM DsIy COBHNAJaeT C nep-
BbIM 4YJIeHOM B GOPHOBCKOM DSy NPH BBICOKHMX 3Heprusix (1.13.26). Coot-
HOLUeHHe MeXJAY UYJeHaMH BHICUIMX NOPAAKOB B 3THX ABYX psjax GoJee
cnoxHo (cM. [254]), Tak Kak A1a AeHCTBUTEIbHEIX MOTEHIMAJ/IOB 3HKOHAJb-
HBIA PSR COAEPKUT NonepeMeHHO AeHCTBHTeNbHEIE H MHHMBIE YJIeHBI, B TO
BpeMsi Kak B 0O0lIeM ciayyae BCe YJieHbl GOPHOBCKOTO psijla KOMIIJIEKCHEL
B npegene ke GOJMBIINX & U GHKCHPOBAHHLIX K 3TH JBa psifla COBNAAAIOT.
ITosTtoMy sHKOHAJBHBIH DPAA MOXKHO PacCMaTPHBaTh KaK NpHOIHKEHHe
K CyMMe JIECTHHYHBIX AuHarpaMm (cM. puc. 1.14), rae Kaxaoe nocJefioBa-
TeJIbHOE NepepaccessHHe MPOUCXOJUT TOJNBKO Ha MaJblii Yyroa. B jgaabreii-
IIeM MBI YBHAMM, YTO 3TO OYeHb IOJIe3HOe NMPHOJMKeHHe (CM. pasa. 8.4).

KOMNJAEKCHA4 NJIOCKOCTH YFJIOBOFO MOMEHTA
’ 2.1. BepeHue

B 1959—1960 rr. Pemxke [339, 340] Gnisa BhiCKasaHa NPUHUMIHAJILHO
HOBas HJesl, OTHOCSALIAACA K TEOPHH paccessHHs. DTa HAes 3aKJouaJach
B BaXKHOCTH PaCCMOTPEHMSI aHAJUTHUECKOTO NPOJOJIKEHHS aMILIUTY] pac-
CesiHHSI B KOMIJIEKCHYIO IJIOCKOCTB YTJIOBOTO MOMEHTA.

Ha nepsbiii B3rJsisig 3Ta HAes KaXeTCsl AOBOJIBHO GeCCMEICJIEHHOM, Tak
KakK B KBaHTOBOH MeXaHHKe YTJIOBOH MOMEHT CHCTEMBl KBaHTYeTCs H IpH-
HHMaeT TOJIbKO HeJIbi€ MOJIOXKHTENbHbIE 3HAYeHHsa® (HIH TOJIBKO MOayne-
Jble, B Cy4ae, eCJH CHCTeMa HMeeT MoJyuesslit cnuH). IToaTtomy ¢ camoro
Hayajla NOSICHHM NpPOHeAYPY aHaJHTHYECKOTO MNPOAOJIKEHHS.

KBanToBanHe Yr/J0oBOrO MOMEHTa OTPaKaeT B OCHOBHOM KHHEMaTHKY
npoiecca, TaK KaK SBJSETCS CJeJCTBHEM HHBaPHAHTHOCTH CHCTEMHl MPH
NPOCTPAHCTBEHHBIX MOBOPOTAX, H NO3TOMY JOJIKHO MaJlo BJHSITH Ha CHJIHI,
KOTOpBIE ONpeJe/siOT MPHPOAY B3aHUMofeHCTBHA. B cBssu ¢ sTiM peure-
HHe 3aJay HepesSITHBHCTCKOTO INOTEHUHAJbHOTO paccesiHHs OOBIYHO Ha-
YHHAIOT C pasjiesieHHst ypaBHeHHUs Ilpelunrepa Ha pajHaJIBHYIO H YIJIO-
BYIO YaCTH. B JajbpHeHineM JOCTaTOYHO PACCMOTPEThH TOJIBKO pajJHaJsibHOe
ypaBHenHe (nofpoGHee cM. HHXKe, pas3ld. 3.3)

&0, ()ldr* + (2 — L (L + DIir* — U () @, (1) =0, (2.1.1)
* 3fech H B jajbHefimeM yrJjoBhie MOMEHTH OYAYT H3MepsATLCH B eAHHHUAX A,
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B KOTOPOe BXOAHT NOTEHIHAJ B3aUMOJEHCTBHS M, CJeloBaTesNbHO, Colep-
XKHUT B cebe BCIO AMHAMHKY B3auMmojelicTBHs. [IpHyeM yr/ioBoil momeHT [
BXOJHT B 3TO YpaBHeHHe NPOCTO KaK HNapamerp.

O6ryno ypaBhenHe (2.1.1) MoxHO paspemiMTe TOJBKO IPH TeX 3Ha-
YeHHAX [, KOTOphle HMeIOT ¢pH3HYeCKHH cMbICT. OIHAKO HeT HHKAaKHX NpH-
YHH, BCJAEICTBHE KOTOPBIX HeMb3st GblI0 Obl pacCMOTpPeTh HedH3HYeCKHe
3HaueHUs1 [: HemeJble HJH Jaxe KOMIJIeKCHhle. B caexnyiomiefl ryiase Mol
MOKaxKeM, B YeM 3aKJ/I0YaeTCsl CMBIC/ H KaKoBa MOJb3a OT PaCCMOTPEHHSA
He(pHM3HYECKHX YIVIOBBIX MOMEHTOB B 3aJa¥ax HepeJsiTHBHCTCKOrO MOTeH-
[HaJIbHOT'O pacCcesiHHs, OMHAKO CTOHT Cpa3y HOJYePKHYTb, YTO OCHOBHEIE
HIeH HUMeIOT 3HaYHTeJbHO GOoJbIIYI0 OGIIHOCTE H HX chepa npHMEHHMOCTH
OTHIOAb He OTPaHHYMBAEeTCs 3aflayaMH NOTEHUHaJbHOro paccesHusi. Hau-
6oJ1ee BaXKHBRIMH U MOJIe3HBIMH OHH OKa3aJIHCh B 00JaCTH (H3HKH dJIeMeH-
TapHBIX YacTHIL. .

3Ty I1aBy MBI HAYHEM C TOTO, YTO ONpeJeJ UM NapliHaibHble aMIOIHTYAbL
U o6CyIHM HEKOTOpble HX CBOHCTBA, a 3aTeM PaCCMOTPHM HX aHaJUTHUe-
CKOe NpPOJOo/IKeHHe Ha KOMIJIEKCHBIE 3HAUE€HHS YTJIOBOTO MOMeHTa. Ml
HOKaXKeM, YTO B KOMILIEKCHOH IJIOCKOCTH YIVIOBOTO MOMEHTa BO3HHKAlOT
CHHT'YJISIDHOCTH, KOTOpBIE OINpEeJe/sioT aCHMITOTHYeCKOoe INOBeJeHHE aM-
NJUTYALl paccesinus. HMcxoiss M3 3Toro cpasy oIpefelHTCS HOpoueaypa
BHIUHTAHHsI B JHCIEPCHOHHBIX COOTHOUIEHHSIX. DByJeT Tak:Ke NoOKasaHo,
YTO JBHXKYIIHECS MOJIOCAa B MJIOCKOCTH YTJIOBOIO MOMEHTa CBSI3aHREI C CO-
CTaBHBIMH YaCTHUAMH (MJIH pe30HaHCAMH), TAK KaK aCHMNTOTHYECKOe IoBe-
JeHHe AaMIIHTYAbl pacCesiHHsI OMNpeleJisieTCsl COCTOSTHHSIMH, KOTODPEIMH
MOTYT OOMEHHBATLCS CTAJKHBAIOUIHECS YAaCTHUBEI. DTOT Pe3yJ/bTaT siBJseET-
csl oJHOH H3 HauboJiee BaXKHBIX KPHTHUECKHX NPOBEPOK IIPHMEHHMOCTH
ugell Pemxe K ¢du3HKe sJeMeHTapHBIX yacTHi. I[Ipumenenne upeft Peixe
B TEOPHH 3JIEMEHTAPHBIX YaCTHI] COCTaBJ/IsIeT OCHOBHOE COJepzKaHHe OCTa/b-
HOfl wyacTH KHHMrH. Kpome TOro, Ha OCHOBaHHH 3TOTO pe3yJbTaTa Mbl
B JaJjibHeHlIeM BBeeM B pacCMOTpPeHHe «THIOTe3y OGYyTCTpamay, CorJacHo
KOTOpPOH BCe CHJBHOB3aHMOJEHCTBYIOUIHE YACTHIEI MOTYT BO3HHKAThb KaK
CJIeJICTBHE YCJIOBHH YHHTAPHOCTH H aHAJHTHYHOCTH aMIUIUTYJ pacCesiHHs.

2.2, llapumaabHble aMIIMTY ABbI

B 310t rnaBe 6yJeM paccMaTpHBATh TOJBKO IMPOLECCH pPacCesiHHSA
2 — 2, Korja JBe 4acTHUHI CTAJTKHBAIOTCA U NEPeXOAST CHOBA B JIBe YaCTH-
uel. OrpaHHYHMCS GECCIIHHOBBIM CJydYaeM, H MO3TOMY MOJHBIA YTJIOBOMH
MOMEHT Ha4aJbHOIO COCTOSIHHS COBMaJaeT C OTHOCHTENBHBIM OPGHTABHBEIM
YIJIOBBIM MOMEHTOM CTaJIKHBAIOIHXCs YacTHH. TaK KaK yrJIOBOH MOMEHT —
COXPaHAWAACH BeJIHYHHA, TO OPGHTAJNbHBIH YIJI0BO#l MOMEHT KOHEYHOIo
COCTOSIHHUS JO/IKeH OBITb TAaKHM K€, KaK H HadYaJbHOTO COCTOSIHHS.
Yacto ymo6HO paccMaTPHBAThb AaMIJIHTYJLY pacCessHHS JJIsi KaXKIOTo
COCTOSIHHUS C ONpeleJIEeHHHIM YIJIOBHIM MOMEHTOM OTJeJbHo. Takyio aMm-
nautyny GyfeM Jajiee HasblBaThb MNapHHaJbHOH aMIVIMTYJeH pacces-
HUs1. OfHaKO OGBIYHO HAYaJbHOE COCTOSIHHE He SIBJISIETCS COOCTBEHHEIM CO-
CTOSTHHEM ollepaTopa YIJIOBOTO MOMEHTa, a HpeicTaBjsier coboil cymep-
HO3HIHIO COCTOSIHHH C Pa3JIMYHBIMH YIJIOBBIMH MOMEHTaMH, H HO3TOMY MOJI-
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Has aMILUINTYyJa paccesiHHA AaeTcsl CyMMOR Pas3JH4YHBEIX MapUHaJbHBEIX aM-
IJIUTY. ‘

HsBecTHO, 4TO IJiss GeCCIHHOBLIX YacCTHL YIJIOBass 4acTb BOJIHOBOH
(YHKUHH, ONHCHIBAIOWEH COCTOSIHHE C 3aJaHHBIM OPOHTAaJbHBIM YIJIOBBIM
MOMEHTOM [/ B S$-KaHase, jJaeTca ¢yHkuued JlexaHApa mnepBoro poja
P, (z,) [em. (A.3)]. B cucteMe nentpa Macc peaKUHH, KOTOPYIO Mbl B 1aJib-
HefilleM 6yJeM HCIOJb30RAaThb, Zs == Cos O, JaeTcsl Brlipaxkenuem (1.7.17).
IloaToMy npH (PHKCHPOBAHHOM KBajpaTe BBEIXOJHOH SHEPTHH S YroJ pac-
cestHHS O, ompefe/IsieTCss TONbKO BeJH4HHOH ¢ [HH u ¢ nomomblo (1.7.21)]
H, CJefoBaTeNbHO, ! = f (24, S).

Taxkum 06pa3oM, B CHCTeMe LeHTpa Macc NapuHajbHas aMIVIUTYJa pac-
CesiHHSI C JAHHBIM YIJIOBBIM MOMEHTOM [/ B S-KaHaJjle OIpeJiefiieTcsl 4Yepes
HOJIHYIO aMIJIHTYLY paccemmﬂ clefyIOlHM 0o6pa3oM:

A(s) = ——— jdzsmz)A(s, t(zs), 1=0, 1,2, ... (2.2.1)

B onpenenenue (2.2.1) 115 yno6cTBa BBeleH MHOXHTedb (167)~1; oH mos-
BOJIUT YIPOCTHTh BHJ YCJOBHS YHHTapHOCTH (CM. HHMXKe). Ecau ucmoJb-
30BaTh COOTHOILIEHHe OpToroHaabHocTH (A.20), To MoxkHO 06paTHTh (2.2.1):

[e.+]
As, t)y=[16x ¥ 21+ 1) 4,(s) P, (). (2.2.2)
=o
BripaxeHHue (2.2.2) Ha3pIBaeTCs «Pa3J/IOKEHHEM MO NMapHHaJbHBEIM BOJHAMY
noJHOH aMmmauTyiael A (s,

Bripaxkenue (2.2.2) uMeeT 0JHO OYeHb BaXKHOe JOCTOHHCTBO: MPH Ma-
JBbIX S MOXKHO OXKHJAaTh, YTO TOJIBKO HECKOJIbKO MapUHAJbHBIX BOJIH JAlOT
BKJIaJ B pasyioxkeHHe (2.2.2). 3To MOXKHO MOSICHHTDH CJelyIOUM 06pa3oM.
Ec/d npefnoJioKHTb, YTO YacCTHIA ABHKETCS KJACCHYECKH H HMeeT YTJo-
BOl MoMeHT [>> g,R (gs; — HMIyJbC dYacTHLB, R — paguyc nelcTBHSA
CHJI), TO OHa JOJIXKHA NpPOJeTeTb MHMO MHIIEHH H, CJleJOoBaTeJbHO, He
NOJixKHA HCMBITaTh paccessHHsi. TakuM o6pa3oM, eclM CHJIbHBIE B3aHMO-
JeficTBHs1, Tpy6O TrOBOpS, XapaKTepH3YIOTCS pajHycoM JOeHCTBHSI CHJ
nopsigka 1 ®m, To Aast Toro YToGml TOJNBKO S-BOJIHOBasi aMILIMTyJa Ja-
BaJla BKJIaJ B MpaByio 4acTh (2.2.2), Heo6xoquMo, 4Tobel ¢;< 2000 MaB/c,
oA S- U P-BOJIHOBEIX aMIOIHUTYA ¢, < 400 MaB/c -u T. A.

Jpyrum JOCTOHHCTBOM pasjoxeHHs (2.2.2) sBisercst To, YTO Kaxkias
NapuHaJbHasi BOJHA yJOBJETBOPSIET CBOEMY COGCTBEHHOMY YCJIOBHIO YHH-
TapHOCTH, KOTOPOe HHKAK He CBSI3aHO C YCJOBHSIMH YHHTAapHOCTH IJIs1 ApY-
HX MapUHaJbHBIX BOJH. 3TO MOXKHO JIETKO BHIBECTH, €CJH MNOACTAaBHThb
pasjoxende (2.2.2) B OByX4yaCTHYHOe YCJOBHe YyHHTapHOcTH (1.5.7)

1650 321+ 1) (A1 (s:)— Ail (5-) 1 (20) =
= fore (16n) | do (a2’ DAL Py ()
0

x 12,(21" + 1) AY (s_) P (2"), ©2.2.3)
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rie 2’ = cos 0;, — KOCHHYC yrJla MeXJIy HanpaBJEHHAMH JBHIKEHHS
YaCTHIl B HAYaJbHOM COCTOSIHHH i M TPOMEXYTOUHOM COCTOSHHH 7,
2’ == cos 0,y — KOCHHYC YrIJ/la COOTBETCTBEHHO HJIsi MPOMEXYTOUHOrO H
KOHEUHOTO COCTOSIHHH, H HaKOHel, Z, = co0s 0;; (puc.2.1). Teopema cio-
JKEeHHs1 KOCHHYCOB JaeT

cos 0;, == cos 0;scos B¢, + sin 0;; sin By, cos ¢, (2.2.4)

rie ¢ — YroJ MexkJ1y IJIOCKOCTSAMH pacCesiHHsI peakuuil [ —n H n-— f.
Teopema cjoxeHust st ¢yukuuit Jlexanapa [cm. 1. 1 c. 168 [161])

NPHBOAUT K
Py (") =P, (2) P (Z')+

]
| —ymEU=mE D) b oy pi
2 g,( D T (l+m+ I)Pz (z) Pp(2')cosme,  (2.2.5)

rie P;" (z) — npHcoexnHenHasi ¢pyHKuus JlexaHJpa nepBoro poaa. ¥cio-
BHe opToroHanbHocTH (A.20) (cm. [1611, T. 1, c. 171) maer
’ n 1 :

’ ! " 4
Y do 5 dz’ Py (2') Py (2 )zal,rm,jﬂlp,,(zs) (2.2.6)
0 Ry

H B pe3yJabrate (2.2.3) nepexoJHT B

AT (s ) —AY (s_) = (4igen/Vs) A" (s4) AT (s2). 2.2.7)
TakumM 06pa3oM, B YCJOBHE YHHTAPHOCTH BKJIOYAIOTCS TOJIBKO COCTOSIHHS
¢ YrJa0BBHIM MOMeHTOM /. OTMeTHM, 4TO MHOXHTenb 16m B (2.2.7) oTcyTeT-
BYeT H3-3a COOTBETCTBYIOIIETO OMNpefiejleHHs MapHHaJbHBEIX aAMIJINTYH
B (2.2.1).

t n r &, Qsn
T g
oo LA
) Gs12 2
2 4 A
a g

Puc. 2.1. g — JIByXxua.THYHOE HPOMEXYTOYHOE COCTOsiIHHEe |n>>==5+46 B pearuuu

1 4+2-»3+44.. 6 — Yroa pacceanus 0;, B peakuun 1-+2->5+6 B cucreMe ueHTpa Macc

peakiuHu. 8 — YTJbt paccesHus Oin, Ony u Oiy. Yron O — azauMyTaJbHBIA yro, 3aja-

IOIIHA HaNpaBJeHHe BEeKTOPA (s3a M PABHEIA YIVIy MeXAY MJOCKOCTAMH (Qsiz, Qsas) H
Qs34 qsn

B cayyae ynpyroro paccesiHusi, KOria B Ha4aJbHOM, NPOMEXYTOYHOM
H KOHEYHOM COCTOSIHHSIX HaXOJSTCS OJHH U Te 2Ke YaCTHUBI, BbIPaXKeHHe
(2.2.7), ecau BcnomuHuTh (1.10.3), mepexoiut B

Im {48 ()} = (29.:/V 5) | AL (s) =0 (5) | 47’ (5) I, (2.2.8)

0! (5)=2q, :/ V3 (2.2.9)
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ABJsIeTCsT (Ha30BEIM (paKTOPOM NapUHaJBHOH BOJIHEL AJIS1 COCTOsIHHSA i. Tak
7 y 14
Kaxk pf (s) << | npH Beex s, To U3 (2.2.8) caenyet, uto 0 <C Im {A4;"} << 1.
OueBuiHO, 4TO pelieHHe (2.2.8) cilelyeT HCKaTb B BHJe
Al () = exp [2i8; ()] — 1 __exp [i§; (s)] sin &; (s) _
¢ 2ip! (s) pi(s)
=1 N _ (2.2.10)

pi(s) ctgd;(s)—i .

310 BRIpaXKeHHe CJYXKHT onpelesenueM ¢aswu §; (), KoTopas SABJIAET-
cs1 JefCTBHTeNbHOH (pyHKuHed. AMNIHTYNA pacCesiHHsI BILUIOTH JO HEYI-
PYroro nopora mHoOJIHOCTBIO XapaKTepH3yeTcs 3Toil ¢hyHKuHeid. Pasbl Moxk-
HO HaiTH NPSMO H3 3KCIePUMeHTaJbHBIX JaHHEIX, aHaJH3HPYs YIJIOBOe pac-
npefenende do/dt, no MeHblleil Mepe AJIs1 HHUSIIHX NapUHAJIbHBIX BOJIH MPH
MaJielX S. Ofgako HacTosiuHi ¢a30Bbll aHAJMH3 CHJIBHO 3aTPYIHsIeTCA Ha-
JHUYHEM Y 4YacTHU crmuHa (CM. M. 4), a TakXKe HEYNPYToCTbK) H MpejacTaB-
JsteT coGofi JOBOJIBHO TPYAHYIO 3ajauy.

B obuem ciyuae, Korla MMeeTCs MHOTO OTKPBITBIX KaHaJOB, BhIpaKe-
HHe (2.2.7) nepexoiuT B

Im {A} (s)} = p! ()] Af’ () |2 + éi pr A (sy) AY (s.) + KaHaJbl C TpeMs

1 6oJiee 4aCTHLAMH, (2.2.11)

npHYeM
0L AP Im{AF}y < 1. (2.2.12)

Yyer Heympyrux KaHaJOB MOXKeT OBITh MpoH3BelleH H mpsivo B (2.2.10),
ec/H pa3pemuThb ¢asaM O; ObITb KOMIJEKCHBIMH, 8;— OF 1 i8] Torna

1it = n exp (2i6F)—1
4 2ip? (s)

IpUYeM 1); HMeeT cMBIC] ¢(aKTopa HeympyrocTH, 0 =T v; < 1. SlcHo, uTO

B CJAy4ae YOPYroro paccessHHst m; = 1
B cayuae, Korja B HEKOTOpPOH NapLHajbHOH BOJIHE HMEeTCS Pe3QHAaHC
npu s = M? (cm., nanpumep, [55, c. 398]), To

, Tme my=exp(—28)), (2.2.13)

OR(s) — (2n+4-1) —%(nﬂueﬂoe YHCJIO).
. s»M?

Toraa, ecau Mel mosioxum tg 6; (s) & M, I/(M? —s) npu s~ M} u

nofacraeuM B (2.2.10), To moJqy4HM BbIpaxKeHHe

iy a1 M, T 1 r/2 _
Al (5) ~ pi(s)y Mz —s — iM, T pi(s) Mp,—E—ir/2 "’ rae E_VE.
(2.2.14)

Sra ¢opMyJsa, 4acTO HCroJb3yeMasl B slepHOH (pH3HKe, MPeACTaBJSIET CO-
60 BhIpa)kKeHHe AJs YIPYroro GpeAT-BHTHEPOBCKOro pe3oHaHca ¢ Maccoi
M, u mupunot I B caydae mnOTeHUHAJbHOTO pacCesiHHS YCJOBHE
8;— (2n - 1) ®/2 oueHp mnOXOXe Ha YCJIOBHe 0Opa3oBaHHsl CBs3aHHO-
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rO COCTOSIHHSI C eMHCTBEHHOH MONPAaBKOH Ha TO, YTO PE30HAHC BO3HHKAaeT
IpH HOJIOXHTENBHOH 3HEPTHH H MO3TOMY MOMKeT pacHajaThCs (CM., Ha-
npumep, [355, c. 128]). Takum 06pa3oM, MOXKHO pacCMaTPHBATb Pe3OHAHCHE
KaK HecTaGHJ/IbHBIE COCTABHBIE YaCTHLBI, KOTOPBIE MOXOXH Ha CBSI3aHHbIE
COCTOSIHHSA. B ToM caydae, Korja HMeeTCsi HEYNMPYrocTb, PE30HAHC MOMKET
pacnajaThCsi B OJJHH M3 HECKOJBKHX BO3MOXKHEIX KaHaJoBf. B aToft cu-
TyanHH aMIJIHTyJa pacnaja GyJeT HUMeTb CJeAYIOWUHH BHI:

i (I‘I‘f)l/2 . 2qiqf 1/2
f —r 7 =] L5 11
A )= T ( : ) . (2.2.15)

rge I'; — napuuaJ/bHas IIMPHHA pacnaja B AaHHblH KaHanf,a I'= 2 T; —

noJHasi wWwWpHHa pacnaja. CTOHT OTMETHTb BaxKHHIH B JaJsbHeiilnem ¢Gaxr,
YTO BBIYeTbl B moJroce aMIIHTYIE (2.2.15) dakTopusyiorcs. C nomolnbio
aHa/IM3a MapuHaJbHBIX BOJH GbLJIO OTKPHITO MHOTO NOJOGHBIX Pe30HaHCOB
(cMm., Hanmpumep, [332]).

Tax kak gaas Bcex ! P;(z =1) =1, To MOXHO CHOPMYyJHPOBaTH
onTHYeCKYVIO TeopeMy (1.9.5) ucnoapsys (2.2.2), Ha si3bIKe NapuUHaJbHBEIX
AMIJIHTY ]

2 (20+ 1) Im {AZ (5)}. (2.2.16)

o-tlot (S) —_

qs].2_‘l/—

Ecuu noacraBUTh (2.2.2) B (1.8.13) u ¢ momompio (A.20) COBepUIHTb HHTE-
rPHpPOBaHHe MO YIVIOBBIM MEPEMEHHBIM; TO JJIs1 CEYeHHs] YNMPYroro pacces-
uusag 1 4+ 2— 1 + 2 noayuaercs

0% (5) =~ T3 @ DA (2.2.17)

C noMoumbio noactaHoBkH (2.2.8) B (2.2.16) MOXKHO yOeIUTBCS, YTO HHKe
HEeYnpyroro mnopora o'} = 0¢,, KaK H J0JIKHO OBITb.

CoBeplIeHHO OYEBHIHO, YTO MOXKHO CHAEJATh MOJHOCTHIO aHaJOrHYHOE
pas/ioxeHHe MO MapuHaJbHEIM BOJHAM B {-KaHaJle, onpelessisi napuHa/b-

Hbl€ BOJIHBI KaK

z()——T-—— S dz, Pi(z) A (s(zp 1), 1), [=0, 1, 2... (2.2.18)

Oépa’ms 3TO BbIpaxeHHe, IMOJYYHM, YTO pasJjioKeHHe NOo NapuHadbHBEIM
BOJIHAM HMeeT BHJI

AGs, =165 33 @I+1) A, () P, (2)- 2.2.19)
=0

B cienyiomem pasfieie Mbl PaCCMOTPHM CBsidb Mexny (2.2.19) u paccesi-
HHEM B s-KaHaJjle, KOTOPoe CBSI3aHO C paccestHHeM B f{-KaHaJie COOTHOILe-

HHUEM KPOCCHHTa.
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2.3. IlpepcraBiaenne I'pu6osa—Ppyaccapa

Taxum o6pasoM, paaioxkenue (2.2.19) saBaseTcsi npeacTaB/eHHEM
AMIIMTYIBl paccestHHs1 BO Bcell (pH3HueckoH o6JacTH {-KaHanma. Tak Kak
A (f) conepXHUT Kak f-KaHaJbHble NOPOTH, TaK H IOJIOCA, OTBeualoiliHe
pe3oHaHcaM, To aMILIMTYJa, HoJaydeHHasi ¢ moMmoinbio (2.2.19), Takxke co-
JEPKHUT BCe 3TH /-KaHaJIbHBle CHHTYJsApHOCTH. OIHAKO 3aBHCHMOCTH 3THX
CHHTYJ/ISIDHOCTeH OT $ NOJIHOCTBIO 3aKJ/IOUeHhl B NoJHHOMax JlexkaHnpjpa,
KOTOPhIE SIBJSIIOTCS HEJBIMH QYHKIHUIMH 2; H, CJeJoBaTeJIbHO, NepeMeHHOH
s, Korja ¢ ¢uxkcupoBana. IlosTomy COBepIlEHHO ‘OUE€BHIHO, YTO 3TO MHpej-
CTaBJIeHHe JOJIXKHO HapyllaThesi BHe (DH3HuecKOH of6JjacTH f-KaHaja
— 1 << z; << + 1), HanpuMep, €cJH MBI cleJlaéM aHaJHTHYeCKOoe MPoJoJ-

ze (2-t-m31) z;(miY) @
IR >—+ t §'
B -1 ! Zt(STIt)
Zt (z_t_UT, t)

Puc. 2.2, CHHry/SIpPHOCTH NJOCKOCTH 2Z; MPH (PHUKCHPOBAHHOM {(>>f.).

Bre dianyeckoil o6nacty (—1<C2{<1) uMel0TCA: § — KaHaJbHble HOJNIOCA ¥ TOYKH BETBJIEHHS OPH
Zt>1 B o — KaHaJIbHble CHHIYJSAPHOCTH Opu 2t<<-—-1 (cp. puc. 1.5)

KeHHe K GJHKaHIIed CHHTYJISIPHOCTH 1o S (HMJH &), Tle psAjl HauHHAaeT
pacxoputhcsi. ITosICHUM cKasaHHOe NpOCTBIM npHMepoM. klaBecTHo, uTO
HOJIIOC MOXKHO TMNpeACTaBHTb KakK

(m*> —s)™t =m2[1 + s/m® + (s/m?)? + ...1.

QOueBHIHO, UYTO 3TO NPENCTABJEHHe HapyllaeTcsi, KOrAa § CTAHOBHTCS
GoJibllie m?, TaK KaK psAl PACXOAUTCS HauHHass € § = m?.

Ha puc. 2.2 nokasaHel GyHKaHiiHe K f-KaHaly S- H y-KaHaJbHBIE
HOJIIOCA, a TAK¥e TOYKH BEeTBJIEHHS B MJOCKOCTH Z;. OHH BCerJa HaxonsTCs
BHe (H3HUeCKoH 06JacTH {-KaHaja H, cJiefoBaTesbHO, MpelNCTaBJeHHe
(2.2.19) cipaBensiHBO B JOBOJIBHO MaJiofi 06/1acTH MJIOCKOCTH MaHpenncTa-
Ma (cM. puc. 1.5) BHe (pu3HUeCKOH o6siacTH f-KaHaJjla. 310 sBJsieTcs: GoJib-
IIMM OPENnsiTCTBHEM [Jis1 ¥CIONIb30BAHHSI COOTHOIIEHHH KpoccHHra. Hanpu-
Mep, €CJIH MPH MaJbIX { JOMHHHPYET PE30HaHC CO CIIHHOM O, TO XOpoilel
ANNPOKCHMALlHEH AMIIHTYABI pPAaCCesiHHS SIBJSETCS BBIPaXKeHHe

A(s, )~ 160 (20 + 1) Po (2)) M, TI(M3 —t —iM,T)  (2.3.1y

[cp. (2.2.14) npu pi(s) — 11. OpHaKo, XOTS 3TO NpPeACTaBJIEHHE YAOBJIETBO-
pHTeJbHO B ¢H3HuecKoH o6JiacTH {-KaHaJja, ero Heslb3sl HCIOJIb30BaTb B
(u3nueckoll o6sacTH s-KaHana (f < 0), MOTOMY UYTO MBI 3HaeM, UTO P
(2.2.19), xoTopuIfl annpoKcHMHpYeTcsa ¢ nmomoibio (2.3.1), HauHeT pacxo-
IUTBECSl eile IO TOro, KaK MBI HomajgeM B (H3HYeCKYyIo o6JacTh S-KaHaJja
(cm. puc. 1.5). '

s Toro 4TOoGH MONYYHTH BHIPAXKEHHE AJIs1 NMAapUHAJBHBIX AMILJIHTYI,
KoTopoe Obl BKJIIOUAJIO CHHTYJSIPHOCTH MO $ H & H, CJI€JOBATEeJIbHO, BBLIO
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6Bl JOCTOBEPHBIM [0 BCel MIOCKOCTH MaHpebCTaMa, MOXKHO HCIIO/Bb30BATh
nucnepcruonHble cootHomenus (1.10.7). Tax kax us (1.7.19) u (1.7.21)
cJenyeT, YTO

S”_S = 2qt13 q124 (Zt’— "Zt) } , (2.3.2)
u' —u=—2qpn; qpos (2t — 2;) ,
To MoxHO nepenucats (1.10.7) B BHIe
A, -: gs (1) .
(srt) 2qs13 Gres (24 (M2, 1) —2; (s, 1))
—_— gu (t) =
2G115 Gpea (2 (B—t—m?, $)—2z;(Z— t—s, 1))
4+ dz;P_if_Si_’__t)Jr 1. Sl dz;.Du,(_“"t)_ . (2.3.3)
T z; (sT5 1) & —a 2 (up, £) aE

IlpHuemM OTMeTHM, 4YTO BIIOJIHE MOKET OKa3aThbCsl HEOGXOAHMBIM CIENATh
B HHTerpaJsiax BeiuHTaHus. IToactaBus (2.3.3) B (2.2.18) u npouHTerpupo-
BaB [0 Z; C MOMOIIbIO cooTHolneHust Hefimana (A.14) npu ycsaoBHH, 4To MO~
PSIIOK HMHTErPHPOBAHHSI MOXKHO H3MEHHTB, I[OJIYYHM CJedyIoiHi pe-
3yJIBTAT:

Y=t 85O (z,(m2, 1)) 4 —— Ll
At 160 2q415 Goa (@ 2 16“ 2‘]1‘13 Gt2a

X Q@ (E—t—m? )+

[ Dus, Qe dai +

24 (87, 0)

162

j' D, (', Q,(z)dzl, [=0,1,2.. (2.3.4)
zi(up, t)

+ 1602

Dra ¢opMysna HaswmBaeTcsl npeicraBieHHeM [pubGoBa—®Ppyaccapa
[202, 178] u nosnocThio 3KBHBaJeHTHA (2.2.18), KOHeUHO, NPH YCJIOBHH,
YTO JAUCNEPCHOHHBIE COOTHOLIEHHSI CIIPaBeIJHBBI. [lajiee, CTOUT 3aMeTHTB,
uro B (2.3.4) u (2.2.18) BXOAAT COBEpILIEHHO pPa3JIHYHEIe 06JIaCTH HHTErpH-
POBaHHS MO 2; H, CJeIOBaTeJbHO, 10 §. Tak Kak B (2.2.18) uurerpupora-
HHe [IPOBOAUTCS [0 KOHEYHOMY OTPe3Ky, TO NapliHaJ/ibHble aMIIHTYIbI BCET-
Ja OJHO3HAYHO ONpPEeNessIOTCs AaHHBIM CIIocoO60M, BO BCSKOM Cliyyae B
dusHueckoil ob6sacTH f-kaHasja. B (2.3.4) HHTerpHpOBaHHe IPOBOAUTCS IO
6€eCKOHEUHOCTH, H NO3TOMY BCTaeT BONPOC O CXOJUMOCTH HHTErpaJiob.
HHTerpaJisl ZOMKHbI CXOAUThCSI, HOO B IPOTHBHOM CJiyuae HeJb3sl ObLJIO Ol
H3MEHHThb MNOPSIOK HHTEerPHPOBaHHS NPH BeBome dopmyaws (2.3.4). M3
A27) Q&) ~z"'u ecaiu Dy, (umu D,) ~ 2V, to (2.3.4) onpezneseHo
TOJIBKO Aast [ > N. 151 Toro 4To6el HAHTH NapliHa/ibHEIE BOJHH C [ & N,
HeoOXOAMMO 3HATh BRIUHTATEJBbHbIE (YHKUHH, noaoGueie (1.10.10).
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2.4, Orpannuenue Ppyaccapa

®pyaccap nokasaa [178], uto ecqH @A aMIVIMTYIBI CIpaBelJHBO
npejcTaBJeHne MaHfesnbcTaMa, TO TpeGoBaHHe S-KaHAaJBHOH YHHTAapPHOCTH
HAKJaJbIBAeT OrpaHHUEHHe HA AaCHMITOTHUECKOE MOBeJeHHe aMIJIHTYAH
paccessHHst B (pH3HYeCKOH 0OJIaCTH S-KaHaJja (t 0) u, cregoBaTesbHO,
OTPAHHYHBAET YHCJIO HEOOXOOHMBIX BBIYHTAHHIL. STo OrpaHHYEeHHe MOXKeT
6LITh TIOJIY4EHO CJIeAYIOHMIHM 06pa3oM.

Useectro, uto [em. (A.31)]

. Q@) ~ [=172 exp [ —(I4+ 1/2) L (2));
t@)=In[z+ V(22— 1), (2.4.1)

nostomy npeacrabienHe I'pu6oBa—®Ppyaccapa (2.3.4) nns S-KaHAJIbHBIX
napuuaJbHLIX BOJIH JAaeT

Al(s)l = [(s) exp [— L (z0)], (2.4.2)

rae z, OTBeyaeT OsMKafllefl CHHIYJSPHOCTH NO ! aMniutyasl A (s, )
(3TO MOKeT GBITH IOPOT HJIH TOJIOC, OTBEUYAIOMIHE CBSI3AHHOMY COCTOSIHHIO);
I (s) — HekoTOpasi GYHKIHS S. DTO 0O3HAUAET, UTO BCe NApPLHAJBHBEIE BOJ-
HBL C

L I = L4z,) (2.4.3)

6yoyT OueHb MaJILIMH. B camoM JeJie, MBI MOKeM OIpeJie/IHTh paguyc Aekl-
CTBHA cHJ (cM. pasf. 2.2) H3 yCJOBHS

Rq, = lm, (2.4.4)

H TOTJA 4YaCTHIBI, NafaloliHe Ha MHUIeHb ¢ NPHUE/IBLHBEIMH NapameTpamH
b > R, 6ynyTr npoJjeraTb MHMO MHIIEHH, T. €., ToBopsi 6oJiee TOYHO, OHH
GyAyT pacceHBaTbCsl 3Hau4HTeibHO GoJjiee cnabo, ueM gacTHHBH ¢ b << R.
TaxkuM o6pasoM, AJsI HYyKJIOH-HYKJIOHHOTO paccesiHUs, B KOTOPOM OJIHKaH-
el CHHTYJISSPHOCTBIO MO ! SBJASieTCS NMHOHHBIH MOJIOC, PaAUuyC AeHCTBHsI
cun pasen [cp. (1.7.22) npu ¢ = mzl

me

20:: 1 + L , R:: 1 - ——}-—— = h
2q2

458(20) 50 My MyC

(2.4.5)

’

H, CJIeJI0BATeJbHO, 3(PEKTHBHBI Pa3Mep HYKJOHA PaBeH KOMIITOHOBCKOH
JJIMHE BOJIHBI THOHA, KAK 3TO H OKHJIAJOCh H3 COOTHOILEHHS HeolnpeneJseH-
HOCTH.

CanenoBaTespHO, H3 (2.4.2) mosnyuaercs, 4To

A41(8) = 1(5) exp(—H/Rq) —exp( ——2= +Inf(s)), (2:4.6)

TaK KakK qg — 1/s/2 1 OSTOMY TIPH GOJIBILHX S MBI MOKEM OXKHAATH
CYIeCTBEHHOE paccesiHHe AJisi NapUHaJbHBEIX BOJH C

I<VsRInf(s)— c} slns, (2.4.7)
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rje ¢ — HeKOTOpasi KOHCTauTa. Takurt o6pasoM, OeCKOHeuhyio

CYMMY
B (2.2.2) MoxkHO OGOpBAaTb W HANHCATH BMeCTO Hee CJeLyKolilee:

cVslins
As, = 163 > (214 1) A, (s) Pi(25)- (2.4.8)
i=o
HUcnonb3yst orpannuende (2.2.12) u cBoiictBo, uto | P; (@) | << 1 pas

— 1 <<z 1, Ml HMeeM (mocjie CyMMHPOBAHHSI apH(METHYECKOH Mpo-
TPECCHH) v

- Y51
| A D] <<16n S (24 1)<<const slns, s—>oo, f<<0.  (2.4.9)
=0

Bcnomunasi ontiuyeckyo teopemy (1.9.5), nmoayuaem
o't (s) < const In2s. (2.4.10)
8-—-»00 .

310 orpaHHueHHe U Ha3miBaeTcsi orpanHueHneM Ppyaccapa. Bosee crporo
B paMKax KBaHTOBOH TeOPHH MOJisi OHO Owlso JoKazaHo Maprenom [302,
303I. '

Orpannuenue (2.4.9) Tak:Ke NPHBOJHT K BaXKHOMY CJIEACTBHIO, YTO NIPH
¢ukcupoBanHoM £t << 0 D, (s, £), D, (u, £) << const sln?s, s— oo u mo-
atoMy N <1 (cM.” KoHel NpeAmIayiliero
paszesa), T.e. IpeAcTaBjeHHe [ puboBa— @
®pyaccapa (2.3.4) onpezesneHo npu Beex
> 1. _\

C nomouieio (2.4.6) MoxkHO omnpefe- /

1/ 2,

BosiHaM (2.2.2). Tak KakK MH 3HaeM acHM-
NTOTHYECKOE  [OBeJleHHe [IOJIHHOMOB
P, (2) [cM. (A.29)], To, Hcnoab3yst (2.4.6), Puc. 2.3. Damume Jlemana-Map-
MOJKHO JIerKO MOJIY4HTb, uYTo Psif (2.2.2) Tena:

ah

JIACTb CXOJHMOCTH psja IIo IapiiHaJibHbIM

JuTb GoJsiee CTpOro, 4YeMm paHblre, 06-
OH 3afaer oGJACTP CXOHUMOCTH pas-

CXOOHUTCA, €CJH JIOMKEHHS MO NapiHadbHBIM BOJHAM
1 B s-xarxage nogomnnexcnoﬂ MJIOCKO-
— - CTH 2s. OTa JIACTh  ONDeHeNsieTcst
I Im {9} I < E (20) COSh (20)' CHHTYAAPHOCTHIO, Oammxaiimei kK s-ka-
(2 4 11) Hanly H fNexXaulell B TOYKE 2s=2

310 yC/OBHE COOTBETCTBYET TOUKAM, JI€3KALIHM BHYTPH 3JIJIHIICA B KOMILISK-
CHOH TIOCKOCTH Z; ¢ POKYCAMH B TOYKAX Z; = —= | U TJIaBHOH NOJYOCBIO
2 (puc. 2.3). B nMTepaType 3TOT 3JIHIC OOBLIYHO HA3LIBAETES] MAJIBIM 3JI-
auncoMm JleMana—Maprena [281, 303]. :

2.5. Curnarypa

B BoipaxeHHH (2.3.4) napunajbHbie aMIIUTYAN A ; (f) onpefensiorcs
¢ NOMOLIBIO HHTErPasioB OT CKAYKOB NOJIHOH aMIJIUTYABEl HA NPaBoM (s-Ka-
HaJ) U JieBOM (u-KaHaJj) pa3pe3aX B ILIOCKOCTH z; (CM. pHC. 2.2).. MoxHo
JIETKO TIOJYYHTH ACHMIITOTHYECKOEe MIOBelleHHe 3THX MHTErpajoB IPH
! — oo, ucxons u3 (2.4.2). Tak kak npabblfi paspe3 B ILIOCKOCTH 2Z; Ha-
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YHHAeTCsl Bcerja npaBee eAUHHIE!, TO { (2) — AelCTBUTesIbHASI U IOJIOKH-
TebHO onpefeneHHass GyHruus [em. (2.4.1)] u nns > #; uMeeMm

A}?Hl:;f(f) exp (—18(20))s 20 =2; (5o, ). (2.5.1)

Broab JeBoro paspesa z<<—1
E@)=C(z])+im, A,”’t:;f(t) exp [— (1)) exp (—[inl) (2.5.2)

H Korja [ — ioco aMIUINTyZla HeorpaHHYeHHO pacreT. B pasa. 2.7 Ml noJ1K-
HBl GyJeM BHIDA3HThb aMILIHTYIBI PAcCesiHHsI B BHAe KOHTYPHOTO HHTerpa-
Jla B KOMILJIEKCHOH IIOCKOCTH [ H, eCTeCTBEHHO, T4 PACXOJAHMOCTh MellaJia
6Ll 3TO CIeJaThb.

Jlist Toro 4yto6bl 0GOHTH 3Ty TPYAHOCTb, BBELEM NapuHaibHEE AMIJIH-
TYAB ¢ onpepesieHHOH cUrHaTypoll § = 4= 1 cienywournM oGpasom (mus
IPOCTOTBI IpeHeOpekeM NOJIOCHBIMH YJ/IEHAMH):

AE(t)—————-S‘ D, (s, t)Q (2/)dzf &

1652

x| D.es, t)Q,(zt)dzt—————-—S‘(D ', FED,L (5", D)X

zr

x Q) ded =—— | D3 (", D@y d, @53

T
rie DE (s, ©) = Dg (s, 1) + ED (s, ©), a 06a nnHTerpasa GepyTcs BAOJL IIO-
JIOXKHTENBHOH OCH 2; (IpH { > f7r). AMIMIHTYAH C CHTHaTypo#l § = -4 1
MBI GyJIeM HA3BIBATH AMIIUTYJAaMH C YETHOH CHCHATYPOH, 4 aMILIMTYMbI
¢ § = — 1 — aMnJUTyJaMH C HeYeTHOH CHTHATypoH. BcieacTBhe Toro
410 Q;(2) YIOBJETBOpSIET COOTHOLIEHHIO oTpaxeHHs (A.17), coBeplueHHO
OYEBHJHO H3 cpaBHeHHs ¢ (2.3.4), uTO

Af (h=A,¢) naa [=0,2,4 ... }
AT (H)=A,¢) ana [=1,3,5...

HpHBe}leHHbIe BBILLIE lieJIbIe€ 3HAUEHHUsI [ SIBJSIIOTCS q)HqueCKHMH H [I03TOMY

B JaJibHeHIIeM MBI HX 6y}1€M Ha3bIBAThb «TOYKAaMH CBOeH CUTHATypPBI» aM-

nauryn  A§ (f) (T. e. ueTHele [ AJS UeTHOH CHIHATYpPEI, H HaoGOpPOT),
a uesble HedU3HUECKHe 3HAUEHHs (T.e. HeUeTHBIe [ AJST YeTHOH CHTHATYPHI,
H HaoGOpOT) HA30BEM «TOYKAMH 4YYXKOH CHTHaTypel». 13 onpefeneHus
(2.5.3) caenyer

AP () — [ @) exp (— I @) mpu E=£ 1. (2.5.5)

(2.5.4)

Mgl MOKeM POCYMMHpPOBATBH PSiI O NAPHHAJBHBIM aMIUIHTYAAM C OIl-
peAesieHHOH YeTHOCTBIO

AY(s, H=16m 31 2L+ 1) A5 () P, (). 2.5.6)
1 =0
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UeTHast 4acTb AT (s, £) B VIOCKOCTH 2; paBHA Y€THOH 4YacTtH A (s, f), a He-
ueTHast yacTb A~ (s, {) paBHa HeueTHo# uyacTH A (s, £). drtu aMILTHTY b1
YAOBJETBOPSIIOT TaKxkKe H AUCIHEPCHOHHBIM COOTHOIIEHUSIM (MOJIOCHBIE UJle-
Hbl CHOBa OIIYILIEHHI) : '

1 Eds' Dals’, ) g L EM) du’; (2.5.7)
:n; s’ —s I u —s
N sT uT
AS s, )=
1 OODE (s",ty
— —ﬁds , (2.5.8)
°r

rie S 3aMEeHEHO Ha # B 3HaMeHaTeJie BTOPOro uJieHa BCJIC[CTBHE 3aMeHH
2; = — 2; B COOTBeTCTBY0LIEM uiieHe (2.5.3). [1peacraBnenne Mangenbcra-
Ma IJs1 TAKOH aMILIHTYABI JIETKO MOJYYHTb H3 MOACTAHOBKH BHIPAXKEHHH
(1.11.4), (1.11.5) B (2.5.7). caenaB NpH 3TOM HEKOTOpPLle TPHBHAJBLHHIE
3aMeHBI [IepEMeHHBIX k

L. ____1_00 Pst (S, #)FEOsu (8", 1) 4 v 1w
A, = — H B L 2 ' dr+

+ _;:_2_5'5. Psu (s, 1) +Epsu (1", s') ds’ du”. (2.5.9)

(s" —s) (u"—un)

BceiiencTBHe TOTO YTO MBI B3SIJIH aMIIHTYIBL C ONpelesieHHOH CHTHATY-
poll B f-KaHaJie, IPOH30IIJIa NOTePsi CHMMETPHH Io s, £, u. KoHeuHo, pac-
CMOTpEHHBIE HAMH AMILIHTYIBI C ONIpele/€eHHOH CHTHATYPOH SIBJSIIOTCSI He-
(u3HUeCKHMH, TaK KakK B onpefenenue (2.5.3) yxe BKJIOUEHO H3MEHEHHE
3HaKa z;. OpHako U3 BeipaxeHus (2.5.6) ¢ nomoieio (2.5.4) u (A.11) Mox-
HO NOJYYHTH (PH3HYECKHE AMIIIHTYIBI '

A, £) = (/2 [A+@y, O + AY(— 2, §) + A-(z,, 0 —
— A~ (—z, DL (2.5.10)

B panbHefilieM NpPH NOCTPOEHHH AHAJUTHYECKOrO IMPOMOJIKEHHS 10 { MhI
Bcerga OyneM HCIIOJIb30BaTh aMnauTyasl A:(s, £), a He A (s, ?).

B ciyuae KHHEMATHKH ¢ PABHBIMH MacCaMH BBIpaXKeHHe IJisl 2Z; JaeT-
ca (1.7.22) 1 nosmoc HaxoguTCA B Touke ! = Ir == 4m?. Torja, BCIOMHHAs
o (2.5.1), MBI MoxkeM BBeCTH AN << fr aMIJIUTYHABI

AF () =exp (inl) A5 (¥), (2.5.11)

KOTOpBIE HMEIOT XOpolilee aCHMITOTHYeCKoe I[oBeleHHe, Koraa [ —- oo,
B oTnnune oT camux A% (f). B caenyiomeM pasiese Ml HaiiaeM, 4TO .10 PO-
roBoe -MorefeHne aMmintya A () ~ (¥ ~ (t — 4m?)} u Tpe6YyeMHH
daxrop (235.11) aBTOMaTHUECKH BKJIOYaeTcs.
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2.6. CHHTYJSPHOCTH NAPUHAIBHBIX AMIJIUTYA
M JHUCIEPCHOHHBIX COOTHOWIEHHI *

Jl1st Toro yTo6Bl NMOJYYHTH NapUHAJIBHBIE AMIVIHTYIBL C ONpeJeSeHHOH
CHTHATYpoO# B ¢H3HYecKOH 06JacTH f-KaHaJla, MOXKHO BOCIOJIb30BaThCsI
BuipaxkenusmMu (2.2.18) u (2.5.6) u Torma OyaeM HMeTh

A} (t)=—§é—§ A% (s, 1) P,(z)dz, (=0,1,2,..,  (2.6.1)
19
il -
Ju60, YTO MOJHOCTBIO 3SKBHBAJIEHTHO, BbIpaxeHHsaMH (2.5.3) u (2.5.8)
A‘%(t)—:-l?l-z— Dis, HQ,(z)dz, [=0,1,2.. (2.6.2)
T

zr

Tak Kak 2D% (s, {) — ckayoK aMIIHTYABl A% (s, ) Ha paspe3ax B ILIO-
CKOCTH 2;, 4 C APYrOH CTOPOHHI, Kak ciaeayeT H3 (A.15), — mP; (2) —
cKayoK ¢GYHKUHH Q; (2}, To Torjaa Mel MOxeM O6beAHHHTD dopMyJnl (2.6.1)
H (2.6.2), HanucaB cJenylollee BblpaXKeHHe:
E oy L 3
Ao=gs | A6 00Ed (2.6.3)
C, nu Cy

rie KOHTYP HHTErPHPOBaHHSI OXBaThIBaeT JIHG0 paspe3 GYHKUMH Q;(z;),
an6o paspe3 aMILIHTYABl AS (s, f), Kak NOKa3aHO Ha pHC.

TN
| S — A —

-1 02 { Z, 0 Cf

Puc. 2.4, KoHTYyp WHTErpHpPOBaHHS B KOMILIEKCHOHR NJIOCKOCTH
2¢, ucnoab3yeMnlit B (2.6.3)

BcenenctBue Toro uro HHTerpupoBaHHe B (2.6.1) mueT no KoHe4YHoH
06JacTH § NIPH (PUKCHPOBAHHOM £, COBEPLIEHHO OYEBHIHO, YTO aMILIMTYJa
A?(t) 6yJeT UMeTh BCe f-KaHaJIbHBIE NOPOTOBBIE TOYKH BETBJIEHHS, CO-
Idepxauiuecs B aMIIUTye A% (S, f) 1 BO3HHKaOUIHe NPH (PHKCHPOBAHHOM
{. B Boipaxenuu (2.6.2) 3TH TOYKH BeTBJEHHS CoxepiKaTCsd B (YHKIHH
D§ (s, f). Bce onH, KOHeYHO, TEeHEPHPYIOTCSI YCJIOBHSMH YHHTaPHOCTH,
4TO noApoGHO o6cyXKaaaoch B M. 1.

OpmHako B napuua/ibHEIX aMIVIHTYJAaX MOTYT BO3HHKHYTh JOGaBOUHBIE
CHHIYJISIPHOCTH, He COJiepxKailiuecsi B NOJHOH aMIIHTYyAe. OHH BO3HHKAIOT
IpH oGpalleHHH B HYJb TPEXMEPHOTO HMIIYJbCa, KOTOPHIH COJEPIKHTCS
B BrIpaxkeHUHU Aias z; (1.7.19). Takum o6pasomM, B o6sactu nopora ynpyros
peakuuH t — (m; + mas)?, A (¢, m}, m3) = 0, g3 — 0 H nHO3TOMY 2; = 0.
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Vicnopsys  aCHMNTOTHYECKOe TNOBefieHne ¢ynKumit Jlexangpa (A.27)
Qi (21) ~ (z)~—!, moayuaem

§ Q1 (20 dzy o 1— t—(rmy - o172, 2.6.4)
*r
IMoncrasisis 31O Bpra)KeH'I/ie B (2.6.2), nmeeM
P () ~ [E—(my 4 mypH/2. (2.6.5)

Kpome Toro, HMIyJbC g5 OGpamiaeTcss B HYJIb HAa TaK Ha3hHBAEMOM
ncepuonopore f— (my, — ms)?, a Gsoq — 0 npu ¢ — (my = my)?. Ilosto-
MY, €CJH MBl BBEIeM OIpelejeHHe )

TH @) =lt—(m; = m)?'/2, (2.6.6)
TO .

AF(t) ~ T () T @) T3s () T2 (2)'. (2.6.7)

Ecin noporu HauaJIbHOTO H KOHEUHOTO COCTOSIHHH COBHIAAaloT, T. €.
ecnu my -+ my, = ms <+ my, To B 3TOM CJyd4yae BO3HHKaeT KHHeMaTHUe-
CKHIl HYJb nopsika [ Ha nopore, XoTsi ¢ APYroH CTOPOHHI JJis HeYeTHHIX
3HaYeHHH [ UMEIOTCS KOpPHEBBIE TOYKH BETBJIEHHS. DTO CYIIECTBEHHO YCI0K-
HsIeT JeJIO B CJydYae, eCJH Mhl XOTHM Je/aTh aHaJHTHYECKOe NIPOJOJIKeHHe
IJIsI HeleJMblX 3HauyeHwit [, Tak Kak H3 ¢opmyJasl (2.6.7) caeayer, uTo
BCerga HMeKTCs KHHeMaTHUYeCKHe TOYKH BeTBJeHHs. MTak, eci Mbl noxke-
JlaeM HalHcaTh IHCIePCHOHHBIE COOTHOIUEHHS JIsl NAPLHAJBHBIX aAMILIH-
TYH, NPOH3BOASI HHTErPHPOBaHHE TOJBKO MO JHHAMHYECKHM CHHTYJISIP-
HOCTSIM, KaK 3TO MBI JeJajJH IJIs1 TNOJHOH ~aMIVINTYJABl B BhIPAXKEHHH
(1.10.7), MBI OOJKHEI NIEPBHIM [€JIOM YCTDAaHHTh KHHeMATHUYeCKHE CHHIY-
JIIPHOCTH C MOMOUILID BBEJEHHS «IIPHBEJEHHHIX» I1aPUHAJBHBEIX AMIVTHTY]

E(f) — _

B} (f)= A} () @13 912 ™ (2.6.8)
B KOTOPBIX MOPOTOBHIE CHHIYJSIPHOCTH MO { COTEPXKAT TOJBKO IHHAMHYE-
CKHEe MOpOroBele TOYKH BETBJIEHHs. SICHO, YTO NIPHBefeHHAs] AMILIHTYAA
BS(f) BellleCTBEHHO AaHAJIHTHUHA, €CJH, KOHEUHO, aMmiuTyaa AS(s, f)

caMa sBJsgercs TakoBo# (cMm. pasam. 1.5).

I1IpH NOJIOKHUTEJNBHHX ! CKayoK aMHJIHTyllbI B} (¢) na mpasoM paspe-
3¢ MOKeT OHTh NOJYUeH, eCJIH NOACTABUTH (2.5.9) B (2 6.2) c yuetom (2.6.8),
HaIlpHMep

Im {35 Ore =

lﬁzj@ﬂ@ £) -+ Epvu (57, 1) Q1 (1) (qua )™ df. (2.6.9)

B monosHenne K 3THM Noporam aMIuiuTyzaa A (s, £) MOKeT TaKke HMEThb
CHHTYJISIDHOCTH NpPH (HKCHPOBAHHOM { H3-3a NOJIOCOB, OTBEYAIOHIHX CBS-
3aHHEIM COCTOSIHHSIM H JIeXKAHIMX HHKe Nopora peakKuuH. TakuMm oGpasoM,
CBSI3aHHOE COCTOAHHEe B [-KaHaJje ¢ Maccod M H CIOHHOM j HaeT . BKJan
B aMIUIMTYNY, PaBHBIH :

2j+1) g? (g, j
A, =T Culed p gy, (2.6.10)
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rie g — KOHCTaHTa, XapaKTepH3ylomiasi CHJIy CBsi3H [daktop 27 + 1
BBe[€H YHCTO yc/oBHO). B Beipaxenue (2.6.10) siBHO BKJIIOYEH NOPOrOBBIH
daKTOP (Gi15q124)!, MOITOMY g; MOXKeT ObITb KOHCTaHTOH. M3 @.2. 18)
¢ nomoisio (A.20) u (2.6.8) nosyuaeMm BelpaxkeHHe MJsi IPHBEIEHHOH map-
IHAJTBHOH aMIJIHTYABL

gf
16 M2—

Bf (t) ~ =84, (2.6.11)
T. €. HMeeTCs BKJal TOJbKO B NapLHaJbHYIO BOJIHY ¢ [ = j. DTH npaBo-
CTOPOHHHE CHHTYJIAPHOCTH IIOKa3aHHl HA DHC. 2.5, rae Takixe HapHCOBAaHBI
IIOPOroBeI€ pa3pes3bl BIOJDb [IOJIOXKHTEJIBHOH OCH [,

— b _

12m32 0 4mz 16mz

Puc, 2.5. CHHrynapHOCTH {-KaHAJUbHBIX NAPHHAJNBHHX aMOJUTYA B Clydae fum-pac-
cesaHusl.

Tloporu pacmonomeHs B To4Kax {= (2mn)”.(4mn)’,.‘., JIeBbl€ Pa3pessl — B TOUKAX t=4m;—sTl.
,
TRe Sy — MONOMEHUs S-KaHalbHHX DA3PEe3OB, OTEEYAIOMMX §-KAHANBHLIM NMOPOTaM MPH s=(2m )%,

(4mn)2, ... (OTMETHM, YTO HeYeTHOE YHCJO NMHOHOB 3ampenieHO mo G-4YeTHOCTH)

IloMumo cHHryJsipHocTeH, OOCYIKIEHHBIX BBbIlle, HMEIOTCS CHHIYJISIp-
HOCTH, BO3HHKAIOIIHE [IPH OTPHIATeJIbHBIX 3HAUYEHHSAX f, BCJAEACTBHE Cy-
HIECTBOBAHHSI S-KaHAJBHEIX CHHIYyJsipHOCTeH AS (8, f). [ClleAyeT OTMETHTb,
4yto A%(s, f) He UMeeT CHHTYJSIPHOCTEH IO 4, TAK KaK OHH OBLJIH «Ilepenpas-
JIEHBI» B s-KaHaJ ¢ nomoiubio (2.5.3)]. st Toro uto6bl pacCMOTpeTb 3TH
CHHTYJISIPHOCTH, IIPEANOJIONKUM, YTO B S-KaHalle HMeeTCs MOJIOC, OTBevYalo-
HHH CBSI3aHHOMY COCTOSTHHIO, CO CIIMHOM j H Maccod M

2j 2
At =8 bl p o) 20 p(g), (26.12)
—S
U, CJeJoBaTeJbHO, '
D& (s, 1) = G, (5) P; (25 (s, 1) 6 (s — M?). (2.6.13)

D10 BBIpaxkeHHe OYAY4YH mojAcTaBieHo B (2.5.3) HaeT ¢ nomouisio (2.6.8)
T () =G, (M?) P; (2, (M2, 0) Qi (20 (M2, 1)) (Guseaa)™.  (2.6.14)

Tak kak pyuruus Q(z) uMeer npH umesblX !/ TOYKH BETBJIEHHS B ILIOCKO-
CTH 2z NpH z = =1, To ammiuTyiga (2.6.14) uMeeT CHHLYJSIPHOCTH IpH

2 (M3, ) =+ 1,
T. €. KOorjaa
124t (2M2—%) +(m3 —m3) (m3—m3)
-Vl‘(timf:mg)l‘(trmg’ mz)

— 41 (2.6.15)

[3T0 slerko mosyuuTh ¢ nomoutsio (1.7.19)].
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Eciu Bce BHelIHHMe YaCTHIBI HMEIOT PaBHblE MAcchl (HANpHMeEp, B CaY-
4ae peaKUHH v —> U7, KOTAA My = My, = My = My = My), YCJOBHE
(2.6.15) BeIpONKIAETCH B

I+ 2M2/(t — 4m2) — + 1, (2.6.16)

T. €. NpH { = o0 U | = 4mj — M? HMeIOTCSI TOUKH BETBJIEHHS: Paspesbl,
OTBEUAKU{He 3THM TOUKAM BETBJEHHsI, OOBIYHO PHCYIOT BIOJB OTPHIATE/b-
HOH OCH f{, KaK NOKa3aHO Ha pHC. 2.5. 3aMeTHM, 4TO, B OTJIHYHE OT paHee
pPacCMOTPEHHOIO CJydasi, S-KaHaJbHBIH NOJMIOC, OTBeYaloWHH COHHY j,
JlaeT BKJAaA BO BCe MapliHaJibHble BOJHBI f-KaHaJua [cm. (2.6.14)].

TakuM 06pa3oM, CHHI'YJSIPHOCTb BO3HHKAeT BCJEACTBHE 3alIieMJIEHHS
CHHT'YJISIPHOCTH aMIUIHTYIBl A% (S, {) TouKaMmu BeTBJeHHsI QYHKUHH Q; (2)
B BeIpaxeHHH (2.5.3). Bce apyrHue s-kaHaJIbHBEIE CHHIYJSIPHOCTH, IOPOrO-
Bble TOUKH BETBJIEHHS M T. Nl. OYAYT JaBaThb NOJOGHLIE 3AILEMJICHHS H, CJle-
JIOBATEJbHO, NMOAOOHEIE JIEBOCTODOHHHE TOUKH BETBJIEHHS, MOJIOXKEHHS KO-
TOPBIX ONPENEJISIOTCA NpocTo 3aMeHoit M? B (2.6.16) Ha COOTBETCTBYIOMIHUT
MoPor IO S.

B ciyyae KMHEMAaTHKH C HepaBHBIMH MaccaMH KapTHHA S-KaHaJbHBIX
CHHTYJISIDHOCTEH Ha nJiockoctu ! 6yjeT MHoro OoJsiee cioxkHoii. B 3ToM
clly4ae UMEIOTCsI YeThIpe pellleHUsI ypaBHeHus (2.6.15), npuuem ABa U3 HUX
6yAyT He3aBHCHMBIMH OT £, 2 UMeHHO: { =0 U { = oo. Hanpumep, B cay-
gae m/N-paccesiHHsi o6MeH HYKJIOHOM TreHepHpPYeT TOUYKH BETBJEHHS MNpH

t =0,t =00, t =(Mn— mi/Mn)?, t = MK + 2m3

[oTMETHM, 4TO eCJH Ha MJOCKOCTH { NPOBECTH pa3pe3, COEAMHSIIOMHH Mo-
cJIeflHHE [Be TOUKH BETBJIEHHsSI, a JPYrod paspes, KakK OOLIYHO, HANPABUThH
BIOJIb OTPHUATENBHOH OCH, TO NpH m, — My 3TH 1Ba paspesa COeIH-
HSITCsI, IaBask OMHH paspe3, HauHHaWUHAcA B Touke ! = 3M§% B corsacuu
¢ (2.6.16); Gosee moApOGHO 3TH BONPOCH H3JOXKeHHI B pabote [305], Ha
c. 376 u panabiue]. )

Tak Kak 1Js UeJablx [ MHHMasl 4acTb GYHKUHH Q; AaeTcss BhIPAXKEHH-
eM (A.15), To u3 (2.5.3) HaxoauM

Im (4A3(0)) Ly = _3;;“_ j P,(z}) D¥(s’, t)dz] (2.6.17)
ey |

[z, oTBeuaeT Gukalinieii CHHTYJSIPHOCTH 1o ¢ (pHuc. 2.6)]. Dro BeIpaxkeHHe

JaeT CKauoK aMILJHTY IbI A%(t) BIOJIb ee JeBoro paspesa. st HeliesBIX
{ MBI BBIHYXJEHBI BOCIOJB30BAThCS BhIpaxkeHueM (A.16). Oaunako nHac 6Go-
Jiee HMHTEPECYIOT. CHHLYJISPHOCTH NPHBEIEHHBIX AaMIUIHTYA B} (#), no-
TOMY pAacCMOTPHM 3TH aMIUIHTYAel. 1Ipuw s> 0 ¢ Z-ie coOOTBeTCTBYET
z; &= ie u3 (1.7.19), u nostomy Touka BeTBJeHHs1 Q; (2;) mpu z; = — |
COKpaillaeTcs H3-32 KHHeMaTHueCcKoro ¢akropa (2.6.8), T. e. BeIpakeHHe
Q: (21) (115 Gi20)~t He uMeeT paspesa anst z; << — l. HMMeercsi TOJBKO
BKJIaf oT paspesa @; (z;) npu — 1 <C z; <T 1, ¢ 0ZHOH CTOPOHHI, H BKJaj OT
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ckauka D; (s, f) B 06JacTH OTpHIATeJbHBEIX 3HAUEHMH f, IOJyUYEeHHBIH H3
(2.5.9), c npyro#i croponsl. IloaTomy

Im (B} ()= | Pr(—2) DY, 1) d2i (—Guas Ga) ™+
1

b(t)
5 Qi (28) (Psy (575 ')+ 8psy (1, 87)) d2t (G113 G120) ™!, (2.6.18)

a(t)
rae o6jacTH HHTerPHPOBaHHs NOKasamkl Ha puc. 2.6, Tak kak 3aMena

- t=0
P P

att)

i -

Prc. 2.6, Cunurynspuocru f-KanaJbHBIX MapUHAJBHBIX aMIVIETYA ¢ ONPENEJNEeHHOR CHI-
HaTypo#l Ha mJocKocTH MaHzaesabcrama.
JleBHl#ft pazpes npu (PHKCHPOBAHHOM { NPHBOAHT K HHTETPHPOBAHHIO [0 CHHATYJIADHOCTAM IO S
MeXKAY 2;=Zo (GamxKafag CHHIYAAPHOCThL mo §) H 2t=—1, JAA AOCTATOUYHO MajblX OTDPHLATENbL-
Helx 3HadeHHM#t { 310 MHTErpHpPOBaHHe BKJIIOUAaeT B celd MHHTErPHpOBaHHe XBOAHON cnexTpaabHOHR
GYHKUUR MexAy TPAHMIHBIMEH ToukamMu a(f) u b(f), KOHTYD HHTEIDHPOBAHHA NpH (HKCHDPOBaH-
HOoM ¢! MoXKaszaH NYHKTHPHOR JHHueH

1
16n2

+

s=4m?z,=z,
S=0, Zz-"{

u=0, zp=-1

S HA 4 3KBHBaJIEHTHa M3MEHEHHIO 3HAKa Z;, TO ¢ moMouikio (A.17) Buipake-
HHe (2.6.18) MOXHO TIpHBECTH K BHIY

Im {B‘lé(t)}LH =—§-;;t— S P (— Zt’)DE(S" t)dz{ (—qus Grea)™ +
’ A

b(t)

o | Q@D (s’ w) I —Eexp (—indldzi (g3 9e)™ (2.6.19)
™ a (1)

INocnenHuii YjieH B 3TOM BBIPA’KeHHH BO3HHKAeT H3-3a OOMEHHBIX CHJ H,
cllefloBaTe/NbHO, [BOHHASl CHeKTpaJbHast (YHKUHS P, HE JaeT BKJaja,
Korja [ MMeEIOT CBOIO CHTHATypy, T. €. exp (— iml) =&

Tenepn MBI 3HaeM CTPYKTYpPY CHHIYJSIpDHOCTeH H IO3TOMY MOKeM Ha-
IIHCATh JHCIEePCHOHHBIE COOTHOLIEHHS IJisi NPHBeNEHHBEIX MaplHaJbHBIX
aMITHTY 1L

g 7 r
1 Im {B%(t") 1 Im | B% (¢')
Bi(t)=—. Im {B7 ¢} dt’ +— -——{—j————}dt’, (2.6.20)
T ¢ —t m t—t
RH LH
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npuyem o6a ckauka GYAYT NaBaTbCsl ABOHHBIMH CNIEKTPaJBHBIMH (hyHKILU -
MH U3 BeipaxeHud (2.6.9) u (2.6.19). OTMeTHM, UTO 0COG0e€ BHHMAaHHe He-
06XOINMO YIEJHTb PAaCCMOTPEHHIO BONpOCa O BBIUHTAHHSAX, TaK KakK, BEI-
JleJIUB NOpPOroBoe NoBefieHHe B onpeleendd (2.6.8), Mbl YXYALIHIH acuM-
NTOTHYECKOE ToBefleHHe no f. TakHe AHUCIePCHOHHBIE COOTHOLIEHHS LIHPO-
KO HCIHOJB3YIOT NMPH NapaMeTPH3alHM NapHHAJbHBIX AMIVIHTYA, B 4acT-
HOCTH, Korja HeoGXOAHMO COBepIiMThb a3oBeii aHaaus. OcoByo Bak-
HOCTb HMeeT TOT (PaKT, YTO B 3THX AHCIIEPCHOHHHIX COOTHOLIEHHSIX JIEFKO
COBepllIaeTcsi ONepandsi KPOCCHHra, IIpHYeM CHHIYJISIPHOCTH, OTBeYalolye
HEePEeKpPEeCTHBIM KaHaJaM, NOSBJSIOTCH Ha JeBoMm paspese. OTMETHM, 4TO
CKa4oK Ha IIpaBOM paspese JaeTcsl COOTHOIUEHHEM YHHTApPHOCTH. DTO Jer-
KO NOKasaTh, €CJIH PacCMOTpeTb YCJOBHe yHHTapHOCTH (2.2.7) (c 3ameHoi
s Ha f, ¥ HAao6OPOT) H BCIIOMHHUTL omnpexesneHHe (2.6.8):

B§ (t,) — B (¢) =21 X 07 (£) BY™ (¢,) B¥™ (t_) + Tpex u Gosee uactuu-

Hble NPOMEXYTOYHHIE DAaCCTOSIHHSA, - (2.6.21)
rzie : _
7 (1) = (G113 Gi2a) 9/ V'L, (2.6.22)
npuyeM B o6JacTH ynpyroro paccesinusi [cp. (2.2.8)]
Im {B}” ()} =12 (qua)®+Y/V'11 | BF (9 I°. (2.6.23)

INoauepkueM, uTo 3Ta GopMa YCJOBHS YHHTAapHOCTH OKaxKeTCs OYe€Hb IIO-
JesHO#, Koria Mel OyJeM JeJlaTh aHAJHTHUECKOe IIpoJoJIKeHHe IO [.

2.7. Anaaurnueckoe NpoaoJKeHHe B JIOCKOCTh
YrJ0BOTO MOMEHTA

IlpencraBienne I'puGoBa—®Ppyaccapa (2.6.2) moxeT OHITH HCTIONb-

30BaHO, YTOOH ONpPENENHTb AMILIHTYHBI A% () npu Bcex sHaueHmsax I
a He TOJBKO IPH LEJBIX HJIH YeTHBIX 3HAYeHHSX, KaK NperoJsarajoch A0
cux nop. Ecau roBoputs GoJiee TOUHO, TO NpelcTaB/enue ' pubora—Dpyac-

capa IIO3BOJISIET ONpPENENHTb AMIIJIHTYALL A§ () nas Bcex Tex [, AN Ko-
Topeix Re {{} >N (¢), rae Dy (mau D, ) ~2N® - g rge N (f) <1
s £ < 0, Kak caeayetr u3 (2.4.9). OcHOBHOE NpPEHMYIIECTBO HCHOJIb30-
BaHHs1 opmyJsl (2.6.2) mo cpaBuenuio ¢ (2.2.18) npu paccMOTpeHHH Helle-
JBIX [ 3aKJIIOYAeTCsi B TOM, 4TO QyHKUMS @ MMeeT Jydiiee NOBejeHHe IIPH
l— oo, uem ¢yuruust P; [cp. (A.28) u (A.31)].

ENWHCTBEHHEIMH CHHI'YJSIDHOCTSIMH (PYHKUHH Q; SIBJISIOTCSI IOJIOCA

npu [ =— 1, — 2, ... [em. (A.32)], nostomy ¢opmyaia (2.6.2) onpepessier
(QYHKUHIO NepeMeHHOH [, KoTopasi siBJsieTCst rosioMop(HO#l (T. e. cBOGOA-
HOH OT CHHryJsipHOCTe#) B obuacti Re {/} > max [N (¢), — 1l

OnHaKO COBEpIIEHHO He OYEBHJHO, YTO 3TO paCUIHpeHHOe OIlpefle/ieHHe
HapiHaJbHBIX aMIVIHTYJ obJiafiaeT GOJNBUIMMH JOCTOMHCTBAMH, ueM IIpe-
JBILYUIEe, TaK KaK TOJBKO LieJbie IOJIOXKHTeJbHEE 3HAueHHs1 [ HMeloT (H-
3HYECKHH CMBICJ H NO3TOMY COBEpIIEHHO SICHO, UTO CYIIecTBYeT GeCuHcleH-
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HO€ MHOXKeCTBO CrocoGoB HHTEPIOJSINHH MO HedbiM YdciaM. Ho Tak Kak
ammatyaa Af (9, onpeneleHHass ¢ nomompilo (2.6.2), ucuesaer, Koria
| ] > oo [em. (2.5.5)], To Teopema Kapicona (mokasanHass B KHHre
[381], roBopuT o TOM, YTO NPOAOJKeHHe, AaBaeMoe dopmyJol (2.6.2),
SIBJISIETCS] eJHHCTBEHHBIM TPOJOJIKEHHeM, O6JaJaloHM 3THM CBOHCTBOM.

BoJsiee TouHo Teopema KapJicoHa ¢opMyIHpyeTCs: CAEAYIOUHEM 06pasoM:
ecnu [ (I) sBasieTcs pery/JsipHOH ¢yHKUHeH H HMeeT noBefeHHe O (ekil),
npuueM k << m npu Re {{} = n u, Kpome Toro, f () = 0 miasa GecKoHeu-
HOH MOCJEJNOBATENBHOCTH UHEJBIX uHCesd [ =n, n+ 1, n+ 2, ..., TO
[ (1) = 0 toxpectBeHHo. TakuM 06pasoM, €CJIH MBI HAIHINEM, YTO

AF ) =A@ +F W, 9,

rae GyHKuus A%F(f) nonyuena ¢ moOMOUIBIO TpeJICTaBJIeHH] I'puto-
Ba—®pyaccapa u rze f (/, £) = 0 p71s nenbIX sHaYeHUH /, TO TeopeMa rJa-
cuT, urto Jau6o A — 0, Korna | /] — oo, 6o ¢ynkuus f (/) Bciony uc-
yesaeT, T. €. TOXKJIECTBEHHO paBHA Hy.mo. BoamoxkHO, npocrefiiuM npH-
MEPOM SIBJISIETCST CJIeYIOLIHH:

A% () = AYF(H) + F () sin nl.

Bcnomunasi, uto sin s/ = [exp (iml) — exp (— inl)] (2i)~%, coBepuen-
HO OYEeBHIHO, 4TO IA,E (#) | # o, Korga [— ioco H3-3a HAJNHUHsI JIOIOJ-
HHTEJBHOIO YJIEHA.

CJIeILOBaTeJIbHO, BeipaxkeHHe (2.6.2) ompepensieT oaHO3HAYHBIM OGpa-
30M (PYHKIHIO Al () xax roJioMOp¢hHYIO, HMEIOILYI0 KOHEUHBI Hpeses

H | [ | - oo mis Bcex Re {{} > N (#). Oxnako nponoskenne B 061acTb

Re {{l} << N (f) saTpyaHeHO H3-3a pacXomumocTH D; (s, f) mpu s— oo.

IIJI;{ TOro uyToObl MepedTH K JaJbHeHIIeMY pAacCMOTDEHHI), HaM He-
06X0QMMO CJeJaTh JOTOJHHTENbHOe H VYEeHBb CYIIECTBEHHOE IpPEeIOJIorKe-
HHE O TOM, 4UTO amn/zumyaa pacceanun A, () anarumuueckas gynryus |
80 6cell KOMNACKCHOU NAOCKOCMU Yen08020 MOMEHMA U COOePICUM MOALKO
usoauposarnee ocobenrnocmu. Takum ob6pasoM, B jasibHeHieM Mbl GyieM
paccMaTpHBaTh TOJIBKO ~HSOJHDOBAHHBIE OCOGEHHOCTH, KOTOpHIE €CTeCT-
BeHHBIM 06pasoM GYAYT NPHBOZHTH K PaCXOAHMOCTH, HO MBI CMOXKEM TeM
He MeHee CleJaTh aHAJUTHUECKOe IIPOJOJIKEHHE B OCTaBIIYIOCS 4YacThb
KOMILJIEKCHOH IIJIOCKOCTH.

Hasi npuMepa IpealioNoXKMM, UYTO CKayoK D§ (s, ¥) umeer cremeHHoe
HOBejleHHe B  aCHMITOTHKE

DE (s, ©) ~ st + uymeHnt 60Jlee HH3KOrO NMOPSIIKA, 2.7.1)

npudyeM N () = o (). Tak kak u3 (A.27) crepyer, urto Q; (2) ~ z—i=1,
a us (1.7.9) — ut0 2; — 8/(§115G124), TO NIPH GOJBLIHX S (CKaXKeM, S GOJIbIIE

5—>00
HeKoToporo &) ¢opmyaa (2.6.2) naer

A5@t) ~ (ses—i~1gs=SER[2 =D Ins]
I>a (t) o (£)—1

Sg

. 2.7.2)
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CrnefoBaTesnbHO, aMIInTyAa A ; (f) UMeeT moJtoc npH [ = o (f). D10 ecTs,
o Hauled runoTese, HauGoJee Nnpasasi ocobeHHOCTh A (f) B KoMIutekcHOH
IVIOCKOCTH [ M, TakKMM o6pa3oM, 3T0O HMEHHO Ta CHHIYJSIDEOCTb, KOTOpas
MellaeT HaM CcHesaTs npojosikenHe Jesee Re {/} = a (¢). OnHako pas
YK 3TOT MNOJIOC SBJISeTCs] H30JHPOBAHHOH 0COGOH TOYKOH, TO MBI MOXKeM
clleslaTh NPOJOJIXKEHHe BOKPYT Hero BJIEBO, HO JO TeX IOp, IOKAa He HaT-
KHeMCsI Ha APYryI0 CHHI'YJSIPHOCTb, COOTBETCTBYIOULYIO CJEAYIOUIEMY uJle-
HY AaCHMIOTOTHYECKOro pasJjloxKeHHsi CKayKa D% (s, o).

B. yacTHOCTH, B pas/IOKEHHH MOI'YT COJEDPKAThCs JorapHpMHUYECKHe
yJileHH THIIA '

D& (s, £) ~ 52" (Ins)P?, (2.7.3)
KOTOpHIE JafyT

o 1

Alg(t) ~ Ssa(t)(lns)ﬁ(t)s—l—ld:g: Zm""-..’
I>o(t) In(@(@)—1), p@)=1.

B@O#*=—1

(2.7.4)

Takum o6pasoMm, aMImJIHTYIA A} () 6yzeT HMeTh TOUKY BETBJIEHHS INPH

= o (f) WM KpaTHBIH NOJIIOC B CJydYae, eCJaH [ SBJSETCS NOJIOMKHTEeb-
HBIM LeJBM YHCAOM. PU3HUeCKHH CMBICJ 3THX IOJIIOCOB H TOYEK BeTBJIe-
HHsI Mbl OyleM o0CyKAaThb HHKe.

INpennoJiokeHne 0 TOM, YTO aMILIMTYJa A% (f) MMeeT TONBKO H30JH-
pOBaHHEBIE 0COGBIE TOUKH H NO3TOMY MOXKET GbITh aHAJHTHUYECKH IPOOJIIKE-
Ha Ha BCK KOMILIEKCHYIO IJIOCKOCTh YIJIOBOTO MOMEHTa, MHOT/A HA3HIBAIOT
MOCTYJIATOM O «MAKCHMAJIBHOH aHAJHTHYHOCTH BTOPOrO pofa», AJsi TOro
yToGhl OTJIMYAThL ero OT NocryJsaaTta V pasp. 1.4, Kacaiouierocsi aHaJHTHY-
HOCTH IO NepeMeHHBIM § W £. IlocTysJaT o MaKcHMaJbHOH aHAJHTHYHOCTH
BTOPOTO POJA SIBJISIETCSI OCHOBHEIM IIPeAIIOJIOKeHHeM, Ha KOTOPOM OCHOBa-
HO IpHMeHeHHe TeOpHH Pelke K ()M3HKe YaCTHL, YTO, K COXKAJEHHIO, HH
B KoeH Mepe HeJb3sl CUMTATh JNOKA3aHHBIM, XOTs, KaK GyleT NOKasaHo B
cJeAyioWleH rJiaBe, 3TO INPEANOJIOKEHHe SIBJISIETCS. CIPaBeNJIHBEIM B pas-
JIMYHBIX PEaJIMCTHUECKHX MOJEJNSIX CHJBHHIX B3aHMOAEHCTBHH H, YTO MHO-
HO GoJiee BaXKHO, TOXOXKe, YTO HAXOLHTCS B COTJIACHH C 3KCIEpHMEHTAJNb-
HBIMH JaHHBIMH.

TakuMm o6pasoM, ecau Bce 3TO CIpaBeJJHBO, TO psx (2.5.6) B pasjo-
JKEHHH 10 MapUHaJbHEIM BOJHAM MOXKHO IepenHcaTb B BHAE KOHTYPHOTO
HHTerpajia B KOMILJIEKCHOH IIOCKOCTH [ (3TOT METOA HCHOJB30BaJ 30M-
mepdennpy [364], crenys TexHHKe, npensoxeHHoH Barconom [398]):

167
2i

§w+nﬁmﬂ—ﬁuL 2.7.5)

(—
sin m/
Cy

AE(S, )= —

Koutyp C, mokasad Ha puc. 2.7. OH oXBaTeIBaeT Bce LeJble MOJOXKHTE b
HBle YHCJA H HYJb, HO H30eraeT KaKHX-JHOO TOYEK, COOTBETCTBYIOUIHX
CHHTYJAPHOCTSM A; (f). BbiueTHl NOABIHTErpaJbHOIO BHIPAXKEHHS B IIO-
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JI0CaX, PACIOJIOXKEHHBIX B LEJBIX TOYKaX { =7, B KOTOpHIX sin st/ —
—> (— D* ({ — n) m, uUMeOT CJIedyWOUHH BHA:

2ni (2n-+ 1) A8 (¢) Py (—2y)
(—=1)rx

=2 @2n+1)AE(#) Pa(z)  (2.7.6)

[a1s1 Toro uTOGBHI 3TO HOMYYHTB, HYXKHO HCIOJB30BaTh (A.11)].
Takum o6pasoM, ¢ nomouslo TeopeMmsl Komm Ml mosydaeM us (2.7.5)

A%(s, )= 167 12 (20 + 1) A} (B) P, (2y). (2.7.7)

CrnenoBaTtesbHO, BeipaxkeHue (2.7.5) skBuBasienTHo (2.7.7) IpH YCJIOBHH,
uyto aMmmiauTyga A; (f) uMeer TpeCyemble aHaJHTHYeCKHe CBOHCTBa 1o /.

Tak Kak Mbl yiKe HAULTH, 4TO aMILIHTYHa AF (f) He MMeeT CHHrYJIsp-
Hoctell npu Re {/} > N (f), To MBI MOkeM 3aMeHHTH KOHTYp C; Ha KOH-
Typ C,, KaK NIOKa3aHO Ha pHC. 2.7, H OyleM yBepeHBI, YTO IIPH 3TOM MHI He
3aXBaTHM HH OJAHOH CHHIYJISIDHOCTH HOABIHTErpajibHOH (YHKUHH. 2TO
CIpaBeJVIHBO TNPH YCJOBHHM, 4YTO BepTHKAJIbHASI JIHHHS COOTBETCTBYeET

O,

55\\\\\
~,
\\
N,
N\
\
T2 T\0 1 254 5 6§ 7 8 040
Cr Cr
/
c
2 //
///
L -
Lyl

Puc. 2.7. Kouryp uuTerpupoBaunss C; B KOMIUIEKCHON IUIOCKOCTH [, OXBaTHIBaomuit
BCE I10JI0XKHTEIbHEE Ie/ble YHCA. :

KorTyp MOXMO pasBepHYThb BAOAL JAHHAK Re {/} =L, ¢ ROAYOKPYKHOCTBIO Ha GEeCKOHEYHOCTH.
3AToT KOHTYP HasbBaercs Cy

Re {I} = L, > N (9. BcuencrBue ycaosuit (2.5.5) u (A.30) uHTerpau
1O TOJIYKPYry (IpH YCJIOBHH, YTO €ro PajHycC CTPEMHTCs K 0eCKOHEUHOCTH)
6yner paBeH Hymo. tH yciaoBus [(2.5.5) u (A.30)] Takxke nokaswelBaioT,
41O 006JIaCTh CXOAHMOCTH (2.7.5) no mepemeHHO#t 2z MHOro GoJbie, YyeM Ma-
JIbIH 3jHnce Jlemana (2.4.11), BHYTpH KOTOPOTro CNpaBelJIMBO Pa3JioKeHHe
(2.7.7). Drta obsacth He 3aBHCHT OT Im {6} H, pakTHUECKH, BCJeICTBHE
(2.5.11) nosxHa BRMOYATH B ce6Gsi BCIO KOMIJIEKCHYIO ILIOCKOCTB 2. OT-
METHM, 4TO CHHT'YJISIPHOCTH MO S aMILTHTYAR A8 (s, £), KOTOpBIe MEIIAIOT CXO-
JUMOCTH BrIpaxkeHHs (2.7.7), comepxkarcsi B ¢yHKuMH P;(—z;) 1npH
2; > 1 [an1s1 Henesbix [ 3T0 MOXKHO yBHAeTH ¢ nomowbio (A.13)].
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Ecnu mer Gyzem cmemaTh L, HajleBo, TO Ham GYAYT BCTPEUATHCS CHH-
I'YJISIPHOCTH NJIOCKOCTH [/, mojobubie (2.7.2) u (2.7.4), KOTOpHIE€ OTBETCTBEH-
HBl 3a pacxoiuMmoctb (2.6.2). JlaBaiiTe mpeANnoONONHM IJSI TPOCTOTH, UTO
MBI BCTPETHJIH TOJIBKO OAHH NPOCTOH NoJioc npH [ == o (f), KoTopoMy OT-
BeuaeT A, (f) ~ P () (I — o (£))™, ¥ TONBLKO OAHY TOYKY BETBJIEHHS IpPH
I=a, (f), Korja MBI NpOIJIH BCIO 0byacTh Re {/} > — 1/2, Kak nokasaso
Ha puc. 2.8. Torza Mel noJydaem ciepymoliee:

A%, )= — == (@141 AF() 22 a1 —16m2 2o (0+ 1B ()%

% Py 2y (—2¢t) _ 16x
sin me (£) 2i

ag(t)

E, o Pr(—z)
S (21+1)Al(t)——sinnl di, (2.7.8)

Tlle MOC/TeJHHH YJieH OTBeyaeT MHTEIPHPOBAHHIO BOKPYI YaCTH paspesa,
OTBeYalollero TOYKe BETBJEHHS M IOKasaHHOro Ha puc. 2.8 [A§ & —
cKauoK Ha paspese]. @opmy.a (2.7.8) usBecTHa B JHUTepaType Kak Ipef-
craBleHHe 3oMMepdesbia—Barcona.

—_— _§\\\\
i A o \\
*—o—o—o > —o—0———=@ >~ o=@ *—o 1
-3 =2 110 1 2 & 4 & &6 7 & 9 10 I'
/I
4
//
05 —-—-—”
Puc. 2.8. Kouryp uurerpuposanus Ci, pa3BepHYTHH Brods Re{!l} =-—1/2.

DTOT KOHTYp BKJIOUaeT B cefa o6xom moatoca OpH [=0 M OXBaThiBAaeT paspes, OTBevaloWiHH TOU-
Ke BeTBJEHHA IpH l=dc - . . .

OueBHIHO, YTO TEpBBIH YJieH, KOTOPHIH HAa3kBaeTCs «pOHOBHLIM HHTE-
rpajsioM», obpaliaercsi B HyJb, KOrja s — oo Kak ~ s$™1/2. Dro Jerko mo-
JYUYHTb, €CJH BCIOMHHTEL AaCHMITOTHYeCKOe IoBeleHHe GYHKUHH P; (2)
npu 2 — oo [em. (A.25), (A.26)]. AnasornuHo cpasy InoJiydaercsi, 4TO IO-
JIOCHBIH 4JeH ~ s*?), Takxke Kak M B (2.7.1), Torga Kak acHMIITOTHYe-
CKoe NOBeJleHHe BKJaJa OT pa3pesa 3aBHCHT OT CKauKa Ha 3TOM paspese
B obJsactu [— o, (f). Ecan ckauok Y (?) BemetT cebst Kak (1 — o, (2))1 8,
TO TIOBeJleHHe B aCHMNTOTHKe OyneT ~ s* ) (Ins)P® [em, (2.7.4)].

B cayuae moTeHuHaJaBHOro paccesiHHs (IJIs NOTEHIHAJIOB C «XOpO-
[IHM IOBEJEHHEM») B aMIJIMTYJE HMEIOTCS TOJBKO INMOJICa H OTCYTCTBYIOT
paspessl. D10 ObLIO NMoKasaHO Pelpke B CTaThsX, NMOCBSUIEHHBEIX 3TOMY BO-
npocy (cM. ri1. 3). B ¢usuKe yacTHI MBI IpeAnosiaraeM, YTO MMEIOTCS H
paspessl, OLHAKO MOAPOGHOE OGCYKIEHHEe 3THX BOIPOCOB MHI OTJIOXKHM J0
ra. 8, a Bce npeAblAYIIHe IVIaBbl IOCBATHM JETaJbHOMY PaCCMOTPEHHIO M0~
JIIOCOB.
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2.8. Moaioca Pepxe

Bropoii uren B ¢opmyse (2.7.8) Ha3wiBaeTcs «nositocoM Pejzke», Ko-
TOPBIH SIBJISIeTCSl IIOJIIOCOM B KOMIUIEKCHOH IockocTH [. B amniutyny
paccesiHHSI OH BHOCHT BKJaj:

AR (s, ) = — 1622 [2a (¢) + 1] B (f) Py (1) (— 2:)/sin e (2).  (2.8.1)
Ero BKJIaZ B CKauoOK IO S HMeET CJAeAYIOMHHA BHI, €CJH BCIOMHHTL (A.13):
DG, ) =167 Qa () + DB D Pan (@), 2>1;  (282)

D& (s, ) ~ s, s— oo,

KakK H oxHpjajoch M3 (2.7.1). @akTHYECKH ecsH Bblpamelﬂne (2.8.2) nogx-
cTaBuTb B (2.6.2), To ¢ nomowpio (A.22) MOXKHO NONYYHTDH

A[E ) = (22 ()-+1)B (%) — B (9 . (2.8.3)
T—o () (4 a(t)-+1) al) [—a(l)
310 BhIpaxeHHe NMOATBepiKAaeT, uto ¢opmyJa (2.8.1) ykaspiBaeT Ha BO3-
HHKHOBEHHe IoJoca B IJOCKOCTH /.

Ecnu o (f) siBasercs: pyHKuHMeH nepeMeHHOH #, TO 11 JaHHOTO (hPHKCH-
poBanHoro [ ammauryaa A; (f) 6yleT HMeTh NOJIOC 1O # NIPH HEKOTOPOM
t = t., TakoM, uTo & (¢,) = [. MblI GyleM nOApoGHO HCCJAEN0BATEH CBOHCTBA
dyukuuit o (£), p (¢) B pasa. 3.2 ¥ HaiifieM, 4To GYHKUHS o (f) OOBIUHO
SIBJIsIeTCS] aHAJHTHYeCKOH (GYHKUHeH / M COIEPIKHT TOUKY BETBJIEHHS IIpH
IOpOroBoM 3HaueHHH ! = fr. Takum oépasoM /st JeHCTBHTE/IbHEIX 3HA-
yeHHH f > f7r MOXKHO Bbme.nHTb B 3ToH (OYHKUHH JEHCTBUTENbHYIO H MHH-

MY 4YacTH
a () =agr(®) + iur (f) , (2.8.4)
H ONpPEeNeJIMTh TOUKY Z,, B KOTOpO# ag (f) == [. Passaras a (f) okoJo STOH
TOYKH B psf, TNOJydaeM
a@® =l+ar(t) @t —t)+ ... F+ia; (&) +iar () —¢) +
+ ... (2.8.5)

(ITpUX O3HayYaeT MPOU3BOJHYIO IO f) H NO3TOMY AJS g &~ [ NapuHaibHas
aMIIUTYJa HMeeT BHJ )

A5~ B () ~
— i, (i) (E— t) —iay (t)— 1o} (&) (E—1)

B (t)/ag (t)
T —t—iay () ()

YTO CNIPABENJHBO B TPENTONONKEHHH o < Clg. ITO BhIpaXKeHHe MOMKHO
CpaBHHTH ¢ ¢opmysoii bpefita—Buraepa (2.2.15), u3 koropo#t cpasy BHI-
HO, 4YTO BHIpaxeHHe (2.8.6) COOTBeTCTBYeT #-KaHaJbHOMY pe3OHAHCY C

Maccolt M, =1/#, u NOJHOH WHMPHHOH , ‘
o ' = oy (t)/ak (¢) M,. (2.8.7)
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Huxe nopora MH¥Masi 4acTb paBHA
Hymo: oj = 0, H MBI BMeeM IIOJIOC,
OTBeUalOUIHH CBSI3AHHOMY COCTOSTHHIO
NpH JefCTBHTEJILHEIX 3HAYeHHsX 1.
OTH (aKTel MNO3BOJSIOT PaccMaTPH-
BaThb CBSI3aHHLIE COCTOSIHHSI H pe3o-
HAaHCHl C OJAHOH TOYKH 3DeHHs: KakK
noJroca Pemxke (puc. 2.9).

Korza Takwue nomoca Penxe Bo3-
HHKAlOT INpH UeJblX (H3HYECKHX
3HayeHHAX /, TO OHH OTBeYaloT dH-
3HUYECKHM YacTHLAM HJIH pe3OHaH-
caM. DT0 BEICKasbIBaHHE COBEPIIEHHO
OUYEBHAHBIM OGpa3oM IOATBepXKIAeT-
csa u ¢opmyJoi (2.8.1), U3 KoTopoi
BHJHO, YTO TOJIOC 10 { BO3HHKAET,

orja pyHKuHs o (f) paBHseTCS Le-
JOMY U4HCJIY, TaK KaK IIpH 3TOM
ofpawaercss B HyJb sin s (£).
Onnako ¢opmyJaa (2.8.1) HanucaHa
IJIsT aMILTHTYABL C OIlpeJie;IEHHOH CHI-

Refa}
P
X
P e
U 1
Mt M2 ME t
. ! e e  pr— d
06nacme 06nacme Pe30oHaHCHAS
S-KHAHANA cBasantbix obaacmsb

cocmosnuil

Prc. 29. Tpaekropua Penxe ¢ uertuoft
CHTHaTypOH.

TpaexTopus umeer Re{®}=0 npu HekoTopom
t<i{T (MeHbUle mopora), AaBas CBA3AHHOE co-
CTOAHHE CO CHHHOM, DaBHHIM HYJIO, H Mac-
coli M, a saTeM HAYT PE3OHAHCH: CO CIH-
HOM 2 u Maccoit M, co cnuHOM 4 m Maccolt
Ms, Tlpu {<0 TpaeKkTopHs NPHBOAHT K cTe-
NMeHHOMY IOBEAEHHIO B nepeé(tr;ec‘mom Ss-KaHa-
a

ae, ~ S

HaTypoO# H MO3TOMY, AJSl TOrO 4TOGH » 7
NOJIYYHTh BhIpaXkenwe IJs1 (PH3HYeCKOH aMIJIHTYIbl, Heo6XOAHMO BOC-
noJb3oBaThest opmyJtioil (2.5.10) u B pesyJbTate

Py (—21)-+EP, ) (2t)
sin net ()
dro Bulpaxkenue ¢ nomompio (A.10) nmpHBoAMTCS K BHAY

A% (s, ) = — 1672 22 () +- DB @) [(1 +Eexp [—ima (o)) T2

sin ne (8)

(2.8.9)

AR (s, ) =—16n2 (2 () + 1) B (¢)

. (2.8.8)

__§~ni sin 7o (f) Quyty (—Zt)}

Tax Kak BcaeacTBHe (A.27) nocJieHHH YJIeH 3TOrO BbIpaXKeHHs 1aeT B aCHM-
NTOTHKe IpeHeGPeXXHMO MaJiblif BKJAaJ, ero o6elyHO onmyckator. OKoHua-
TeJIbHOEe BbIpayKeHHe, YacTO HCIOJb3yeMoe B JHTepaType, HMeeT BHJ

Ag (s, t) = — 165 [2a (£) + 11 B () (1 + E exp [— ime (H)]) X
X Py 1y (— 2z;)/sin mee (). (2.8.10)

®axtop (1 + Eexp [— ina (£)]) HaseBaeTcst «CHrHATYPHBIM MHO-
KHTesleM». 3TOT hakTop obecleduBaeT BBHINOJHEHHE YCJOBHSI: TPAEKTODHS
¢ faHHOH cHrHaTypo#l § = == | BHOCHT BKJaj B NOJIOC IO { B aMILIHTY-
Jle paccesiHHSI TOJIbKO B TOM CJlydae, €CJIH ¢ (f) IPOXOAHT Uepes TOUKH CBO-
el CHrTHaTypHI, T. €. YeTHble — HeueTHHIe IeJ/ble YHcaa [eM. (2.5.4) u nocJe-
nywouire ¢GopMy.JIb].

Jlst Toro 4ToGH He BCTYNAaTh B NPOTHBOpeUHe ¢ orpaHHYeHHeM Dpyac-
capa (2.4.9), neo6xonumo, uToGH o (f) << 1 ans ¢ << 0. Jas noJioxHTe -
HBIX ¢ TPAaeKTOPHs IIPOXOIHT Yepe3 HECKOJIBKO LEJEBIX YHCEI, M NO3TOMY
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MBI MOJKEM OXKHJATh, YTO OGHAD YKUM lieJIble ceMeHCTBa YacCTHL, KOTOphIe Je-
XaT Ha TPaeKTOpHsX, NIpHYEM Te, KOTOphbIe JieXKaT Ha JaHHOH TpaeKTOpHH,
HMEIOT CITHHBI, OT/IHYAloLIMecs Ha JBe elMHHIBI YIJIOBOrO MOMeHTa. B ri. 5
MBI TIOKaXKeM, 4YTO STO [eHCTBHTE/BHO CNpaBeLTHBO (Bo BcaKOM cayudae,
Koria o (f) Gepercsi B Bue JHHeHHOH (QyHKUHMH

a(t) =a + o't ©(2.8.11)

Kak 3TO AJs1 IpHMepa NoKasaHo Ha pHc. 2.9 u 5.4—5.6). 10T dakT ciy-
JKHT OJHHM H3 ONpaBJaHHH NPHMEHHMOCTH HIeH Pelxke k ¢hHsHKe dacTHIL.

Jlpyroii mpoctoil NpoBepKoOH CJIYyKHT pacCMOTpeHHe (pH3HUeCKOH OG-
JIaCTH TIlepeKpPecTHOro s-KaHaja S>> sy, t<C 0. B sTom ciyuae (2.8.10)
naer npu yuete (1.7.9) u (A.25)

AR (s, b s, (2.8.12)

IIpHYEeM B 3TOM CJiydae { XapakKTepHayeT Ilepeflauy HMNyJbca. Takum 06-
Pa3oM, MBI OXKHJAEM, YTO NPH BBLICOKHX 3HEPIHsIX 3aBHCHMOCTB OT S aM-
IUIATYJBI paccesTHUSI B S-KaHaJe JaeTcsi NPOCTBIM CTENIeHHBIM IIOBeleHHEM,
NpHYeM NOKa3aTeJsb CTENIeHH SIBJSIETCS (YHKUHeH OT NMepelaHHOrO HMITYJIb-
ca [BcnomMHHM, uTo B 3TOH OGaacTH o (f) — nelCTBHTeNbHas (GYHKUHS).
Bce 3T0 po/KHO 6B GBITH CAEICTBHEM AHAJIHTHYECKOTO IPOAOJIKEHHS
10 CIIMHAM YaCTHll, JeKallMX Ha JHIHUPYIOieH /-KaHAaJbHOH TPaeKTOPHH
(cM. pHc. 2.9 uian 6.6). Takum o6pa3oM, TaK Kak IPH NMOJOXKHTEJIbHBIX ¢
¢yHKuus o (f) HaGmionaeMa TOJIBKO B JAHCKDeTHBIX TOYKaxX, rfe a (f)
PaBHO LEJOMY YHCAY H rje HMEelTCs YaCTHIbL, QYHKLHIO & (f) MOXKHO OII-
pele/uTh 110 aCHMIITTOTHYECKOMY TIOBEJEHHIO IIPH S —- oo IJjs Bcex £ <0,
no kpafiHed Mepe B npuHiHNe. OIHAKO NPAKTHYECKH 3TO JOBOJIBHO TPYI-
Has 3ajlaya, TaK KaK B KaXXJOM KOHKPETHOM IIpoliecce OGLIYHO TTPOHUCXOAUT
0oGMeH HECKOJIbKHMH TPAaeKTOPHsIMM, H XOTSI pa3Hble TPAaeKTOPHH XapakKTe-
PH3YIOTCS pa3/HYHbIM CTENeHHBHIM TOBeJEeHHeM, TeM He MeHee HX JOBOJIb-
HO CJIOKHO BBHIJIEJHTH Ha ¢one apyr apyra. Ho, necmMoTpst Ha Bce 3TH TpyA-
HOCTH, OBLJIO JOKa3aHO, YTO MOXKHO IOJTHOCTBIO ONpefle/IUTh CBOHCTBa 60JIb-
IIOr0 KOJIHYECTBA TPAEKTOPHH, HUCXOMAS H3 3KCIEPHMEHTAJBHBIX JaHHBIX,
H3JI0XKeHHEIM Bbllle crioco6om (cM. pasia. 6.8).

CreneHHoe IOBeJeHHe, OXHAaeMOoe IIPH oOMeHe TpaekTopueil Pemxe
(MHOTZla BMECTO 3TQrO rOBOPAT 06 o6MeHe «pelKeoHoM») (2.8.12), mMoxHO
NPOTHBONOCTABUTEL TOBEJEHUIO, BO3HHKAIOUIEMY IIPH o6MeHE uYacTHIleH
¢ ¢HKCHPOBaHHBIM CIHHOM (2.6.10) 1 KOTOpOe COOTBETCTBYeT CHMBOJIY Kpo-
HeKepa & B miockoctd / (2.6.11). U3 (A. 25) Mbl BHJIHM, YTO BhIpaiKeHHe
(2.6.10) NPHBOJHT K A, ) ~ s/, roe j — uenoe YHCJIO M He 3aBHCHT
oT t. Ha nepBrlfl B3rJsA 3TOT aKT KamKeTCsl JNOBOJBHO YAHBHTEJLHBIM:
Oo6MeH MHOTHMH YaCTHLUAMH C BBICOKHMH CIIHHaMH, JIEKAIIUMH Ha TPaeK-
TOPHH TOAOOHOH To#, YTO H306paxKeHa Ha pHC. 2.9, NOJIKEH HaTh CTENeH-
HYIO 3aBHCHMOCTH C TIOKa3aTesieM creneHH o (f) << 1 npu ¢ << 0 (kXak 3TO
TpebyeT orpanuyenne Ppyaccapa), Toria KakK oOMEH KaxkioH yacTHieH
OTJe/BHO IPHBOAU OBl K 8t i = 1, 2, 3 ... O6bsiCHeHHe 3TOr0 KaK yliero-
¢sl IPOTHBOPEUHS COCTOHT B TOM, UTO BKJAfbl OT PAa3JIHUHBIX TapIHaJbHBIX
BOJIH COKpAaIIalTCs (HeOo0XOJUMO INPOCTO NOMHHTb, YTO Pa3JOKEHHe IO
NapuHaJbHLIM BOJIHAM B f-KaHaJle He CXOJHTCS B (PU3HUECKOH 06JacTH
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s-KaHaJsia). JJsg Toro 4toGbl 5TO TOSCHHTH, MPEANOJIONKHM, YTO HMEeTCs
JUHelHas1 TpaeKTopus, mnojoGHast (2.8.11), ¢ momocamu npH

t=Mi=(—a%e', 1=0,1,2, .. (x°<<0). (2.8.13)

3aTteM MBI MOXKeM HaTlHCATh JJIs1 3THX TIOJIIOCOB PAJ 0 INaplUHaJbHBIM BOJI-
HaM

A¥(s, )= 16n2 2!+ 1)—6((%)_ Py(z) =

_ 16n 5(21+ 1) B Pul=2) 4 (2.8.14)

l—o (t) sinsl

H KOrja MHl BOCIOJIb3yeMcCsi IpeoGpa30BaHHEM 30mmep(beﬂbna—BaTc0Ha
(2.7.8), To B pesyJbrate NOJTY4HM A% (s, ) ~ s*®, uTO BHNOJIHE €CTECT-
BEHHO.

T'unoTesa MaKcHMaJIbHOH aHAJMTHYHOCTH BTOPOTO poja MNoApa3yMe-
BAae€T, YTO BCEe BHIYHTAHHUS B JHCIEPCHOHHBIX COOTHOMIEHHSX, IOAOOHLIE
(1.10.7), siBasitoTCsl CJIEACTBHEM CHHTYJISIDHOCTEH B IJIOCKOCTH YIJIOBOTO
MomenTa THna (2.7.2) u (2.7.4). Eciu 6bl 6bLTH pa3pelieHsl POH3BOJbHLIE
BoiyuTanua Kak B (1.10.10), To dyuxuus F,_4 (s, {) (KoTopas sBiasieTcs
HOJIMHOMOM TI0 § CTeNeHH 7 — 1) BHOCHJIa Obl BKJaJ BO BCe IapLHaJIbHbIE
BoJHEl ¢ [ =0, 1, 2, ..., n — 1 B {-kaHaJe, JgaBasi B IIOCKOCTH [ YJIEHBI
¢ S8-cumosamd Kpomekepa: 8,9, 64y, ..., 8;p_y, @ He CHHIYJAPHOCTH.
Ho Takoro Tuma uwieHbl YCTPAaHAIOTCS HAIIHUM TIOCTYJIaTOM aHAJHTHY-
HocTH. U3 orpanuuenuss Ppyaccapa cjefyer, 4To CTeneHb F,_4(s, %)
MOXKeT OBITh KaK MAaKCHMYM PaBHa €JHHHIIE H TIO3TOMY BBHICIIHE IapIiHaJlb-
Hble BOJIHBI, HECOMHEHHO, OTPEEJISIIOTCS H NMOJIYUaloTCs TOJBKO H3 CKadKa

D% (s, t); omHAKO TOCTYJAT aHAJHTHYHOCTH TaKiKe TpeGyeT, UTOOBI HH3-
I1IHe NaplHaJIbHbIE BOJIHEL IOJY4aJHCh Obl H3 BBICIIHX C TIOMOIIBIO aHAJIHTH-

YeCKOTO IPOHOJIKEHHS, T. €. OHH TOXKe OIpeleJsIoTCs CKadykoM DE s, 9
H, CJeloBaTeJbHO, (YHKUHA F He sBJIsSeTCS IPOH3BOJBHOM.

Ha stom Mul 3aBepminM o6cyxaenHe HaHOoJlee Ba’XKHOrO MOMEHTa B OIl-
pelejieHHH aMILNIUTYAbI PAacCesiHHs, HCXOJs U3 YPaBHEHHH YHHTaPHOCTH.
Kaxk me1 Bugen B 1. 1 (ocofeHHo B pa3z. 1.10), ecaiu 3aganbl Bee noJroca,
OTBevalollHe JacTHiaMm (Macehl H KOHCTaHTHI CBs3ei), TO MOXKHO, B IIPHH-
LMIIe, ONPEJENHTH C MOMOIIBIO COOTHOLIEHHH YHHTaPHOCTH BCE OCTaJIbHBIE
CHHTYJIAPHOCTH H, CJIeOBAaTeJbHO, HAHTH aMIIHTYLy PacCesiHHsl, HCIOJb:
3y JHUCIEPCHOHHLIE COOTHOIEHHS (KOHEYHO, ¢ TOYHOCTBIO JIO HeoT pellesieH-
HOCTH, CBSI3aHHOH C BLIYHTaHHaAMH). [Ipu 3ToM, NO-BHAMMOMY, HE BO3-
HHKaeT HHKaKMX OrpaHHYeHHH Ha 4YHCJIO 4YacTHU. OJHAKO KaxKeTcsl O4eHb
MaJIOBEPOSATHEIM, YTO HEOOXOIHMO B35Th a pPriori TOJBKO MoJroca, OTBeYaro-
DiHe BCeM YacCTHLAM, TaK KaK HMeIOTC COCTaBHble YaCTHIEI, KOTOPBIE sB-
JISIIOTCSL  CJIeACTBHEM JeHCTBHS MEeXUYACTHUHBIX CHJI H KOTOphie JOJIKHEI
BO3HHKATh KaK CJIEJCTBHsI YHHTapHOCTH; OHH GYAYT JieKaThb Ha TpaeKTo-
pusix. Hanpumep, eciu paccMoTpeTh AeHTPOH KaK CBs3aHHOE COCTOsSTHHE
NpOTOHAa H HEHTPOHA, TO MOKHO ObIJIO OBl BEIBECTH :BCE €I'0 CROHCTBA (Maccy
H KOHCTAHTY CBSI3H), MCXOJs H3 3HaHHs CHJI, OTBETCTBEHHBIX 3a CHJIbHBIE
B3aUMOJIEHCTBHSI, H BCE 3TO, KOHEYHO, NPOTHBOPEUHJIO OBl BBelIeHHIO npo-
H3BOJIBHBIX 3HaUeHHH JAJIs 3THX BeJHYMH.
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C napyro#t CTOPOHBI, MAKCHMAJIbHASL AHAJTUTHYHOCTD BTOPOTO pojia MOA-

pa3yMeBaeT, 4TO eCJIH H3BECTEH CKayoK D% (s, ), TO MOMKHO 0o6paTHTh BCIO
H3JI0XKEHHYIO BHIIIE TMPOLEAYPY C TNOMOILBIO IpeicTaBieHust ['puboa—
dpyaccapa H BBISICHHTb NPHPOAY BCeX IOJIIOCOB, NOTOMY YTO BCe OHH SIB-
JSIOTCSL ToJirocamu Pepzke. DTa npouenypa IpeANosara€T OUeHb BBICOKYIO
CTeleéHb CaMOCOIJIACOBAHHOCTH TEOPHH CHJbLHBLIX B3auMojeHcTBHil. Echiu
oueHb TOCTapaThbCsl U NPHAYMaTh HOBYIO YaCTHILY, a 3aTeM BBECTH e€ B CO-
OTHOUIEHHsI YHHTApHOCTH, TO OHAa JOJIKHA NPHBECTH K BO3HHKHOBEHHIO
JaJIbHEHIINX CHHIYJIIPHOCTeH H JaJIbHEHIIHX BKJAJOB B aCHMIITOTHYe-
CKoe TOBEJEHHE aMILIUTYJ pacCesiHHs, H, CJeJOBATeJqbHO, AaJbHEeHIIHX
noJsiocoB Pejizke, KOTOphIe, B CBOIO ouepellb, OYAYT BKJIOUEHH B COOTHO-
LleHHe YHHTAapHOCTH, H T. I.

CoBepIlleHHO OYEBHJHO, YTO €CJIH HAllH MOCTYJAaThl KOPPEKTHBI, TO
HacTosilee (BO3MOXKHO, GECKOHEUHOE) YHCJIO THIOB Pa3/IMYHBIX YACTHIL BO
BcesleHHO# JOJ2KHO OBITH CaMOCOTJIACOBaHHEIM, T. €. [IOJ] AeHCTBHEM KOMOH-
HHPOBAHHBIX TPOLECCOB YHHTAPH3allMH H aHAJHTHYECKOTO NPOJOJIKEHHS
mo ! TOJBKO OHH JOJIAKHBI BOCIPOH3BOJHTLCS, 4 He JOJIKHO MOSBJATHCS
KaKHX-JH00 HOBBIX 4YacTHI. OIHAKO CYIIECTBYeT JIH TOJBKO OJHH -€IHH-
CTBeHHBIH HaGoOp C TaKHMHM CBOHCTBaMH, T. e. ONpefiesisieT JIH TpeGOBaHHe
€aMOCOTJIACOBAHHOCTH TEOPHIO IOJHOCTBIO, — 3TOT BOIpPOC He siceH. Ilox-
X0[, B KOTOPOM BCe CHJIBHOB3aHMOJEHCTBYIOIIHE YaCTHILbI TeHEPHPYIOT
Ipyr JApyra TaKHM CIOCOOOM, HashlBa€ICs «THIOTe30H OyTCTpana»
(cm. [101]), 1 Mel Gynem ee o6CyXAaTb H HCCIEOBaThb B JaJsIbHEHILEM.
WHTYUTHBHO KaXKeTCsl SICHBIM, YTO €CJIH BCe aJpOHBbl COCTaBJIAIOTCS OXHH
H3 JIPYroro, a BCe CHJIBI BO3HHKAIOT KakK CJIeICTBHe OOMeHa YaCcTHIAaMH, TO
B 3TOM cJlyyae HeOGXOAHMO BBeCTH HEKOTOPYIO (JOPMY camocorJiaCoOBaHHO-
CTH, NMpHYeM, TPH3LIBas Ha TIOMOIIb TeopHIO Pemxe, MoxkHO naTh GoJiee
cTporyio GopMyJHPOBKY 3ToH HAeH. Tak KaK B paMKax 3TOro Nnojixoja
YCTPaHSIOTCsA 3JeMEHTapHble YaCTHIE H BCe HabJloJlaeMble YaCTHIBI BXO-
T HAa paBHHIX OCHOBaHHSIX KaK COCTAaBHHlE DeIKEOHH!, TO ITOT IOJXOA
HHOT/Ia Ha3blBaeTCa <«sJepHO#l JeMokpatuei» [102]. _

C npyrofi cTOpOHBI, MOXKeT OBITh TaK, YTO HMEETCS] HECKOJIbKO 6a3HCHEIX,
OCHOBHBIX 3JIEMEHTaPHBIX YaCTHIL, HallpHMEP KBapPKOB (CM. IVI. 5), KOTOpPEHIE
He JiexkaT Ha PEIKEBCKHX TPaeKTOPHSAX H CBOHCTBA KOTOPHIX HEOOXOIHMO
H3YUHTb, IpEXHAE 4YeM IbITaThCs IpeJACKasblBaTh CIeKTp yactHu. Ecuam
TaK, To TeopHsa Pejke HejocTaTOUHa caMa Io cefe, YTOOBl CKa3aTb HaM
Bce O (QHM3HKe CHJBHBIX B3aHMOACHCTBHH,HO B 3TOM CJy4Yae OHa CHaGIUT
Hac OYeHb BaXKHBLIMH YCJOBHSIMH CaMOCOIJIACOBaHHOCTH aMILIHTYJ, pacces-
HHsl. Ml emie BepHeMCsl K OOCYXKAEHHIO 3THX (HIOCOQCKHX NpoGjeM
B ra. 11,

2.9. ﬂpeoﬁpasosdnne Manpeabcrama—3ommepdeanna—Barcona *

B npencraBnennn 3ommepdenbra—Batcona (2.7.8) Mbl BHIGHpaJH
KOHTYD HHTerpHPOBaHHsI MJs1 «(pOHOBOTO HHTerpaJsa» Cs BJAOJb JHHHH

Re {/} = — 1/2. Tagofi BeiGOp OB CBsI3aH C TeM OOCTOSATETbCTBOM
[(cm. (A.25), (A.26)], uto BROJIb 3TOf JTHHHH QYHKUHH P (2) GoicTpee yObI-
patoT (~ z71/2 pas Re {/} = — 1/2). OxHako 3Ta JHHHS OTHIOAb He SBJS-
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€TCs1 eCTECTBEHHOH rpaHHMIell aHAaJHTHYECKOrO NPOJOJIKeHHs, H B 1962 r.
Mangenncram [295] nokasaJs, Kak NpoHTH 3a HeH HaJeBo.
Mbl HauHeM ¢ Toro, yTo nepenumem (2.7.7) B BHIe

A (s, H)=16n 3 @1+ 4O Pi(2)+— (=11 @)%
T oI=0

X A%—1/2(t)Ql—l/2 (z)}—16x i %(—1)1—1(21) AlE—l/e(t) Qi—1/2(2)-

1—1
2.9.1)

Teneps creslaeM npeo6pasobBande 3omMepdesblla—BaTcona ABYX WJIEHOB
B (pUTypHBIX CKOOKax B (2.9.1). Toraa nepsoiit uieH naet gopmyay (2.7.5),
a BTOpO#l BKJIOYaeT B NOJBIHTErpasibHOe BeipaXeHue Q; (— z;)/(cos i) H,

~,
) ® \
L' |
— X > > ——& *——o—— ]
%4 -F 2 - 1 25 45 6 7 6 9 0 |}
/
4
| I e e e o e _,//
-L

Puc. 2.10. Kouryp unrterpupoBanusi B dopmyJe (2.9.2) ¢ TOYHO TaKHMH XK€ CHHIYJsAD-
HOCTSIMH BHYTPH, KaK Ha pHC, 2.8, WIIOC JOMOJHHTENbHHE MOJIOCAa NMPH OTPHUIATE]Db-
HBIX MOJYNENBX 3HAYEHHAX [

CJIe[IOBATeJIbHO, OHO HMeeT II0JII0CA TIPH MOJYLEJBIX 3HadeHHsX [. 3aTeM
¢ momoipio (A.18) 3T aBa HHTerpaJjla MOXKHO CKOMOWHHDPOBaTh TakK, 4To,
KOrja Mbl pasBepHeM KOHTYD, Kak B (2.7.6), To NoJyyHM cJelylollee

—1/24e+tioo

A, =12 @I+ 1) A () =2 gy
2i cos 7l
—1/2Fe—ic
Q ( ) a.(t)
. —at)-1 {4 16 ¢
+ 160 Qo) +DBO =L 2 r—+ 5 j 21+ 1) A} () ¥

x Lol =20 gy 16y 2 le—(_ Y1 @) Af_ 12 ) Qi_1/2(z). (29.2)
=

cos Tl

Kontyp: ¢oHOBOrO HHTErpaJia JOJxKeH NpPOXoAHTb NpH 1/2 4 & (e > 0),

4TOGEI He BCTPETHTHCS C TOJMIOCOM, oTBevaromuM (cos stl)~1, npu I = —1/2
(puc. 2.10). Ecan cmecTuTh 3T0T KOHTYp B Re {I/} = — L, MBI 3axBaTHM
BKJIaJbl OT TOJIIOCOB B Toukax [ =[] =—1/2, — 3/2, ..., rtne — L' —

6amxKalillee NMOJYIenoe 4HCaO, GoJbliee — L, U TNOJYYHM
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—Ld-ico l

A (s, )= & S @14 1) AF (0 ==2=20 g1 4 nomoca +
2i cos

1)
—L—ioco
3 (=11
+pa3pesbl—16:rz 2 @Cr+1n4r Qe 1(——2})——;—————
= L*
— - -
—16m 2 (—;)-—(21) A 172 () Qi1 2(2)- (2.9.3)

=1
Ecin Temepb 3aMeHHTb HHJEKC CYMMHPOBaHHs [ B TepBOoH CyMMe Ha
{=—1—1/2, To 3Ta cymma OYyIeT HMeTb BHJ
Lehiz -1
165 2 —T—-—'—‘(——2[)A?_[_l/z(t)Q[_l/g(—zt) (2.9.4:)
=0

¥ OHa COKPaTHTCS C MepBoiMH L' — 1/2 wjenamu B mocjefnedl Cymme
B (2.9.3) nmpu ycjaoBHH

A§_1/2 (H=A%,_1,2(¢), |—nenoe uucio. (2.9.5)

dTa CUMMeTpHsl NapUHaJbHBIX BOJH OTHOCHTENBHO TOYKH [ = — 1/2,
TaK HasblBaeMasi CHUMMeTpHsl MaHjeJbCTaMa, CJelyeT H3 PacCMOTPeHHs
npeactaBjeHusi I'puGoBa — Ppyaccapa H COOTBETCTBYIOIIEH CHMMETPHH
(A.19) dpyukuuit Q; (2) (Ge3 yueTa, KOHEUHO, TOTO GaKTa, UTO NpEJCTaB-
JIEHWE He CXOHHTCH Oe3 BhIUHTAHHH). Kak MBI YBHAUM B CJeNyIOWEH
rJaBe, 3Ta CHMMETPHsS CIpaBelJIHBa B NOTEHIHAJbHOM DAaCcCesIHHH H IIO-
STOMY KaKeTCsl Pa3yMHBIM IPE/TOJIONKHTD, YTO OHA OyJIeT CyIECTBOBATDb H
B CHJIbHEIX B3aHMOJeHcTBHSX. WTaK, OKOHUAaTeJIbHOE BhHIpaxKEHHE HMeeT
CJIeLYIOUWIHI BHI;

— Lt ioo .
A, ) =8 S @1+ 1) 43 (8) =242 g1 1+ nomoca -
2i 2 cos T/
tpaspessi—16 31 (— @) AL 15 () Qi 1y2(2). (29.6)
I=L"31/2

Tak kak u3 (A.27) caenyer, uto @Q; (2) ~ z—!~!, To ujeHHl, OTBeyalo-
wHe mosocaM Pefke U paspesam [npHBeleHHbIE IBHO B (opmyde (2.9.2)],
NO-NIpeXXHEMY HMMEIOT aCHMIITOTHYeCKOe TIOBeJieHHe ~ s*(!), Torma Kak
NepPBbIH U NocyeAHHH 4JeHE! (2.9.6) ~s—L, npuuyeM L MOKeT GBITh CAEJNAHO
CKOJIb YrOJHO GoJibmiuM. KoHeuHo, IPH TaKOM IepeMellleHHH KOHTYypa MbI
MOXKeM" 3aXBaThIBaTh BCe GoJibllie U GOJIBIIE TOJIOCOB H pa3pesoB H (oHO-
Bl MHTerpaJ NpH GUKCHPOBAHHOM 2 MOXKET JaxKe YBEJHUHTBHCS.

JIerko MoHSITh, UTO MOJIOC B PEIKEBCKOM IOJIIOCHOM YJIleHe B BEIpazKe-
HUH (2.9.2) comepxuTcs B GyHKUMHM Q_q 1, KOTOPast HMeeT NOJI0Ca B TOU-
Kax, KOrfa o PaBHsIETCsl HEOTPHUATeJbHOMY LeJomy uHcay [em. (A.32)L
Oqummo 4TO MOJIIOCA BhIpaXKeHHs1 COs™! it MPH MOJIOKHTENBHBIX MOJY-
LeJbIX 3HaYeHUSAX o« COKpauialoTcs ¢ HyJsaMH QyHKNHH Q_qo—;, KoTopas
conepxHT ¢akrop [I' (— a + 1/2)]7* [em. (A.8)], B TOo BpeMst Kak cCHMMe-
Tpusa (2.9.5) oBecneunBaeT To, YTO BEIUETHI 3THX IOJIOCOB HCUE3aIOT IIPH
OTpHIATe/bHLIX TIOJNYLe/bIX UYHC/IAX.,
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2.10. Tpeo6pasoBanue Meaauna *

B nmajsbHelinieM HaM OYeHb YaCTO IPHAETCS CTAJKHBATBCS TOJLKO C
IJIaBHBIM WIEHOM aCHMIITOTHKH II0 S aMIJIATYJbI paccessHHsl. Bastom cay-
Yae MOXKHO CHJIBHO YIPOCTHTb BHJ, MHOTHX BhIpaxeHHH, 3aMeHHB Z; — §
IPH §— 00 H COOTBeTCTBEHHO (YHKIHH JlexaHJIpa HX aCHMITOTHKOH
(A.25), (A.27).

Takum o6pasom, #-KaHaJbHOe pa3jiolKeHHe MO MapUHaJbHBIM BOJIHAM
(2.5.6) mpeBpaTHTCS B pa3fiOXKeHHe AMIIHTYABI IO CTEIEHAM S:

A (s, )= 3 a, (1) sm. o (2.10.1)
n=0

Ecan, B CBOIO OYepefb, Pa3JyOKHTb B Psifl 10 S AHCIIEPCHOHHOE COOTHOIIE-
HHe (2.5.8)

NDE ,, oo .
A%J)——‘j—s(—s— ds'= L (Db, 21 +5+
a1 a1 S S
T s

sl

) e @109

TO, CpaBHHBasi KO3(UIHEHTH NPH OAMHAKOBHIX CTENEHSAX S B 3TOM BhI-
paxenuu u B (2.10.1), HalfizeM, 4TO

a, (t):-;i—SDE(s’, #) st~ g, (2.10.3)
S

D11 KO3¢KpUIHEHTE COOTBETCTBYIOT TOMY, YTO B NpejcTaBieHHH I pu6oBa—
®pyaccapa (2.5.3) B ¢yHKuMax Jlexanipa ocraBleH TOJIbKO TIJIaBHBIH
wiled 1o s. Tak KaK Mbl pacCMaTpHBaeM TJIaBHbIE YJIEHbI aCHMITOTHKH, TO
TNIOJIOXKEHHE 1TOPOTa He OYEHb CYNIECTBEHHO, H TO3TOMY MBI CHJIBHO He OIUH-
GeMcs1, ecan BmecTo (2.10.3) mamumem

an (t)=%§p§(s“, f)s’ ~+D gy, (2.10.4)

Hanucannoe BhIpaxkeHHe SIBJASIETCS INPOCTO NpeoGpasoBaHHeM MesinHa
dyukuuu D§ (s, £) (em. [380, c. 71). CnenaB npeoGpasoBanue MeJtuHa,

TOJIYYHM
foot-9

Di(s, 1) :-QLi S ay (¢) stdn, (2.10.5)
—icot9

nNpHYeM KOHTYP HHTerpPHPOBaHHsI NPOXOAHT MO JIHHHH, NapasuleJbHOH
MHHMOH OCH TpaBee BCE€X CHHIYJsSIPHOCTeH mo 7 GYHKUHH a, (f). Tenepn
BO3bMEM TOJIBKO TJIABHBIH UjleH aCHMITOTHKH MO 2z; QYHKuuH JlexkaHn-
pa B paanoxenuu 3ommepdenbia — Batcona (2.7). Torma

A3 (s, {) = — 16” S (21+1)A§(t)(—s) dl. (2.10.6)
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Ecau Temepbp BCNOMHHTH TNOBeJieHHE CKadyKa: 5
Discs {(— )} = —stsinnl, s> 0

H BBeCTH MHOXKHTeJqb 162 (2/ 4 1) B onpenenenue a, (f), To cpasy craHo-
BHTCSI OYeBHMIHEIM, YTo BeIpaxeHHe (2.10.6) corsacyetcs ¢ (2.10.5). Kon-
Typ C; B (2.10.6) MoxeT ObITH TpaHcGOpPMHpPOBaH B KOHTYp B (2.10.5),
Ho ecan Di(s, #) ~ s*®, 10, Kak caenyer u3 (2.10.3) [em. (2.7.2)],
a, (f) 6yleT UMeThb NOJIOC IpH A = & (f). BRJajJ 3Toro moJjroca IOJIKEH
6biTh goGaBieH K (2.10.5) aHaJOrHYHO TOMY, KakK 3T0 OblJIO0 CAeJaHO B
(2.7.8). CnenoBaTesibHO, NoJioca Pellzke, JexailHe B IVIOCKOCTH [, NpH-
BOASIT K BOSHHUKHOBEHHIO MOJIIOCOB B INIOCKOCTH 71. OfHAKO TaK KakK QyHK-
U JlexkaHnapa MoxeT OBITh Pa3JIOKeHa B PSiJl O CTENIEHAM Z;, B KOTOPOM
(A.25) nmaer TOJMBKO NMEPBBIH 4YJeH 3TOTO PasJoXKeHHs:, TO JaHHBIH MOJIOC
Pemxe GymeT npHBOAHTH K IIeJIOMY HaOOpY TNOJIIOCOB, JieXKalIUX B ILJIO-
CKOCTH n Tipi n = & (f) — m, npu m =0, 1, 2...; © COOTBETCTBEHHO Ha-
ob6opoT., OnHako Jo Tex NMOp, MOKa Mbl 6yJeM KacaTbCs TOJBKO JHIHMPYIC-
1IEro NMOBEJIEeHHS BCeX BEJIMYMH B aCHMIITOTHKE 1O S, Hac He OyJeT UHTepe-
COBaTh 5TO HEOJHO3HAYHOE COOTBETCTBHE MEXIYy INOJIOCAMH [- H A-IJIO-
CKOCTeH.

CpaBHuM aHaJuTHYeCKHe cBoiHcTBa (2.10.6) H mosocHOro ujeHa B
(2.7.8). AmnasuTHyecKHe CBOHCTBA 3THX BBIPaxKEHHH HECKOJIBKO pas3JH-
gatorcsi: B (2,.10.6) umeercs paspes oT 0 <5< oo, B TO BpeMs KakK II0JIIOC-
HoH uJjeH B (2.7.8) umeer paspes mpH 2z; > 1 [em. (A.13)], nanpumep
npH — 497 <{ s < oo B CjJyyae KHHEMaTHKHM C PaBHBIMH MacCCaMH, KakK
310 caeayer u3 (1.7.22). Koneuno, HH nepBoiii, HH BTOpO# paspesbl He
COOTBETCTBYIOT HCTHHHOMY pa3pe3y aMIUIHTYIbl paccesiHHS, TaK KakK Mbl
3HaeM, 4YTO HCTHHHHIH pa3pes HayHHaeTCsl OT NOpora, T. €. OT S == Sp.
DTO NPOTHBOpEUHE JIETKO YCTPAHSIETCsl, TaK KaK H3BeCTHO, UTO HMMEIOTCS
COKpallleHHs] MeXJAY CKauKaMH IOJIIOCHBIX YJIEHOB H (JOHOBBEIM HHTETPAaJIOM
B obmactsax 0 <s<{spr U —4gf <Cs<(S COOTBeTCTBeHHO. B ria. 6
6yleT IOKa3aHO, YTO 3aMeHa 2; Ha S TIpU KHHEMATHKe C HEPaBHBIMH MacCa-
MH 5IBJIsIETCSI HE COBCEM TPHBHaJIbHOMH mpouenypofi. Ho npu ycjaosuu, uto
BCe 3TH MOMEHThl HMEIOTCsl B BHAY, 4aCTO 3HAUHTEJBHO GoJsiee YJIOGHO HC-
NoJIb30BaTh BoIpaxkeHHs (2.10.4) u (2.10.5), a He TouHble BHIpAXKEHHS.

3

HEKOTOPBIE MOJAEJIH, COIlEP)KAIllHE NMNOJINOCA PEI)KE *

3.1. Benenue

B ra. 2 6bis0 mokasaHO, KaK C NOMOILIBIO NapLHAJbHBIX aMIVIHTY/I,
aHaJIHTHYECKH NPOJOJ/IKEHHBIX B IIOCKOCTH YIVIOBOIO MOMEHTAa, IIOJIHAs
aMIUTHTYJa paccesiHUsl MpPEACTaBIsETCS B BHIEe CYMMBI BKJIAJIOB IIOJIOCOB
H TOYeK BETBJIEHHs, JieXKalllHX B KOMIIEKCHOH IJIOCKOCTH /. B noTeHnHab-
HOM DAacCesTHHH H HEKOTOPHIX YIPOIIEHHBIX MOJEJSIX CHJABHBIX B3aHMOJel-
CTBHH B- KOMIJIEKCHO#H IJIOCKOCTH / He BO3HHKAIOT TOUKH BeTBJeHHs, H IO-
3TOMY B JajibHeHllleM, BIVIOTL JO IJI. 8, Mbl He GyJeM HX pacCMaTpHBATh.
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Ml yxe sHaem, yto noJioca Pefiske COOTBETCTBYIOT CBA3AHHBIM COCTOSTHUHSIM
HJIH pe30HaHCaM, H 3Ta ryiaBa 6yJeT MOCBsIleHA TOMY, YTO Mbl 6yleM cie-
JHTb 3a TeM, KakK noJiioca Pef>ke BO3HHKAIOT B aMIIMTYJaX HepPeNsITHBHCT-
CKOrO MOTEeHIHAJbHOTO paccesiHHsl, B GeHHMaHOBCKHX JHarpaMMax TeOPHH
BO3MYIIEHHH, B KBAaHTOBOH TeOpHH IMOJIsA, B PasHYHHIX JIMHAMHYECKHX
MOJEJSIX CHJBHBIX B3aHMOJEHCTBHH.

XoTs1 cOBeplIeHHO $ICHO, YTO HHKaKHe NPHMepPhl He MOTYT JA0Kas3aTh
TOro, 4to mnoJitoca Pefke JeACTBHTe/bHO BO3HHKAIOT B JHHAMHKE aJpOH-
HBIX B3aMMOJIEHCTBHH, 3TH NMpUMepBl YOeXJaloT HaC B IPABIOTIOAO0GHOCTH
3TOroO NMPeAnoJoxKeHHsa., KpoMe TOro, OHH COJlepiaT HEKOTOphle YKa3aHHs
Ha TO, KaKUMH CBOHCTBaMH 06JaflajH Obl pelKeBCKHE TPAeKTOPHH, €CJH
OBl HX CYLIeCTBOBaHHe OLLJIO CTPOro JAOKasaHo.

Mgl HAYHHAEM 3TY IVIaBY ¢ HaHGOJee OGIIMX Pe3ybTaTOB, KOTOPHIE crpa-
BeJJIHBHI BCEIJla U He 3aBHCSIT OT KOHKPETHBIX pPacCMATPHBAEMBIX MojeJel,
T, €. He SIBJISIIOTCST CBOHCTBaMH 3THX MojeJied.

3.2. CeoiictBa Tpaektopuit Pejxe

CBoficTBa aHAJHTHYHOCTH H YHHTAapPHOCTH TAapLHAJBHBIX aMIIHTY]
NOApPa3yMeEBAIOT CYIIECTBOBaHHE HEKOTOPHIX OOIIHX CBOMCTB TpaeKTOPHH
Penxe.

Hanpumep, Bo3nuKHOBeHHe moJioca npH [ = a () noipasymeBaeT, 4T

[B, )17t — 0, xorma [—  (f). (3.2

D10 CBOHCTBO MOXKET GBITh HESBHO HCIIOJIB30BaHO NPH ONpeleTeHHH (YHK-
M « () H, CJeJoBaTeJbHO, TOBOPHT 00 aHAJHTHYHOCTH QYHKUHH & (f).
OnHako 3HaYHTENbHO GoJiee MOJIE3HO HAyaTh C TOTO, YTO HamHCaThb, HCXO-
o u3 (2.6.2) u (2.6.8) [323, 411, crenyromiee BhipaxkeHnHe:

B,(t)= j + y [(167%)72Q; (2)) Da(s, )(qr1s Grae) d2,) = E, (&) +F,(2).
sp 8y (3.2.2)
JJaia Toro 4To6bl onpefenutb ¢GyHKUHH E; (f) u F(?), ob6aacts unterpupo-
BaHHUs1 Obljla pasjiejieHa HEKOTOPOH TOYKOH s, Ha JABe 06JiacTH. 3aTeM eCJIH
D, (s, f) ~ s2®, a us (A.27) cienyer, uto Q; (2;) ~ s—!~!, T0 MBI HaxoO-
JAM

F,(t) ~ ?s_l_l"_“(t) ds = — SXp L= Ins] (3.2.3)
a(t)—I

Takum obGpasom F; (f) comep:kuT nomoc. Tak Kak B omnpeneneHue E; (f)
BXOJMT HHTErPHPOBaHHME IO KOHEYHOMY OTPE3Ky S, TO 3Ta (PYHKIHS He
COIEpKHUT ToyIoca. TakuM 06pasoM,BMeCTo omnpeznesenHs (3.2.1) MoxHO
BBECTH JPYroe oIpejeseHne (YHKIUHH -« (f):

(F; () — 0, xorma [— a (9). (3.2.4).

‘U3 onpenenenus (3.2.2) coBeplIeHHO OUYEBHAHO, 4YTO GyHKuHs F (f)
HMeeT TOUHO TaKHe XKe CHHIYJSIPHOCTH, 4To H aMmmiautryia B; (f), T. e.
TOT K€ CaMbIff TpaBblH AHHAMHYeCKHH pa3pe3, HAUHHAIOWHHACS OT IIOpOra
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{r, BO3HHUKAWIIMH BCJEJCTBHE CHHTYJAPDHOCTEH S-KaHaJjia, HO caMa TOUYKA
BETBJIEHHS CIBHHYTA HeCKOJIbKO JaJbllle BJEBO B IJIOCKOCTH f, TaK Kak ee
TIOJIOXKEHHE Telepb ONpe/elIseTCs BeJHYMHOH S5, a He sy [noacraesennoin
Bmecto M? B Beipaxenue (2.6.16), cM. pasa. 2.6]. Tak Kak KuHemaTHue-
CKHMe MNOporoBble (GAKTOPHI, INPHBOASIIHE K CHHTYJSPHOCTH Ha MOpore,
ycTpaHeHn! u3 B (f), To, €CTeCTBEHHO, OHH OTCYTCTBYIOT B F; (%)
[em. (3.2.2)].

Teopema 0 HessBHBIX GYHKIHsX roBopHT (cM. [381, c. 198]) o Tom, urto
ecmu [F; (§)]7* — perynspHass GYHKUHSI B OKPECTHOCTH HEKOTOPOH TOY-
KM { ={, H ecau

a[Fl (tp)]—l/al i[:a(tp)# 0, (325)
TO GYHKUHS & (¢p) TaKXKe SBJSETCS PETYJAIpHOH GYHKIHeR B OKPECTHOCTH

TOYKH #,. JTO MOXKHO OYeHb XOPOIIO NPOAEMOHCTPHPOBATh, €CJIH PAasJio-
&uTh ¢ynkuHo [F; ()17 B pan Te#dopa oKOJIO TOUKH ¢ = £5, [ = o (¢,):

Fr@)™? =ay(—a () +ay ((— o ) + oo + by (t— ) +

by (F— ) e oy (E— ) (I —a (8)) + ... (3.2.6)
3ateM, noJjoxuB [F; (1™ =0 npu ! = « (f), NOAy4HM pa3joxKeHHe
a (f) = a (&) — (b/ay) (t — 2p) + ..., 3.2.7)

KOTopoe IpefcTaBisieT coboit paj Tehnopa N1 dyHKuuH o (f), B IO3ToO-
My ¢YHKUHMS o () JoJIKHAa OBITh Pery/isipHa B OKPECTHOCTH TOYKH fp.
OnHako B TOM CJyd4ae, ecyiH ycjoBHe (3.2.5) He BBIMOMHAETCH, T. €. eCJaH
ay = 0, TO

@ () = o (&) == (— byJa)' P (£ — £)\% + ... (3.2.8)

H HMMeIOTCS JBe TPAEKTOPHE, KOTOpble IlepeceKaloTcss B Touke f = f,.
Kaxpas 13 HHX CONEPXKHT TOUKY BETRJEHHS KOPHEBOTO THIA, NMPUYEM HX
MHHMBle YaCTH NpH ! << {, HMEIOT NPOTHBOIOJIOXKHbEIE 3HAKH H DAaBHHI 1O
BeJIHUHHE — 3TO HEOOXOMHMO AJIsT COXPAHEHHsS aHAJHTHYHOCTH (PYHKIHH
Fr* (f). KoHeuHo, B ToM cJy4ae, eCJH B 3TOH TOUKe o6pamiaercsi B HYJIb
H by, TOYKH BeTBJeHHs1 He OyjeT. ,

Takum 06pa3soM, MOXKHO 3aKJIOYHTb, 4TO (HYHKUH:A & (f) aHaJIHTHYHA
TOrja, Korja aHaJuTH4yHa GyHKumsi Fi! (f). KoHeuHo, 3TO cnpaBelJIHBO
B cJIy4ae, KOrjia ABe HJiM GoJlee TPaeKTOPHH He IlepeceKaloTcsi, H6O B mpo-
THBHOM CJIyYae (QYHKIHS KaKJIOH TPaeKTODHH MOXKeT HMeTb (a MOXKeT H
He MMeTb) TOYKY BeTBJIeHHA. MTak, ec/iH TOJIBKO TPaeKTOPHH He mepece-
KaloTCsl, MOXKHO OXKHJAATh, YTO (PyHKUHsS o« (f) HMeeT Te XKe caMble CHHIY-
JIIPHOCTH, 4TO H F* (f). OTMeTHM, U4TO NOJIOKEHHE JIEBOI'O Paspe3a B QpyHK-
uHH F (f) 1OBOJIBHO NPOH3BOJBHO, TaK KaK OHO 3aBHCHT OT ;. MEI MOXkeM
cllesiaTh [0 CBOEMY KeJIaHHIO §; CKOJIb YTOAHO GOJIBIIMM H BCe paBHO Oylem
nosyuaTh nomioc B (3.2.3), IOTOMYy UYTO OH CBsI3aH C PacXOAMMOCTBIO Ha
BePXHeM Mpejesie HHTerpasa B (3.2.2) H BIOJIHE OYEBHAHO,YTO QYHKIHA
o (f) He MOxkeT cofepzkaTh JieBOro pa3pesa Fit (f). CiefoBaTesbHO, eCJIH
TOJIBKO JIB€ TPAEKTOPUM HEe CTAJKHBAIOTCs, QYHKUUA o (f) UMeeT TOJBbKO
JHHAMHYeCKHH NpaBhIf paspe3 oT #r IO + oo.

@®aKTHYECKH TaKHe CTOJKHOBEHHSI TPAaeKTOPHH JOJIKHBI BO3HHKATb
npH ¢ == 0 17151 GepMHOHHBIX TPaeKTOPHH, YTOOKI YAOBJIETBOPATH 000GLIEH-
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HOH cuMMeTpuu Mak-/laysaia (cM. pasn. 6.5). KpoMe Toro, oHH nosB/IAIOT-
CA B PA3/IMYHBIX BHIYHCJIEHHUSX, NPOBOJHUMBLIX B 3ajadaX MOTEHI(HAJIBHOTO
paccesiHHs, HO 3TO sIBJleHHe BO3HHKaeT TOJIbKO, Korja Re {I} << — 1/2
(cM. cienpyrowuit pasgen). B HacTosiiiee BpeMsi He HMeeTCsT HHKaKHX Mpsi-
MBIX YKa3aHHH Ha To, 4TO B aJpOHHOH GH3HKe NpH <0 BOZHHKAIOT KOM-
IJIEKCHBIE TPAeKTOPHH (CM. OJHAKO pa3f. 8.6), K MO3TOMY OOGBIYHO NMPEATIO-
Jaraercsi, 4T0 (yHKIHH TPaeKTOPHH SIBJSIOTCS AeHCTBHTEJBbHBEIMH (QYHK-
uMsMH TIpH ¢ << Ir.

ITosTomy, pa3 yx o« (f) — aHalMTHYecKass (GYHKUHs, MOXKHO HallH-
CaTh JAHCIEPCHOHHBIE COOTHOIUEHHS

1 Im {a(t')} —
o (f)=— X — L at". (3.2.9)

r
OTMeTHM, 9TO OGBIYHO NPHXOAHTCS B STHX JHCIEPCHOHHBIX coomomeﬂuﬂx
JeNaTh BBIYHTaHMS. HampuMep eciu

Re {x (1) — 4 (0),
rie’ A (f) — noauHoM mo £, TO HMeeM

Im {a (t )}

a(t) =A @) +— 5 de’. (3.2.10)

B crenyromem pasfesne Mbl HaiJieM, 4To AJs NOTEHIHAJIOB C XOPOLIHM IIO-
BefienneM (tuna IOKaBbl) TpaeKTOPHH CTPeMSATCS K OTpHUATEJNbHBIM Ie-
JBIM YHCJaM, Korjla f{—- oo, MPHBOAS K

r t
a)=—nt L[ O g i, g3, (3.2.11)
ki tT — :
C Apyro#i CTOpOHBI, TPaeKTOPHH, KOTOPHIE BCTPEYAIOTCS B (PHU3MKe YaCTHIL,

NpuOAH3UTENBHO JIMHeHHH ¢ JOBOJBHO MAJBIMH MHHMBIME YacTsSIMH
(cM. pasgn. 5.3) u nostomy BMmecto (3.2.11) 6ymer

Im{e (¢)}

i (3.2.12)

a(@)=oy a4 %S‘
t

Onnako uHTerpan B (3.2.12) moxeT okasaTbcsi pacxoasmumes. Toraa mo-
TpebyeTcs clleJaTh BRIUMTAHMSI, aHAJOTHYHO TOMY KaK 3TO [eJajJoCh B
(1.10.10). Hampumep, ecan oKaxkercsi, uTO JOCTAaTOYHO ClesaTh JBa
BBIYHTAHHSI, TO TOJYYHM

@ (£) = ctg + 0ty £+ S mfa )}

3.2.
t'2(t —t) (3.2.13)

Mul caenanu BeIYHTaHHS NPH ! = 0 u noaToMy ag=a (0) He, =a’ (0)=
= (da/dt)j—,.
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Mur nafifem B janpHefilieM (cM. pasf. 5.4), uto Im {e (£)} > O npu
{ > Iy ¥ TOrJla eCJiH B35Th 7110 IPOH3BOAH YO 1O  oT (3.2.11), au6o (3.2.12)
unun (3.2.13)
YR t’
ano oat  Im{aCn} (3.2.14)
atn Tt (t' —tyn+t
tr
TO cpasy BHJIHM, YTO BCe IPOH3BOJIHBIE NOJOMKHTEBHBl NpH ¢ << fr. PYHK-
s, obAafiawonias TaKHMH CBOHCTBaMH, HasuiBaetrcsi ¢yukuuei I'epryot-
na [232].
Ecau momioc umeer BHA (2.8.3), To, BCnomMuHB (2.6.8), moJaydum

B, (), = VO —a(®], tre ¥(E)=P (¢) (g9 ~"®. (3.2.15)

—>0(t)

Oyukuus y (£), KoTopast siBAseTCs BeIYETOM B moJioce Pemxe H u3 KoTopoit
yCTpaHeHO NOPOroBoe IIOBeleHHe, JOBOJBHO YACTO HAa3kIBAETCsl «IIPHBe-
JeHHBIM BBIYETOM». Ecau Hcnogp3oBaTh Teopemy Kouwn o BhIYETax, TO
3 ¢opMmyael (3.2.2) MOXKHO NOJYYHTBb

v () = (L/2ni) § diF, (o), (3.2.16)

IJle KOHTYPOM HHTErpPHPOBAaHHs SIBJSIETCSI 3aMKHYTasi KpHBasi, 0XBaThIBalO-
mas Touky / = o(f) ¥ He 3aXBaThIBAIOWIAsl HHKAKHX APYIHX CHHIYJsIPHOCTeH
dyukuun F; (f). S1a dopMysa BMecTe ¢ TeopeMofi O HEABHEIX (PYHKLHIX
yKasbiBaeT Ha To, 4To ¥ (f) OyleT HMeTb aHAJTUTHYECKHE CBOHCTBA, NOXOXKHE
Ha Te, KOTOphle HMeeT QYHKUHA & (f), T. €. oHa GyAeT UMETh JHHAMHYECKHH
npaBelil paspes H3-3a F; (£). KoneuHo, Bce 3TO cnpaBe/IHBO B TOM CJay4ae,
€CJIH He NlepeceKaloTcst ABe HJH Gosee TpaekTopuhi. M3 Tex ke coobpake-
HHH, H3 KOTOpBHIX OBLJIO HAaNlHCAaHO [AHCIEPCHOHHOe COOTHOolueHHe (3.2.9),
MOKHO HallHCaTh JHCIEPCHOHHOE COOTHOIIEHHE JJs1 PEeAKeBCKOro IpHBe-
JIEHHOTO BBIYETa

.m I tl
y(t):LS‘ Im& ) (3.2.17)
7 : t'—t
T

B KOTOpPOM, TaK e KaK H B IIPeJBIAYILEM Cydae, MOXKHO CleJaTh BEIUHTA-
HHsI, €CAH 3T0 HEeOOXOIHMO.

MoXHO TaKKe HCCHENOBATh C IMOMOIIBIO COOTHOIIEHHSI YHHTAPHOCTH
NPUPOAY TOYKH BETBJEHHS B (PYHKUHH TpPaeKTOPHH NpH ¢ — fr. Jlas
3TOrO pacCMOTpPHM Ipolecc ynpyroro paccesiHuss 1 + 3— 1 + 3 B 06-
JIACTH HHXKe NepBOro HeYIpyroro mopora /1 B f-kaHaje. Torga us (2.6.23)
HMeeM

Im{(B, )} = —p () (ua)®, tr <<t <ty (3.2.18)
rie p (§) = 2g,5t—"/-. OyHruus '

—I[ip (¢) (—'qtzls)l] —
cos ftf

—lip (£) (g#13) exp (2 iml)]/cos ml  (3.2.19)
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npu fr << t<< {1 uMeeT TaKOH Ke CKa4ok, 4T0 H [B,; (H)I-1. Takum 06-
pasoM, ¢GYHKUHA

Y (¢, 1) ==cosanllB; (O + ip (f) (— g} ) (3.2.20)
aHaJHTHYHA B 5ToH obsactd. Ms (3.2.1) umeem
Y ({, D)—ip (f) (— gf15)', mpu [— a (). (3.2.21)

Ecnu onpenenum ar = a« (¢r), To Toraa [ucnonwsys (1.7.15)] ¢y =.(m, +

+ ms)?

ar+1/2
Y (¢, ar)~—@2/Viltr—1)/4] T , Ipu t—tr. (3.2.22)

Wrax, Y (¢, ar) =0, ecmn ar > — 1/2. Ecau pasnoxutb Y B psf
Tefizlopa OKONO NMOPOroBHIX 3HAYEHHHA ! H &, TO IOJYYHM

Y (4, 0 ) =Y (i, 1) + Y} (@ () ~—ar) +Yi (t—tr)+...; (3.2.23)
riae -
- (3.2.24)

t==t

Y/ EaY/a_zl 1=a,, Y{=0Y/dt
T

t:tT

Takum o6pasom,

/

2 t—tn \a,.+1/2 .
a(t)=ar— —— Y™ (: T) T expl— in (ar 4 1/2)] —
vE

—(E—t) (YY) oy ar>—1/2. (3.2.25)
CrnenoBaTesbHO, TPaeKTOPHsI HMeET MOPOTOBYIO TOUKY 3a0CTpeHHs (CUsp)
npu — 1/2 << ar << 1/2, a Bmme mnopora

Im {o ()} ~ (t—tr)*T T2 t > tr. (3.2.26)

OnHako B NOTEHIHANBHOM pACCESTHHH 3TH 3(GheKThl 3a0CTpeHHss OyxyT
MaJgel [397].
IMockoabky

Y )—>—2Vtr, |>~—1/2, t— tr, (8.2.27)

TO YCJIOBHE CYLIeCTBOBaHHs moJjioca (3.2.1) ¢ momompio (3.2.20) npuuu-
MaeT BHJ

2Vtr =21V tr) (qag)2 ¢+ 1D exp| —in (14 1/2)]. (3.2.28)

Ouno MoxeT OLITh YAOBJETBOpPEHO NPH ! = o, AJs JI00BIX &, TAKHX, YTO

(In (g}, —in) (@p + 1/2) =2nni, n =0, + 1, & 2, ..., (3.2.29)

HJIH, B SIBHOM BHJE,
a, = 2nn/(n + iln (g7, ) — 1/2. (3.2.30)
Utak, 6eCKOHEUHOE YHCJIO TPAEKTOPHE CXOAHTCS K ToUuKe o = —1/2 npu

t - tr (g — 0). D10 sIBJIeHHe HHOTJA Ha3bIBaeTcs siBleHHeM I puboBa—
ITomepanuyka [207, 208]. MIx BO3HHKHOBeHHEe JO/IKHO CJYXKHTb HpEIO-
CTepexeHHeM AJisi T€X, KTO AyMaeT, UTO JieBasl MOJYINJOCKOCTb YIJIOBOTO
MOMEHTA HMEET MpPOCTYI0O aHAJHTHYECKYI0 CTPYKTYpY.
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3.3. NoTeHHANbHOE pAacCegHHE

B stom paspmene 6ymeT JaH KpaTKHil 0630p NOBeJeHHsI pellieHHH ypaB-
HeHHs1 [lIpenuHrepa nmpH pacCMOTPEHHH 3ajad HepeJsiTHBHCTCKOTO IMOTeH-
LHAJbHOTO paccessHHs Kak ¢pyHKuuA NepeMeHHoH /. Kak yxke yoMHHAJOCh
paHee, IIpH HCCJENOBaHHH HMEHHO 3THX 3ajau OwlJH BllepBble oOHapyxke-
Hel nogioca Pemxe [339]. Mayuenne 5THX 3amau MMeeT HEOCNOpPHMOE H
Ype3BEIYAHHO BajKHOE JOCTOHHCTBO, 3aKJIodaiolleecss B TOM, YTO Bce pe-
3yJbTaTHl MOTYT OBITB CTPOrO JoKasaHbl. o HOCKOABKY MoTeHnHajbHOE
paccessHHe HMeeT JOBOJIBHO OTJaJeHHOe OTHOLIeHHe K (H3HKe YacCTHIL,
obcykaeHHe OYyIeT HOCHTBb JOBOJBHO NOBEPXHOCTHHIH XapaKrep. 3aHHTe-
pECOBaBIEMYCSI YHTATEJIO MBI MOXKEM IpPeAJIOKHTh IJsi PacCMOTPEHHs
GoJsiee noJiHBle pabOTHI, e BCce HeoOXOAHMMBIE AOKA3aTeNbCTBA IPHUBEACHBI
B nojpoGuoctax [365, 318, 17].

3.3a. Pemenna ypasnenua Ilpenunrepa

Ecau norenumnan BsaumopeiictBusi U (r) siBasieTcsi GQYHKUHEH TOJBKO
r (BCce pacCMOTpeHHE MPOUCXOIHT B INOJSPHEIX KOOPAHHATAX), TO pEIlieHHS
ypaeHeHnus Ilpemunrepa (1.13.3)

Ve — U () + k2 — 0 3.3.0)

MOTYT GBITb PasJoXKeHBl [0 MapUHaJbHREIM BOJHaM (CM., Hampumep, [355,
c. 81])

D(r, 8, ¢) = 3 (1/7) @ () Py (cosB). (3.3.2)
. =0

IIunmuHapHYecKas CHMMETpPHS YCTpaHseT JIOOYIO 3aBHCHMOCTb OT a3HMY-

TaJBHOTO YIJa, a pajHanbHasi BOJMHOBass (YHKUMS @, (r) YAOBJETBOpSET

pamuansHomy ypasHenuio Illpeaunrepa (2.1.1)

g, ()dr* + (B — 1+ 1)/rP —U @) g, () =0. (3.3.3)

KBaHnTtoBanue YrjioBOro MOMEHTa, OTPAHHUYHBAIOLlEe BO3MOXKHEIE 3Ha-
YeHHs1 [ HeJBIMH MOJOMKHTENBHEIMH YHCJIAMH, SIBJASETCS OTPaXKeHHeM Tpe-
GoBaHHs, 4TOGHEI yrJoBas 3aBHCHMOCTB B (3.3.2) Onlla KOHeYHA NpH JIO-
6eix 3HavenHsnx yraa 8. Ho B ypaBuenue (3.3.3) / BXOOMT Kak CBOGOJHHIN
napaMeTp H HHYTO He MeluaeT HaM paspelliMThb €ro IpH INPOH3BOJBHOM
snavyenuH /. Teopema ITyankape (CM. HHXKe) I'IaCHT, YTO pellieHHs TOAOGHOTO
IH(pdepeHIHATEHOTO YPABHEHHsT — OOBIYHO aHAJHTHYECKHE QYHKUHH Ta-
KHX TapaMeTPOB H MO3TOMY MOXKHO HaJeAThbCsl, UTO @, (r) OyIeT aHaJHMTH~
YeCKOH pyHKuHel no nepemeHHOH /. CTOHT TaKXkKe NOJUYEPKHYTb TAKOe Bax-
HOe CBOHCTBO ypaBHeHHs (3.3.3), KaK ero CHMMeTpHsI OTHOCHTEJBHO 3a-
MeHsl [—> — (I + 1), a Tak®e 3aMeHH k—>—k.

Jlo Tex mop nMoKa pacCMaTPHBAIOTCS «PeTYJsIpHEE» TOTEHIHAJEH, T. €.
xorga r*U (r) > 0 npu r— 0, noBeneHHe pelleHH# ypaBHeHHsa (3.3.3)
IpH MaJIbIX 7 KOHTPOJIHpYeTCsl UeHTpoOeKHeIM O6apbepoM, BO3HHKAIO-
muM u3-3a ujeHa [ (I 4 1) r~2. 3ToT 4jieH NPHBHOCHT ACTOJHHTEJBHEIH
BKJaj, a 49acTo INPOCTO OOYCJOBJMBaeT OTTAaJKHBaHHe B 3¢hdeKTHBHOM
noteHnHane. C ¢pU3HUIeCKOH TOYKH 3peHHs 3TOT YJieH NMPHBOAHT K JOMOJHH-
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TeJbBBIM TPYAHOCTSIM NpPH yAEPXaHHH YacTHI BMecTe C GOJIbIINM OTHOCH-
TeJbHBIM YIJIOBHIM HX MOMEHTOM BCJEACTBHE TOTO, YTO OH CO3JaeT UEHTpo-
Gexknyro cuay. Ecau r— 0, To Moxkuo IlpeHeGpeub ujeHamMH k? u U
B (3.3.3). OueBHiHO, UTO YypaBHEHHE WMEET [Ba JHHEHHO HE3aBHCHMBIX
pelleHHs1, KOTOphIe BeAyT ce0s Kak r—¢ u ri+1 cooTBeTcTBeHHO, NpH 7 — 0.
Tax Kak HuaHyecKoe pelieHHe JOKHO ObITh KOHEUHO B HayaJle KOOpJHHAT,
npd r =0, To QHU3HYECKHM pellieHHeM ypaBHeHHs (3.3.3) sBAseTCS pe-
[eHHe, KOTopoe 0003HAUuM Kak @ (r) = ¢ (I, k, r) ~ ri+1,

3TO pellleHHe YIOBJAETBOPsET CJeAYyIOlleMy HHTErpaJbHOMY yPaBHEHHIO
(cm. Heroton [318, c. 21], ne Ansdapo u Pemxe [17, c. 38]):

QU by ) =0, by 1)+ j dr'G(r, YU (") o, by r'),  (3.3.4)

rie G — ¢pynruus I'puHa, KOTOPYIO MOXKHO BBIIHCATH B SIBHOM BHJE
¢ nomoupio ¢yHKUMH I'aHKedss H KoTopas HMeeT BHJ :

G(ry r)=1i - (rr ) IR LH Ry (br) HER1 o (k) —

— H{R 12 (kr) HE 1 2 ()], (3.3.5)
NpHYEM @, — pelleHHe YpaBHEHH: 333)mpu U(r) =0, T. e.
@ (I, kB, 1) =1r'la T (I + 3/2) (RI2)—1="12] 41, (kr), (3.3.6)

rae J, (x) — ¢yukuus Beccens. IIpsiMofl TOACTaHOBKOH MOXHO YGeIHThb-
cs1, 4TO (3.3.4) yAOBNeTBOpsieT ypaBHeHHIO (3.3.3) H TPAHUYHOMY YCJIOBHIO
npu r = 0. ' v

B tom cayuae, ecau rU (r) — O npu r — oo, norernuan U (r) u uneH,
oTBevalluil LeHTpobGexkHOMY 6apbepPy, MOMKHO He pacCMaTpHBAaTh
B (3.3.3) B obsacTH r — oo. B 3TOM mpejienie MMeeT CMBICJ PacCMOTPETH
«HeperyJsipHEIe» peiueHHs ¥, (/, 4= R, ), YAOBAETBOPSIOIIHE [PAHHYHEIM YC-
JOBHSM Y, (I, &= k, r) ~ exp (F ikr) npH r — oo, NOCKOJBKY 3TH pellieHHs
OTBEYAIOT Najiatollel U BhIXOAsLLeH NJIOCKHM BOJHAM, C OMOUIBIO KOTOPHIX
H OIpeJie/IsieTCsl aMIVIHTyja paccessHHss. OHH yJOBJETBOPSIOT HHTErpaJib-
HOMYOI})’paBHeHI/I}O (cM. Heroron [318, c. 141, pe Aavgapo u Pemxe [17,
c. 40]):

X, By r)=%0(, &, r)—TG(r, r'YU (' Yy, k, r)dr', (3.3.7)

— ta xe ¢ynruus I'puna (3.3.5), a y, — petuenue (3.3.3) mnpu
=0, T. e

Yo (I, R, r) =exp[—(in/2) ({ 4+ 1)] (mkr/2)1/2 Hl‘:_’ J_'(kr). (3.3.8)
. 2 :

U (r

YTo6w MONY4HTh APYroe, JHHEHHO HEe3aBHCHMOE pellieHye, HYzKHO B (3.3.8)

ciejaTb 3aMeHY k— — k. _
IMockoapky m0Goe perieHHe (3.3.3) MOXKHO BHIPA3HTH C IIOMOLLBIO

OJHOH M3 JBYX CHCTeM JHHEHHO HE3aBHCHMBIX pelleHHHl, TO MOXKHO CBs-
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3aTh (H3HYecKoe pemenue (3.3.4) c pemenuem (3.3.7), UMEOWHM Ha Gec-
KOHEYHOCTH TJOCKHE BOJIHBIL:

@ (L ks r)=(1/2ik) (F (I, B) % (I, —k, ) —f (L, —R) 3, (I, &, 7)), (3.3.9)
rlie GyHKUMH f (I, -+ k) HaswiBaloTcs dpynkuuamu Hocra u YAOBJAETBOPSIIOT
(ne Anpdapo u Pemxe [17, c. 59I)

FU R =l @ D+ [U IR b Y0 b ) dr's (3.3.10)
0

foa,k)==3ﬁ§—r(14—{})(€})"lexp(——ig’). (3.3.11)

CrefoBaTelbHO, MPH 7 —> 0O »

@ (U, k, r) - 1/2ik (f (I, k) exp (ikr) —[ (I, —k) exp(—ikr)). (5.3.12)

Tenepr BBeZem NapuuaJibHBle BOJHBI S-MATPHUBL CAEAYIOUMM o6pa-
30M:
S (I, k) = exp [2i8; (R)],

rae 8; (R) — dasoBeiit caBur [em. (2.2.10)]. Onu cBs3aHBEl ¢ acHMOTOTHYE-
CKHM IIOBeIeHHEM . peryJIsIpHOTO pellieHHs

¢ (, R, r) ~ lexp (— ikr) —exp [—i (L —kr) S (I, k)], (3.3.13)
T. e. S (I, k) uMeeT cMBIC/T OTHOILEHHSI BEIXOASIETO NOTOKA (¥, ~ exp (ikr))
K BxojpsmeMmy [y ~ exlgI (— ikr)] mna paHHOR mNapUMANBHOH BOJIHEL
B tepmuHax ¢yHkuuii locta oHa HMeeT CJIeNyIOUMIME BHA:

S, k) =If{ RIf(U — k)] exp (ind), (3.3.14)

ONpuYeM NapuuaibHasi aMIVIUTYA PacCesiHHs, TOJydeHHas M3 3ToH S-ma-
TPHUUBI, PaBHA

A, (R) =[S (, k) — 11/2ik (3.3.15)

[cM. (2.2.10), yueT HepeNsITHBHCTCKOH KHHEMATHKH MNPHBOAHT K 3aMeHe
p (s) > k.

3.36. AHaauTH4eCcKHe cBOMCTBA pelleHmii

AHanuTHYeCcKHe CBOHCTBa aMIHTYA A; (R) MOXKHO JIerKO BEIBECTH H3
paccMOTpeHHsT aHAJHTHUYECKHX CBOHCTB ¢yHRuuMi f (I, k), noaydyeHHmIX
¢ momompo (3.3.10). )

Teopema Ilyankape [334] rnacur, uTo eclH HEKOTOpHIH MapameTp BXO-
IMT B JHpdepeHNHAJbHOM YPaBHEHHH TOJBKO B (PYHKIHMH, KOTOpHIE IO
HEMY roJoMOpdHbI, H €CJH IPaHYYHbBIE YCIOBHS He 3aBHCST OT STOrO napa-
M€Tpa, TO pellieHHs JAHHOTO YpaBHeHHsi OYAYT TONOMOPGHEI IO 3TOMY

napametpy.
ITockoabKy GyHKIHH B ypaBHeHHH (3.3.3)— aHaNHTHYECKHe (DYHKIHH
no ! u Mbl paccmaTpHBaeM ¢yHKumo r—!—1 ¢ (/, R, r), rpaHHYHbIe yCIOBHS

CTAHOBSITCSI He 3aBHCSIIHMH OT /, H peryJasipHoe peieHue ¢ (I, k, r) nomnx-
HO OBITh aHAJHTHYeCKOH (QYHKIMel o nepemeHHol [ npu Re {{} > — 1/2.
Onpnako ecnun Re {{} << — 1/2, To peryiasipHoe pellueHHe CTPeMHTCS
K 6eCKOHEYHOCTH NpH r—(0, H HO3TOMY TOYKa r = 0 He SABJseTCS TOUKOMH

peryaspHOCTH ypaBHeHHs (3.3.3).
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Jnst Toro 4ToOml nomacte B obnacte Re {{} << — 1/2, Heob6xomumo
c/lenaTh aHaJHTHYECKOe IIPOJI0JIXKEHHE B HHTErPaJbHOM YPaBHeHHH (3.3.4),
BO3MOXKHOCTb KOTOPOTO CHJIBHO 3aBHCHT OT NPHPOJEI NMOTeHuHala. B cry-
yae eCJIH MOTeHUHaJ CHHI'YJAsAPHBIH, T. e. rU (r) - oo npu r— 0, 0 ecan
OH ellle sIBJSIETCST M NOTEHIHAJOM OTTAaJKHBaHHsI, TO I'PAHHYHOE YCJIOBHe
nepecTaeT 3aBHCETh OT /, TaK KaK HaHubosee CHHI'YJISPHLIN YJieH COAEPKHUT-
cs B HoTennuaJse. Mtak, Mul Tellepb MOXKeM HCIIOJIB30BATE CHMMETPHIO yPaB-
Henus (3.3.3) oTHocutenpHO 3ameHHl [ — — (I + 1) gns Toro, 4ToGeI NHo-
AyuuTh S-matpuny npu Re {{} << — 1/2, 1. e. u3 (3.3.14):

Sl k) — —exp (— 2nil) S (— I — 1, k). (3.3.16)

3ro oTBedaer cHMMeTpHH Manjenectama (2.9.5). OnHako B ciyyae CHH-
TYJsSIPHOTO NMOTEeHIHa/Na NPHTSXKeHHs1 S-MaTpHIA He MOXKeT GRITh ONpeje-
JleHa TaKHM CNoco6oM, TaK KaK OHa COJEPKHUT OeCUHC/EHHOe MHOMKECTBO

cBsi3aHHBIX cocTosiHuil [1711]. _
Onuako B JajbHeHeM Msl GyJeM B OCHOBHOM KacaThCsl MOTEHIHAJOB,

peryJsapHEIX B HayaJjle KOOPAMHAT H NOJAOOHEIX OGOCIIEHHOMY MOTEHILHANY
IOkaBm (1.13.17). Ins TagkMX NOTEHIHAJOB MOXKHO CHENATh Pa3fOXKeHHs

U(@)—RkR2r= S . ]
rU (r) r n§0 a,r |
- (3.3.17)
o, kyr)=rt1 > b rt
n=0
H noactaBHTh X B (3.3.3). [IpupaBHHBass KO3dPHUMEHTE PH OAMHAKOBRIX
CTeleHsaAX 7, MOJydaeM

n—1

1
2 an, bn—-l—mv nz=1;

I

b= ———m—
@ntlyn (3.3.18)
bo = 1.
Hrak, ¢pynkuus ¢ — mepoMopdnas ¢yHkuusi B naockocti [. Ee nouoca
Jexar npu 2/ = — (n + 1), T. e. RKorma 2!/ paBHseTcs OTpHUATEJIBHBEIM

UedbIM YHCAaM. Bce 3TO, KOHEYHO, CHpaBeNJIHBO JIMIIb IPH YCAOBHH,
ut0 psif (3.3.17) cxoauTcs B HEKOTOPOH OKPeCTHOCTH ToUKH r — (0. AHaJjo-
THYHOE YTBEepXKAEHHe CIpaBedJHBO M Aaa ¢yuxkumii Hocra B (3.3.9),
C eJIMHCTBEHHOH OroBOPKOH, 4TO I[OJiI0Oca NPH I[OJAyUeJbIX 3HAuUeHHSX [
HCYe3aloT BCJAEACTBHEe CHMMeTpHH Manjenwcrama. C Jpyrofi CTOpPOHE], TaK
KaK IIOJIOXKeHHsI MOJIIOCOB MPH LeJbIX OTPHIATEbHBbiX 3HaueHHAX [ He
3aBHCSIT OT 7, TO 3TH (PUKCHpPOBAHHBLIE IOJIIOCA COKPATATCS B OTHOUIEHHH
(3.3.14) u Takum o6pasoMm OyAyT OTCYTCTBOBaThH B S-MaTpHLE,

Ecav moreHnuan HcuesaeT B Hadajle KOODAHHAT, HANpHMep Kak
rU (r) ~ pPT1, u eciH ero MoxHO npejacTaBuTh B Bufe (1.13.17), To 31O
npuBoAuT [pasnaras skcnomenty B (1.13.17)]

feurdp=0,n=0,1, ..., p, (3.3.19)
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N03TOMY OTCYTCTBYIOT moJioca GYHKIHH ¢ NpH nensix /, koraa Re {{} >
> —1—p/2.

Oco6rifl, nMpoMeKYyTOUHBEIH cayuafl mpeficTaB/isieT co0OH NMOTEeHIHAJHL,
KOTOpBIE COJlepKaT CHHIYJAspHBIA wien Vo/r®. DT10oT unen MoxHO n06a-
BHTh K uleHy B (3.3.3), oTBevalollleMy 3a BOSHHKHOBEHHE IeHTPOOEKHOI0
6apbepa, H TOrJla BO3HHKaeT 4jieH, OTBeYalolHil neHTpobexkHOMY 6aprepy,
¢ 3¢peKTHBHEIM yTJoBBIM MOMeHTOM L, rie L (L + )= {1 + 1) + V,.
Takum o6pasoM, MoJOca B NJOCKOCTH L npH L = n NPHBOJAT K MOsBJeE-
HHIO TQUEK BeTBJIEHHsI B TJIOCKOCTH [ NIpH

= (1/2) {— 1 &= [1 — 4V, + 4n (n + D'/}, (3.3.20)

NpHYeM IOJOXKEHHSI 3THX TOUeK BeTBJIEHHSI 3aBHCAT OT V.

B cunpHBIX B3aMMOJAEHCTBHAX, Ile MNOBeJeHHE B3aUMOJEHCTBHS Ha
MaJbIX PACCTOSTHHSIX H3BECTHO XY3Ke BCEro, MPHMEHHMOCTh H3JIOXKEHHOTO
BEIIIIE AHAJH3a BEI3RIBaeT GoJbIlIHE COMHEHHsI, XOTS TOT (PaKT, 4TO IOTEH-
nuaa IOKaBel H'ero oOoOIlEHHsT aHAJOTHYHEI TeM NOTEHUHajaM, KOTOpPHIE
BO3HUKAIOT NpPH oOMeHe YaCTHUAMH H NPHBOJAT K MEPOMOPGHBIM QYHKIIH-
sim Mocra mpu Re {{} > — 1, nossosser npeanosaraTb, YTO aHAJOTHY-
HO€ 3aKJII0UeHHe MOXKeT ObITh CIIpaBelJIHBO TaK¥ke W B (PU3HKe HYacCTHIL,

C noMOILBI0 apryMEHTOB, COBEpLIEHHO aHAJOTHUYHEIX TEeM, KOTOPEHIE
ObLTM HCHOJB30BaHbLL BHIIE, MOMKHO IOKa3aTb, YTO pyHKuus ¢ (I, k, r)
roloMopdHa no k BO Beell miaockocTH k (Re {{} > — 1/2), tak xaxk k
BXOJAHT aHaJHTHUeCKHM o0pasoM B ypaBHenHe (3.3.3) H He TOSBAsSETCA
B TPaHUYHBIX ychaoBHsX. IToaoGHeM o6pasom dyuruusa y (I, k, r) rojo-
mMop¢ua no k npu Re {£} > 0, Im {k} << 0. Ho B Touke £ = 0 ¢pyHruHs
% WMeeT TOUKY BETBJIEHHsI, KOTOPYIO MOYHO YBHJETb NPSIMO H3 BhIpaKe-
uus (3.3.8) mas y,. Pewenrve npu Re {k} << 0 moxkeT GuITH MOJYYEHO
¢ MOMOILBIO HPOACJIXKEHHSI BOKPYT 3TOH CHHIYJSIDHOCTH, 3aMeHsIs § Ha
x (I, kexp (— ixn), r). Ilpononxenue xe B obsacte Im {k} > 0 moxHO
CIeNlaTh TOJIBKO C TOMOILBIO Cepbe3HBIX METOJOB. DRELIO HaWAeHOo, YTO
¢ynkuun Hocra o6aanaloT cBOACTBOM BellleCTBeHHOH (3pMHTOBOH) aHa-
JIMTHYHOCTH

f, k) =J** k*). (3.3.21)

OaHako, eclAH MOTEHIHaJ HMeeT BHJ NoTeHUHasa IOkaBel H BeleT cels
nogo6Ho exp (— mr) HNpH r—> 0o, AaCHMITOTHYeCKass ¢opma BOJHOBOMH
GbyHKUHH Y ~ exp (ikr), oTBewaromasi BBIXOAsIIEH IJIOCKOH BoJHe, 3aTy-
xaer OvicTpee, yem U (r) exp (— ikr) npu r — oo, ecnu Im {k} > m/2,
H TI03TOMY pelleHHe B BHIe Psfila OTCYTCTBYeT B JaHHOH 06JacTH. 310
sIBJIEHHE TMPOHCXOMHT H3-32 TOFO, YTO MapUHANbHAs AaMIJIHTYJA HMeEET
JIeBBIH paspes B IJIOCKOCTH k?, KOTOPHIH HAUWHAETCs B TOUKe k2 = — m?/4,
KaK H JOJXHO Gbljio OBl OBITH B COOTBETCTBHH C AHAJMTHUECKHMH CBOHCT-
BaMH, o6cyXkjaBluuMHcsi B pasn. 1.13 u 2.6.

3Hasa cHHIyJAsspHOCTH GyHKIHE PlocTa 10 & u [, MOXKHO Tellepb nepefiTu
K PaCCMOTPEHHIO CHHTYJSPHOCTeH INapUHANBHOH aMIVIMTYIH, KOTOpYIO
¢ nomomeio (3.3.14) u (3.3.15) mMoxHO 3amHcaTh B BHIE

A (k) - 1 [ exp (inml) f(l, B)—F (I, —Fk) ] (3 3.29)
! 2ik fU, —k) ) ‘
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$IcHO, 4TO ee CHHI'YJSIPHOCTH IO k? 6YAYT Touno TakumH xe y GYHKIHH [,
a HMEeHHO: OHa 6yJeT UMeTh JeBBIHl pa3pe3, HaUHHAIOWHACA B TOuKe k? =
= — m?/4, v npaBEIfl pa3pe3 BJAOJb NOJOKHTEJBHOH OCH k?, HauHHAIOW U -
cs npu k2 = 0, Kak Gnljo HaiineHo B pas3fl. 1.13. PakTHYECKH, C IOMOMbLIO
METOJIOB, OCHOBAHHBIX Ha MCIIOJIb30BAHHH NapLHAJBHEIX aMIIJIHTYJ, MOXK-
HO JI0Ka3aThb, 4TO JJIsl paccesins B NoreHuHase KOkaBwl cipaBefyIMBO Npen-
craBieHHe Manjennscrama [54]. KoHeuHo, npaBrifi paspes siBasercsa cJen-
CTBHEM YCJOBHs yHHTapHocTH SS* = 1 u B caydae Henblx / MOXKHO C HO-
moupio (3.3.15) u (3.3.21) moaywuTh

A (k) — Ay (k) = 2ikA, (ky) A (ko) (3.3.23)

rie k,,. — 3HaueHHs R, B3sThIE BHIIE HJH HHXKE pa3pe3a COOTBETCTBEH-
Ho [cp. (2.2.7)]. s Toro utoObl MOJYYHTE aHAJOTHUHYIO doOpMYnRy AJs
cay4yasi HeneseiX [, HeoGXOMHMO YCTPaHHTh NMOPOroBOe NoBeJieHHe [Tak e,
Kak u B (2.6.8)], BBOAA aMnAHTYAB!

B (k) = A, (R)/R?, (3.3.24)

KOTOpBIE SBJSIIOTCA 3SpMHTOBO aHAaJHTHYHBIMH H BAOJB IIPABOTO pa3spesa

k2> 0 YyAOBJETBOPSAIOT CJEAyIOlleMY  COOTHOIIEHHIO  YHHTApHOCTH
lep. (2.6.23)1: :

2i Im {B, (k)} = B, (k) — B (k_) = 2ik+ 1) B, (k,) B, (k) =
= 2ik2 +1| B, (R) ], (3.3.25)

3.3.8. NMomoca Penxe

ITomHMO TOYeK BeTBJIEHHSI, KOTOpHle MBI OOCYKJAJH BBiIlle, He HC-
KJII0OY€HA BO3MOXKHOCTh INOSIBJIEHHs B BhipaxkeHHH (3.3.22) MOMIOCHEIX 0CO-
6enHocrefi. [IpuunHO# HX MOSBJAEHHS MOXKeT CIYXKHTh oOpallleHHe B HYJb
f(, — k). Eciu 310 npou3oiiieT, cKaxeM, IPH JaHHOM [ H HEKOTOPOM
k = iky, Ry >0, TO coBepileHHO O4YeBHAHO H3 (3.3.12), yTo mpH r — oo
BOJIHOBasi (pyHKUHsi OYyeT 3KCIOHEHIHAJBHO MOJABJeHA KaK eXxp (— Rpr)
H 3TOT MOJIOC GYAET COOTBETCTBOBATH CBI3SAHHOMY COCTOSIHHIO, JleXKalleMy
IpH HeHCTBHTEJILHOM OTpHuATeABHOM 3HaueHHH k2. Tak Kak [ sBasercs
aHaJuTHYeCKOH GyHKuued oT /, TO NOJOMKEHHe STOro IOJKCa HaXOAUTCH
npu ! = o (R}), ThAe GYHKUHS o ONpENesseTcsl H3 YCJOBHSA

f @ (k8), — ks) =0, (3.3.26)
6yleT TakKe aHaJuTHYecKOH ¢yHkuHe# /. C Apyrofi CTOpOHHI, €C/IH HYJIb
¢yukuuu f (I, — k) pacnosoxken B obnactu Im {k} <C 0, ckaxem, npH
kR =kr — ik;, TO B OKpPECTHOCTH kB MOXKHO HaMHCATb :

fU, —Fk) =C(k—kg+ ik)
H, CcJeaoBaTeJbHO,
F(l, k) =f* (I*, —k*) = C* (k — kg— ik)), (3.3.27)

rge C — HeKOTOpasi KOHCTaHTa. Takum oOpasom, B S-matpuue (3.3.14)
BO3HHKaeT MOJIIOC, OTBeYAlOUIH{i pe3oHAHCHOMY BKJaly, B BHIE

k—kp—ik :
S, k) ~exp{i(nl—2argC ——R——’) 3.3.28
(1, B = exp {i( D (3:3.28)
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(3aMeTnM, 4YTO HeBO3MOXKHA CHTyauusi, korga k;y = 0, Tak Kak Torja
uf(l, k), uf(l, — k) nonXHE 06pPaTHTBCS B HYJb B OJHOM H TOM XK€ Me-
CTe, H COOTBETCTBEHHO (¢ TaKKe JMOJXKHO OOpPaTHTbCS- B HYAb.) Hrak,
pesoHaHCH GyAyT TaKxKe JexaTb Ha DPeIKEBCKHX TPAEKTOPHSAX, KakK H
CBSI3aHHBIE COCTOSTHHS.

J1as Toro utoOul HAfTH pelskeBCKHe TPaeKTOPHH HEKOTOPOTO MOTEHIHA-
Ja, HeOGXOAMMO IIPOBECTH HcCJIefoBaHHe HyJeH ¢yHKuud [ (I, — k).
OcofeHHO NPOCTOH BHJ, HMEIOT TPAeKTOPHH B KYJOHOBCKOM MNOTEHIHaJe
V (r) = €®/r. HecmoTpst Ha TO 4YTO B 3TOM NOTEHLHAJIe ¥APYLIAIOTCS Tpe-

— K fulp
% AN\ E
~V16 ~15

1
B

Puc. 3.1. PepxxeBcKkHe TPAaeKTOPHH AJsA KyJOHOBCKOro moTenmuata [cm. (3.3.29)].

Ipu umenmix 3HaveHHsAX [ HMeIOTCS BBIPpOJKZEHHBIE YPOBHH aTOMa BOXOPOJa C TIJIABHBIM KBAaHTO-
BLIM yHCJaoM n=Il+m4-1 (m=0, 1, 2, ...), rlie m — pagHaJbHOe KBaHTOBoe gucio. (£ uaMmepsiercs
B eauruMuax l4/4=] puabepr)

GoBaHMsA CXOIHMOCTH TpH r — oo (rU (r) 4 0), xopoio H3BecTHO (CM.,
nHanpumep, ndd [355, c. 138]), uyro dasnl MOryT GBITH JIETKO OIpejee-
HEl, €CJH TOJBbKO YCTpaHHTh OecKOHeuHYIO dacTb exp [(ie? In r)/2k],
NPOHCXOAAILYIO OT GECKOHEUHOCTH pajfyca B3aHMOJEHCTBHs. S-MaTpuua
umeeT BHA [361] "

S k) =T(U4+1—1e¥2R)/T (I + 1 + ie*/2k). (3.3.29)
310 BRIpaXkeHHe COAEPKHUT IOJI0Ca B TOYKaX, Korja aprymeHt I'-dyHKuuwy,

cTosillleli B YUCJAUTEIE, PABHAETCA UHEJBIM OTpPHUATEJBHBEIM 4YHCJAAM H
HO3TOMY

[ =, () =—m—1+ie2/2k, m =0, 1,2, ..., (3.3.30)
anqu CBsI3aHHLIE COCTOSIHUSI BO3HHKAIOT l'IpH
s=F =k =_—e¥4 (I +m+ 1) (3.3.31)

310 BHIpaxeHHe sABJseTC OOHLIYHOM, XOpOIo u3BecTHO#H dopmysoit Pua-
Gepra nnas atoma Bojopojga (puc. 3.1). OT™erum, uto npu £ = 0 Bce Tpa-
EKTOPHH CTPeMsSITCS K OeCKOHEUHOCTH. DTOT (pakT OTpamxkaeT TaKylo BaiK-
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HYI0 XapaKTepHCTHKY 3TOro IOTeHIHasJa, KaK obMeH Oe3MaccoBuiMH ¢o-
TOHaMH, : : :

B cnyyae nortenumasioB nomobmeix noreHuuany IOkaBel ypaBHeHHe
[Ipeanurepa MoxeT GHITh paspelieHO YHCJIEHHBIMH METOJaMH C MOMOUIBIO
pasnozkeHus B psf (3.3.17). Hekoroprle npuMeprl BHIYHCAEHHH NOKa3aHBL
Ha puc. 3.2. B noTeHmManaxX C JOCTATOYHO CHJIBHBIM IPHTSIXKEHHEM BO3-
HHKalOT CBsi3aHHBIE COCTOSIHHSI TpH He6Gonblinx 3HadeHHsX /. C pocTom
/ n3-3a OTTa/NKMBaHWs, CBSI3aHHOIO C HaJHYHMeM LEHTPOGexHOro 6apbepa,
STH COCTOSIHMSI CTAHOBSITCSI BCE MEHEEe W MeHee CBSI3aHHEIMH, H B pe3yJb-

Refa} ’

2

g%
g%
- T i )
=20 —’10 ) 10 20 F
Puc, 3.2. PepskeBcKHe TPaeKTOPHH AJA mnoTeHuuata IOKaBm ¢ NpHTAXKEHHEM:
V(r) =—g%xp (—r)/r npa pasJuuHBIX 3Hai{EHYIHX g2, un3 paGorul JloBsaca u Mscco
[290].

CMOTDPH TakK:Ke paGoty [16)

TaTe MOT'YT NPOSIBHTb ce6st KaK Pe30HAHCHI C BBICOKMM CNIHHOM. KaK TOJIBKO
s¢derruBHbIf noterunan U (r) — [ (I + 1) r* cTaHoBUTCA COMIIKOM CJla-
6bIM JJISL TOrO YTOOBI CO3AaTh NOJIIOC NIPH JaHHOM [, TpaeKTOpHs cpa3y Ha-
4yuHaeT 3arubatbesa. B nadibpHefileM MBI YBHIHM, 4TO B npezee g2— 0
OCHOBHasl TpPaeKTOpHUS Bce BpeMsl ocTaeTcsl B ob6aacTH. !/ = — 1 npu mo-
60M 3HAUEHHH K, T. e. OHA pacloJOXKeHa B TOH OGJIACTH, /e JIeXKHT HHKCH-
poBaHHBIA mosoc ¢yHknuu Mocra ¢ campim GosbumuM [. DTO cjeJCTBHe
Toro, uto GopHoBckoe npuGaukenue (1.13.16) nam (1.13.18), xotopoe
BeJleT ce6s Kak [~! npH BCeX S, ABJISETCS XOPOLIMM NPHOTHKEHHEM aMILIH-
TYJABl paccessHHs B 3TOM IIpejeJie. o

B JefCTBHTENBHOCTH BCJELCTBHE TOro, 4TO INlepBoe GOPHOBCKOE IpH-
6JHKeHHe JOMHHUpYET NpH GOJIBIUHX S, JHAHPYIOIlAs pelKeBCKas Tpa-
eKTOpHS HMeeT AaCHMITOTHYeCKoe MNoBeleHHe o.—- (— 1) mpH s— —-oo,
Jaxe B cJydyae GOJIBLIHX 3HAYeHHH KOHCTaHTH g2. OHaKo B TOM cJayuae,
KOrJa MOTeHIHaJs CTPeMHTCS K HYJIO IIDH IOAXOJe K Hayaldy KOOpAHHAT,
T. e. rU (r) ~ rp+! npu r — 0, Torga TpaeKTOpHs CTPEMHTCS B aCHMIITO-
THKe K HauGoJbmeMmy nejomy uueay [ <K — 1 — (p + 1)/2. Dro yTBep-
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xKaeHne npsamo ciaeayerT u3 (1.13.18), Tak Kak ecju 3HameHaTesb 3TOrO
BHIPAXKEHHsSI PAa3JjIOKHTh B DAL NpH GOJBIIHX !

AB(s, 1) = _de,p (w) (—i —}——I:Tz -+ ), (3.3.32)

To coBepuieHHO sicHO u3 (3.3.19), uto Ko3ddHuMeHTH NPH CcTeneHax {1,
2, 8, ..., t—P/2—1 pycyesalor.

JpyraM KJaccoM IOTEHIHAJIOB, AJIS1 KOTOPBIX BBIUHCJEHB TPaeKTo-
puu Pejike, sBJISIOTCS KBaJpaTHUHBIE NOTeHIHaJb! (cm. [318]) u, B yacrt-
HOCTH, TPeXMepHBII TrapMOHHUYeCKHH ocuuaistop V (r) = (1/2) Mw?r?,
rje ® — KJaccHueckasi 49acToTa. Ero CoGCTBEeHHbIE COCTOAHHMA pPaBHBI
(cM. Mopc u ®embax [313, c. 1662])

E =k =ho (n+ 1/2) = o @m + [ + 3/2), (3.3.33)

JlaBasi TPaeKTOPHH c mnoBeleHHeMm [~E. JlaHHOe CBOHCTBO 00YCJOBJIHBA-
eT 0cOBBIA HHTEpeC K 5TOMY NMOTEHIHANY, TaK KaK B CJIydae PeJsTHBHCTCKOM
KHHeMaTHKH, Korjga E = k® -+ m?2, MOKHO 0XKHAAThb, UTO MOJYUHTCS HOBe-
JeHHe TpaekTopuil [ ~ E? BMecTO TOro, KOTOpOe MOJIy4aeTcs B HepeJssiTH-
BHCTCKOM CJly4yae. A TaKoe HOBeJIeHHE COOTBETCTBYET TOMY, UTO HaGJIIOAA0T
B ¢usuke yactHi (cM. 1. 5). Ha 3Tom Hab/0JeHHH OCHOBAaHBI Pa3JIMUHEBIE
KBapKOBBIE MOJIEJTH /11 Me30HHBIX TpaekTopui (cM. [139] u ra. §). 2ru mo-
JeJM HCIOJB3YIOT CTATHYECKHH BapHAHT peJSTHBHCTCKHX YpaBHEHHH
Bere—Counutepa [em. (3.4.11)] Bmecto ypaBuenus llpeaunrepa ¢ rapmo-
HHYECKHM OCIIH/IIATOPHBIM IIOTEHIHAJIOM MeXAY KBapKami. OJHAKO TaKHe
MOTEHIHAJBl HE YAOBJETBOPAIOT TPeGOBaHHIO CXOAUMOCTH, T. e. rV (r) —
— 0 npu r — oo H NMOSTOMY He JAIOT pelileHHH, OTBevYaloUIUX KBapK-KBap-
KOBOMY paccesHH10. Ho Tak Kak KBapKH JO CHX NOp 5KCIEPHMEHTAJLHO
He HabJ10iaeMbl, TO HET HHUEro IJIOXOTO B TOM, 4YTO OHH He MOT'YT BBIHTH 3a
npelejsl MOTeHIHaJa, T. €. OTCYTCTBYeT KBapK-KBapKOBOe paccesiHHe!

J1/isi NOTEHIHAJIOB C XOPOLIHMM NOBeIeHHEM MOXKHO, HCXOJsI H3 «pa3Mepas
CBSI3aHHOTO COCTOSIHHSI, ONpEJEeJIHTb HAKJOH TPAaeKTOPHH HHKe IOpora.
3anumem ypaBueHue Illpennnrepa B cieaymooliem BHJE:

_ T a L+ 1)
Do =0, rae D=|-22-+E— L) —v (). (3339
Mer umem pewenne @ (I, B, r) npu [ = o (E), tne E = k2. Ilpoaudide-
pennupyem (3.3.34) no E u mnoJjayuyum

4D o _ 4 _y _ Zatl da

5 ¢+ D _F 0, rne B e (3.3.35)

Ymuoxan (3.3.34) Ha do/dE, a (3.3.35) Ha @ H BbHIUMTAasT MX APYT H3
Ipyra, ToJydaem

5 D¢ — o@D —E = ® (3.3.36)
HO
d2 dz
Do—o¢D = PP (3.3.37)
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Takam 06pasoM, JIeBYIO YacTb DaBeHCTBA (3.3.36) MoxHO 2amucaTe Kak

d [d9 do _ , 49
dr [dE ar P GEar ]' (3.3.38)
Hurerpupys o6e wactu (3.3.36) mo r ot 0 mo oo, mosyuaem
dp dp _ digle_FdD o
[dE dr ¥ 2Ear ]o i ? dr. (3.3.39)

Tak KaK ¢ ~ ritlmpur—>0u ~exp(— |k |r) npu r— oo (mas cay-
yasi CBSI3aHHOT'O COCTOSIHHS), TO JieBasl 4aCTh HcUe3aeT B 060HX NIPeebHBIX
caydasx npu yegaoBusx: [ > —1/2, E<CO.

IoacraBasisi 3atem (3.3.35) B mpaByw dacTh (3.3.39), OKOHUATEJBHO
[OJIy4aeM CJepylomiee:

J‘(pgdr
do 1 0 =R -, (3.3.40)
dE 2041 e 2a+1

f(l/rz)wzdr

0

rjae napametp R2, onpexesieHHbIH B (3.3.40), HMeeT cMBICA CpefiHero KBaj-
paTa pajmyca COCTOSIHHsS, OIHCHIBAeMOro BOJIHOBOH (yHKumed ¢ (I, &, 7).
310 03HauaeT, 4YTO NPOU3BoJAHaA da/dE TIpHUHAMAET MOJIOXKHTEJbHBIE 3HA-
geHuss npu a > —1/2, E<CO.

3.3r. N/D-metop

Korzna BcTaeT 3ajjaua O NMOJIYUEHHH aMIVIUTYIBl paccesiHMsl U3 NOTeH-
HaJa, TO HUILYT (PYHKLHMIO, JIeBHIH pa3pe3 KOTOpoH B mJockocTH E = k?
JaeTcsi TOTEHIHAJIOM, a IIPaphli paspe3 YAOBJETBOPSAET COOTHOIIEHHIO
yuutaproctd (3.3.25). CymecTByeT MeToJ pelneHHs ypaBHeHus IlIpenun-
repa, OCHOBaHHBIH Ha HCIOJIb30BAHWH 3THX aHAJTHTHUECKHX CBOMHCTB, KO-
Tophifl HasbiBaercst N/D-metonom [54]. DTOT MeToJ BbI3BIBaeT GOJIbILON HH-
Tepec B CBSI3H C Te€M, YTO, B OTJHUYHE OT METOJOB, OCHOBaHHBIX HA HCIIOJIb-
30BaHWH ypaBHeHHs IlIpeauHrepa, oH Jlerko o6o0ImaeTcsi IPUMEHHTENBHO
K ¢usuke uactuin. KoHeUuHO, 3TO BCe CIpaBefJMBO IIPH TOM YCJOBHH, UTO
AMOJTUTYABl paccesiHHs HMEIOT OXKHJaeMble aHAJHUTHUEeCKHe CROMCTBA.

Hz (3.3.22) u (3.3.24) MOXKHO HaNHcCaTb

B,(E)= F(l, k)exp (.mi)_|_—1f(l’ —k) : 11 — Ni(E) i (3.3'41)
2 (ik) : (—ik) [, — k) Di(E)

M rtorpa us (3.3.21) cpasy naxoaum, uto N; (k) = N[k exp (— in)]
(a1 peficTBUTENBHEIX [), M, ciefoBaTesJbHO, (yHKUuS N;(E) He HMmeeT
IIpaBOro paspe3a B IJOCKOCTH E, a TOJBKO JeBblfl, 06ycJoBJIeHHBIH MO-
TeHUMaJOM H HauMHaommica or E =-—m?*/4. OtvernMm, uto N;— 0
npu | E | — oco. I3 aHa/IOTHUHBIX cooOpaxKeHU# ¢yHKUHA D; (E) He HMeeT
JIEBOTO, 4 COJAEPIKUT TOJIBKO IPAaBEI pa3pe3, KOTOPHIH SIBJSETCSH CJIelCT-
BUEM COOTHOIIEHHS YHHTapHOCTH, nmpHuem D, (E)— 1l npu | E | — oco.
O6e ¢yukuun N u D — anaauTudeckue (PyHKIUH.
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CJIelIOBaTeJIbHO, MOXKHO HamnucaTb JHCIepCHOHHBIC COOTHOILIEHHS

—m?/4

viE=L | E_E{_j‘%‘l’:f'_ﬁdﬁ'; (3.3.42)
D,(E)=1 +—;~S%L} dE’, (3.3.43)
0

Ecan ckauok ¢yukumu B, (E) depe3 JieBnfl pa3pe3 ONpelesuTh Kak
b, (E), To

Im {N.(E)} =D, (E) b, (E), E < — m/4, (3.3.44)
B TO BpeMsi KaK CKauoK Ha NPABOM paspese paBeH
Im {D; (E)} = N (E) Im {l/B; (E)} =
=— N, (E)Im{B; (E)}/|B,;(E)|>= —N; (E) k2+! (3.3.45)

310 MOXHO MOJYYHTE ¢ momouisio (3.3.25). TakuMm oGpasom, moJsydaercs
CHCTeMa _ypaBHeHHH:

pu— 2/ , ,
N,(E)z?t— S P_I%—”’%Qd}s'; (3.3.46)
B NJ(Ey EIF1/2 :
D,(E):l——i—j N~(EE2 EE dE’. (3.3.47)
0

Pemenne 3THX ypaBHeHHH npH 3afaHHOM b; (E) COOTBETCTBYET peIieHHIO
ypaBueHus IllpexuHrepa ¢ HekKoTopeiM NOTeHIHaJoM. Koneuno, sajaua
COCTOUT B OThicKaHuH b; (E). OHa JOBOJIBHO JIErKO paspeliaeTcsi, eCJH
paccMOTpeTh NepBoe GOpHOBCKoe MpuoOaxkeHue (1.13.16), ckadoxk koTo-
poro 1o ¢ paBeH

D, (E, ) ==ng® (t — p?).

Ecau mopctaBuTh 3TOT cKauoK B (2.6.19), moMeHSB INpH 3TOM MeCTaMH
S B t (NoJOXHUB ¢ = k), NOJYUHM

r(E)=2-p 1+ XV 1 _F ¥ - (3348
AT ey 2k | g2F2° s e
INoacraHoBKO# 3TOro BhipaxKeHust B (3.3.46) u (3.3.47) mMoxHO yGeguThCH,
9TO Mbl HMEEM QUEHb XOPOIIYI0 aNNPOKCHMAIHIO TOUHOIO peliieHus B 06Ja-
CTH MaJgeiX g2. BKiaj BTOporo GOPHOBCKOTO NPHOJIHKEHHSA TAaKKE MOXKET
ORITh NOJIyUeH JOBOJIBHO mpocto [126], oaHako BeiuHC/IeHHE BKJIANOB UJje-
HOB 00Jlee BEICOKHX MOPSAAKOB INPEACTABJASET TPYAHYIO 3aiady.

B pamkax atoro noaxozaa nosoca Pejke NOSBJIAIOTCS KaK HYJIH (QyHK-
uud D, T. e. ypaBHenue D, gy(E) = 0 HesABHO ompelenseT ¢(yHKIHIO
a (E). TakuM o6pasom, Tpaektopus o (E) mMoxkeT ObITh HaiijleHa HaGJio-
JeHHeM 3a JBHM:KeHHeM HyJs ¢YyHKUMH D;(E) B miockocTH [. DTO ABJSET-
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csl yKasaHHeM Ha To, 9TO TPAaeKTOpHs o (£) 6yAeT HMeTb Te ke CHHTYJsIp-
HOCTH, 4TO YU ¢pyHKuua D ;(E), T. e. TOJbKO NpaBblil pa3pes. 3TO BbICKA3HI-
BaHHe HAaXOJHTCS B COrJIACHH C BBIBOJAMH, IOJYUYEHHBIMH B IIPEALIAYIIEM
pasjeJe. '

3.4. MMoaioca Pepaike B TEOPETHKO-NOAEBOI TEOPHH
BO3MYUIleHHH

KBaHTOBasl TeopHs IOJIS SBJSETCS 3HAUHUTEJNBHO 0oJiee peaJHCcTHUE-
CKHM TOJXOA0M K (HhH3HKe 3JeMEHTADHBIX YACTHI[, UeM NOTeHI[HAJbHBIH.
ITosTOMy OYeHB BaKHBIH MOMEHT BCErOo PAaCCMOTPeHHsI — BBIICHEHHE BO-
poca O BO3HHKHOBEHHH N0JI0COB Pellke B KBaHTOBOH TEOPHH HOJISI, XOTHA
6bl B paMKaX TEOPHH BO3MYHIeHHH. B KBaHTOBOH TeOPHUH NOJA aMIIHTYIbI
paccesiHUSI MMeEIOT 3HAUHTEJbHO OoJlee pea/lHCTHUECKYIO CTPYKTYPY 0CO-
GeHHocTell 10 S U £, YeM B MOTEHUHAJbHOM paccesstHHH. B ri. 8 6ygmer no-
Ka3aHoO, YTO B IIJIOCKOCTH [ BO3HHUKAIOT O0COGEHHOCTH 3HAYHTEJBHO 6oJee
CJIOZKHBIE, UeM I10JIIoCa: PeJPKeBCKHE TOYKH BeTBJeHHA. TakHe 0CcoGeHHO-
CTH MNPHCYIIH IIOJIEBBIM TEOPHSM H OTCYTCTBYIOT B IOTEHLHAJbHOM pac-
CesiHHH, OJHAKO B 5TOM pasjiesie Mbl OrPaHHYMMCS PACCMOTPEHHEM TOJBKO
IOJIIOCHEIX  0cOOeHHOCTeH.

Bo3moKHO, UTO NepBOe, O YeM CTOMT YNOMAHYTb, HAUHHAsi PaccMOTpe-
HHe CTPYKTYPEHI IFIOCKOCTH / B KBAHTOBOI TEOPHH NOJIS,, — 3TO TO, YTO KpO-
Me noJiocoB Pefike, KOTopble N03JHee BOSHHKHYT, MOSBATCA TaKXKe 0COGeH-
HoctH THna &-byukuuu KpoHekkepa, OTBedalOllHe HAJETAIOLIHM 3JeMeH-
TAPHBIM vYacTHIAM. B CBf3KM c TeM YTO MBI [TOK4a PAacCMATPHBAEM TOJBKO
CKaJISIpHBIE Me30HBI, pasJjioKeHHe 110 MapIHaJbHBIM BOJIHAM f{-KaHAJBHOTO
nponaratopa THna (1.12.1) wumeer Bup

A g 1
{O=er
DTo BBIpAXKEHHE MOXKHO MOJYUHTH ¢ nomoiubio (2.2.18) u (A.20), T. e.
OHO COJEPKHT TOJBKO S-BOJIHOBOH BKJaA. OJHAKO Takue 3JIeMEHTapHBIE
YACTHHEL JI0 CHX IOP He OOGHApYyKeHBI, H MO3TOMY C CAMOT0 HayaJjJa Mbl MO-
3KeM OBITh yBePeHBl B TOM, UTO He BCE aCIeKThl CTPYKTYPhI 0cobeHHOCTeH
IJIOCKOCTH [ B KBAaHTOBOH TeOPHH MOJs GYAYT MMeThb CBOe OTpakeHHe B
¢uisnke yactuy. OgHako B ra. 12 Gyzer nmokasaHo, YTO IPH HEKOTOPBIX 06~
CTOSATENBCTBAX 3TH «BXOJHBIE» O-QYHKIHH MOLYT COKPATHTBCSI H TaKHM
06pa3oM HCYe3HYTh C IJIOCKocTH /. B nanpHefiinem OyfeM paccMaTpHBaTh
TOJBKO - COCTABHBIE YACTHIBI, KOTOPBIE BO3HHKAIOT KaK CBsI3aHHBIE HJIH pe-
30HAHCHBIE COCTOSIHHSI H SIBJSIOTCH CJIEJICTBHEM B3aUMOJEHCTBHS MEXAY
3JleMeHTapHEIMH 9aCTHIIAaMH. DTH COCTaBHBIE YaCTHIB OYAYT JexkaTb Ha
TPaeKTOPHsX, N0 aHAJOTHH C TeM, KaK 3To OBLJIO B MOTEHIIHAJBLHOM pacce-
STHUH.

Jas Toro 4ToGEl NMOJYYHTH TaKHe COCTaBHEIE YACTHIBI, HEOOXOJIHMO
paccMOTpeTh OeCKOHEUHBbIE COBOKYNHOCTH (eHHMAaHOBCKHX JHarpamMMm H
IIPU 5TOM NPEANOJIONKHTh, YTO aCHMIITOTHYECKOE IOBEJEHHE 3THX COBOKYII-
HOcTell JuarpaMM MOKeT OBITh NOJYYEHO NMPOCTEIM CYMMHPOBaHHeM rIJaB-
HEIX YJIEHOB aCHMIITOTHK OTAEJBHBEIX JHarpamMm. 10T GaKkT MOKeT He GBITh
CTPOrMM B MATeMaTHUEeCKOM CMBICJIe, OHAKO IIO MeHbllel Mepe IPH MaJIbiX

8. (3.4.1)
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KOHCTaHTaX CBA3M, IJie pALy TeOPHH BO3MYLIeHHH MOXKHO NPHJATh HEKO-
TOPHIH CMBICJI, OH Ka’eTcsi BeCbMa IpaBAOMOIOGHEIM.

3HaunuTeJbHO GoJiee TOJIHBIH 0630p 3aTPOHYTHIX BhbIllle NMPOGJIEM MOXK-
HO HaiiTH B Kuure WUgena u ap. [157, ra. 31. 3neck xXe Mbl B OCHOBHOM 6y-
JeM KacaTbCsl BOIIPOCOB, CBS3aHBIX C MOJy4yeHHeM ¢opmysel (3.4.11).

PaccmoTpuM (pefiHMAHOBCKHH HHTerpaJ ofmero Buja (1.12.5) ¢ n
BHYTPEHHHMH JIMHHUAMH H [ 3aMKHYTBIMH NeTJIAMH. Tak Kak B KaxkJ0i Bep-
[MHe BEINOJIHSETCS 3aKOH COXPaHeHHS 4-HMIYJbCa, TO C €ro IIOMOUILBIO
MOXKHO BBIPA3UTb BCeE ¢; Yepe3 HMIYJLCH k;, TeKYIIHe IO NeTJAIM, U BHeIl-
HHE MMITYJIbCHI p;. 3aTeM, IOCJe PA3yMHEIX 3aMeH MNepeMeHHBIX k; — Rj,
3HaMeHaTe/Jlb MOXKeT OBIThb IlepecTpoeH TaKHM 00pa3oM, 4TO MOKHO Mpo-
H3BeCTH HHTerpHpOBaHHe IO R’, HCHOJIB3Ys JIJISI 3TOro GopMyay

d* &’ is?
Py = (3.4.2)

a TakxKe (OPMYJBl, KOTOpble NOJYydalroTcsd M3 Hee AudxpepeHUHPOBaHHEM
o6enx wacteft mo U, u torga [157] okoHuaTesbHOe BbIpaxkeHHe MMeeT.Clle-

AVIOIIUA BHI: .

daié(l ——Zo{.i)C(a)”,—m— 2
! . (3.4.3)

[D (p, &)+ ieC (a)]* 2

rie D — ¢yHKuA OT BHEIIHHX HUMINYJBCOB p H OT &, a C — GyHKIHA
TOJIBKO OT c. TakuM o6pasoM, /15 paccessHUsI 2 — 2, KOT/Jja HMeIOTCsT TOJIb-
KO [Ba He3aBHCHMBIX KHHeMaTHUeCKMX HHBAapHaHTa s ¥ { W, KpoMme TOro,
D saBnasietcst iuHeliHON GyHKUMeEH N0 s, aMIJIMTYJa paccessHus (B npeHeGpe-
JKEeHHH UYJIeHOM i&) UMeeT BHJ

1 n
[ IT da;8(1—Za;) C (o)* 2 —2
A=2=1 . (3.4.4)

(g(@)s+ d (1, a))"~%

rie g 1 d — HekoTtopele GyHKIMH. B npenese s— oo npu GHKCHPOBaHHOM
{ TIOABIHTEr PAJIbHOE BEIpaxKeHHe BefleT cebsa ~s—1+2!, Koneuno, 3To cmpa-
BEJJIHBO B IPeJINoJIONKEeHHH, uTo g (o) 5= 0. CiegoBaTesbHO, €CJH B 00-
JIACTH HHTErpupoBaHus no o GyHKUuA g () = 0, To ¥ cam uHTerpaJ GyneT
00J1ajaTh TAKHM 3Ke TIOBeJeHHeM, KaK M IOoAbIHTerpasbHas ¢yukumsi. Oxn-
HaKo 00JIaCTh HHTErPHPOBAHHUS 1O o BOJH3H TOUKH, B KOTOpoH g (o) = 0,
MOZKeT JaBaTh BKJajpl, YOBIBAIOIIHE C POCTOM S MeJJieHHee. SIcHO, uTO
JIOMHHUPYIOIIHE NPH GOJNBIIHX S BKJAJBl MOXKHO IOJYYHTH JHIIE B TOM
caydae, KOTJa KOHTYp HHTEIDUPOBAHHUSA 10 ¢ HEBO3MOXKHO JiehopMUpPOBATh
C IeJbI0 H30exKaTh NONajJaHUus B Hero TOUKH, rje g (@) = 0. dto moxkeT
NPOHCXOJUTb MO JABYM INpHUHHAM.

1. Eciu g (@) = 0 Ha rpanuie o6JacTH HHTErpUpPOBaHHs mO o (Tak
Ha3blBaeMBIe «KOHIEBBIE» BKJIAJEI).

2. Ecan g (@) = 0 B HEeKOTOPOH BHYTPEHHEl TOUKe KOHTYpa HHTErpH-
pPOBaHHSI IO &, KOTOpasl IPH S—» oo COOTBETCTBYET 3allleMJIeHHIO, T. €.
3Ta TOUYKA 3aXKHMAaeTCs CHHIYJSPHOCTAMHU MOABIHTEr PAJIBHOTO BhIPAXKEHHS,
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GJarojaps ueMy KOHTYp He ylaercss AedhOpPMHpPOBaATk TaK, YTOGBl Ha HeM
He Jiexasa 3Ta Touka (cMm. pasn. 1.12).

MoKHO NoKasaTh, YTO JI0 T€X MOP NOKa pacCMaTPHBAIOTCS TOJIBKO IJIa-
HapHble JUarpaMMbl (T. €. QHarpaMMEl, KOTOpble MOXKHO HapHCOBaTh Ha
JrcTe Gymaru 6e3 nepeceKalouIuXcs JHHUA), TO HHKAKMX ITHHUYEBEIX BKJIa-
JIOB Ha (hM3HUECKOM JIHCTe He BO3HHKaeT. HensanapHele fuarpammel 6yayT
NoApOGHO paccMaTpHUBaThbes B IVI. 8, a ceffuac KOCHeMCsl BKJIaJIOB OT 'paHHY-
HBEIX TOYEK B MJIAHAPDHHIX JHArpaMMax.

oy
< ‘ ! By - Bz n
nepexaadur
t A
] ]
a & ! !
1 I

8

Puc. 3.3. IlocnenosaTenbHOCTh #-KaHAJbHbIX (DeHHMaHOBCKHX JIECTHHYUHBIX JHATpaMM:

@ — OJNHOYACTHUHHII o6Men (Nmeppoe GOPHOBCKOe NpHONHIKEHHeE); 6 — AHarpaMMma SIIHYHOTO THIA
¢ COOTBETCTBYIOIHMH (heiHMaHOBCKHMH NapaMeTpPaMH; & — JHarpaMMa C.n CTYueHbKaMH,

CueBHAHO, YTO MOJIOCHAA AuarpamMma pHc. 3.3, @ BHOCHT B aMILTHTYLY
paccesiHusl BKJaJ, PaBHBIH

A, = g% (m* —s) ~1Is, (3.4.5)

KOTOpBLIH COBNAajaer C NepBbiM GOPHOBCKHM IPHOJHXKEHHEM IS IIpoLec-
ca paccesHusi B f-kaHaje. J[lanee, HMeeTcss KBajpaTHas JAuHarpaMmma
(puc. 3.3, 6). Ee Bknan B amMIJUTYAy paBeH

12
. [ TT do; dB; 8 (1—Za;—=Bs)
2 g2 0i=1
A,—g (— ) . (3.4.6)

1672 [og g s-+ds (@, B, £)]2

HpI/I H3Y4YEHHH ACUMIITOTHUYECKOI'O NMOBeAeHHUsT 3TOH JHarpammabl IIPH S —> ©©
H906XOIH/IMO paCCMOTpeTb OéﬂaCTb Ry, Ag = 0 H, BBOAA onpene.nelme
d; = d2 (01 01 ﬁlr 521 t)r HOJIyqaeM

jz‘ doy dotg =J§‘ ' edag — = } ln(szs-}'—d; )~ ll}s . (3.4.7)
J (o @y s1-d3)? J ds (eog s 1-dy) d;s “dy d; s
Takum ob6pasom,

A, — g2K (f) (1n s)/s, (3.4.8)
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rue
1

_ g dfy dBad (1—B1—Ba) __
K(t) - 163’52 bs‘ dz (01 01 ﬁlr 62» t)
g 2K t= g (3.4.9)
T TI6m ) (K2pm2) [(Kq)2tm2] .

Bripaxenue (3.4.9) sIBAsS€TCA WHTErPAJIOM IO NET/IE, KOTOPHIA COOTBETCT-
ByeT (efiHMaHOBCKOH auarpamme puc. 3.4, a co CTAHYTHIMH B TOYKY CTO-
poHaMH (Tak Kak a; = 0, = (), M/ BBIUKC/JEHHA KOTOPOH HeoOXOAuMO
IIPOBECTH UHTErPHPOBaHHUE 10 ABYMEpHOMY UmnyJbcy K, a He no yeTkIpex-
MepHomy & [caenicTBHe TOro akTa, 4To ds MOABMAAETCA TONBKO B IIEPBOH CcTe-
menu, B oTauuue ot (3.4.6)l. . .

-AHAJIOTMYHO BBIUHCJsETCS BKJaj JIECTHHUHON AHarpaMMel C 1 Iepe-
KJaauHamu (puc. 3.3, 6):

1 n n
f IT do; 1 dB; 6 (1 —Zo; —=By) [C (a, B

_g2 n—1

An=g2(—‘167"> (n—1) ==

=1

[ety - .. p s-Fdp (oc,‘(.’y, B}

(3.4.10)

OnsTh, KaKk H B NpeablAyIeM ciydae, IVIABHBIH 4/IeH NOBEJEHHUs] B aCHMII-

TOTHKe 06YyCJIOBJAEH 06AacCThio, Tfie o; obpamaercs B Hyab (puc. 3.4, 6),
U NIO3TOMY MOXKHO IIPOBECTH HHTErPHUPOBaHHE IO C;,
B pesyJibTaTe MOJYYHM

ng s & An ~ (g¥s) [K ) Insln—1/ (n — 1) (3.4.11)

TFakum ob6pasoM, Bce auarpamMmel puc. 3.3 xa-
) PaKTepHU3YIOTCS CTEeNeHHEIM IIOBEJEHHEM B AacCHM-
/'Q NTOTHKe THNA s}, DTo ABJAsETCS CJeACTBHEM (ak-

-~

Ta, YTO AJS TOr0 4YTOOBl NPOHTH BCIO AHArpPaAMMY,
JOCTaTOYHO ONHOUYACTHYHOrO npomnaratopa. CTeneHb
In s, KoTopasi TakKe NOSABJAETCS, YXKE 3aBHCHT OT

Puc. 3.4. Crasyrse YHCJIA TaKHX OJHOYACTHYHBIX IIPOIAraToOpPOB.
AHarpaMMEl,  KOTOpPblE CrenylOmUA 1ar 3akJalo4aerci B TOM, YTOOBI
COOTBETCTBYIOT ~ AHA-  HaHTH ACHMITOTHYECKOE IIOBEJEHHE CyMMbI BCeX
rpammam pHc. 3.3. TAKMX JIECTHHYHBIX [AHATPAMM C JIOGBIM UYHCJIOM
3T AuarpaMMBl TalOT KO- . .
sdouuuenr mepex s—' s INEPEKJaAHH, HCNOAB30BaB HJA 3TOI0 YIOMSHY-
AT et O°¢" TOe BhIIIe IIPEANOJIOXKEHHe O TOM, 4TO ACHMIITO-
THUeCKOe IIOBefeHHe CYMMEI paBHSETCA CyMMe

ACHMIITOTHYECKHX NOBeJeHHUH OTAeNbHBIX AuarpamM. U3 (3.4.11) nonyuyaem

a o Vi

. — ~ N £ (nsK@e-t gt :
A(s,t)_gAn ,Zl - r—r — exp[K(f)Ins]; (3.4.12)

A (s, ) ~ g%, e a (f) = —1 + K (2). (3.4.13)

Ecau BcnomMHHTH 0 mpefcraBiaeHnu I'pub6oBa—®Ppyaccapa (2.6.2), To cra-
HOBUTCH COBEPLIEHHO OUYEBHJAHKLIM, UTO CTeleHb S B (3.4.13) MOKHO HpeH-
THOHUIHPOBATh C JUAHPYIONIEH PelKeBCKOH TpaekTopuell B f-kaHaje, Ta-

106



KM 06pa3oM, HeCMOTpSI Ha TO UTO KaxK/lasi HHAUBHAYa/lbHasA AMarpaMma He
ob/ajiaeT pelKEBCKHM MOBEEHHEM, CyMMa AHarpamm, KOTOpas CBOJMTCHA
K co6HpaHuIo cTenmeHel In s, IPOUCXOASIINX OT IIOC/I€A0BATENbHBIX B3aHMO-
NeHCTBHMH ABYX YaCTHI[, PacCEHBAIOIIMXCHA B [-KaHAJIE, yXKe XapaKTepHU3y-
eTcs pellkeBCKUM noBefieHHeM. Tak Kak K (f) — O npu £ — oo (cM. HUXKE),
To @ (f)—> —1 BecaefcTBHE TOBENEHHS GOPHOBCKOTO INPHOJHKEHHS
(3.4.5).

DT0 MOXKHO YCTAHOBUTH H HENOCPEACTBEHHBIMH BBhIYHCJAeHHAMH. Tak
Kak u3 (2.3.4) cienyer, uto 60PHOBCKOe NPUO/MKEHHE AaeT '

AB(f) =—E Qz<1+ mz), q?=—;—(t—4m2), (3.4.14)

32nq? 297
KOTOpOe, KaK MOXHO yBUjeTb k3 (A.32), umeeT nontwoc npu [ = —1:
AB (D ~ g¥ [32ng7 (I + D). (3.4.15)

Korzaa s3ToT (pUKCHPOBaHHBIH IOJIOC BHOCHTCSI B YCJIOBHE YHHTAPDHOCTH, TO
OH cpa3y peaxesyercs. [Ipu g — 0 napuua/jbHas aMIIMTY /A I0JKHA CTpe-
MHTbCS - K TIPefieNly, AaBaemMOoMy BbIpaxkeHueM (3.4.14), H ynoBJIETBOPATH
COOTHOLIEHHIO YHHTapHocTH (2.2.8), KoTopoe IPHBOIHT, €CJH HANHCATh
ero B BHJE PsAfia 1O CTENeHsM g2, K CJeYIOUeMY BBIPAXKEHHIO:

_ & 1 _ 1 (1 g% aq (4) ] 3.4.16
A‘(t)_32nqt2 [d(t)—l 11 T [T +) ;. (3:4.16)
npuueM (GYHKIHS TPAaeKTOPHH TaK¥Ke Pas/iokeHa B psAA mo g2
—_— g .
a(f)=—1+E—ay(t)+..; (3.4.17)
N=—2 . 3.4.18
Im {e ()} o, V7 ( )

Tax kak o (f) — aHaguTHYeCcKass (YHKIUs, YAOBJETBOPAIOWIAS JAHCIep-
CHOHHOMY COOTHOIIeHHIO (3.2.11) ¢ n = 1, TO OKOHuUaTe/IbLHO HUMEEeM Bhipa-
KeHHe

2 dt’
@)= —1+ -2 j L =1+
N 1672 W qt' 'l/t/ (t'—t)
g£__1_ ln[ 2+ VT ] (3.4.19)
16n2 4, V't 29—Vt

KoTopoe coryiacyercs ¢ (3.4.13). MTak, kak u oxHaaiock, a (¢) — —1 npu
t — 00, NJs BceX g2, WiH Beex £, koraa g2 — 0. TlouTu oueBHHO, YTO 3TO
CBOHCTBO, HECOMHEHHO, JlaJIeKO OT PeasbHOCTH NPH PACCMOTPEHHH CHJIBHBIX
B3auUMOJIeHCTBHH, TaK KaK OHO sABJseTCS CJIEACTBHEM 3/JeMEHTapHOCTH
CTPYKTYpPBl CKaJSPHOIO Me30HAa, KOTOPHIM JO CHX IOP OCYIIECTBJSIUCH
obmeHBl. OHAKO cIloceH, ¢ INOMOIIBIO KOTOPOro Obl1a MOCTPOEHAa TPAaeKTo-
pUs M paccMaTpHBaeMoro (yHAaMeHTAaJbHOTO B3aMMOJEHCTBHS, O4YeHb
MIOXOK Ha TOT, YTO OBLI HCNOJB30BAaH B NOTEHIIHAJBHOM PacCesHHH; IO
3TOil IpHYHHE KaXKeTcsl O4eHb NPaBAONOAOOHLIM 3asBJEHHE, UTO AHAJIOTHY-
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Puc. 3.5. Tpaduuecknft BuA ypasHeHuss Bere—CoJanurepa aist cymmu-
pOBaHHS JIECTHHUHBIX LHATPAMM

HBII MexaHH3M OyneT paboTaThb TakXke M B aApOHHOH ¢dusuke. Benp B ca-
MOM [ieJie, CYMMHPOBaHHe JECTHHYHBIX JAHAl'PaMM COOTBETCTBYET PEIEHHIO
t-kaHanabHOro ypasHeHuss Bere—Cousnurepa (puc. 3.5) [49] (cm. Takxke
{335]):

S d
(2ﬂ:)‘l [p1+ k)2 —m?] [(pg— k)*—m?]

X AB (ph P3s P1 + k:p3—k) A (pl +k1 pa'—'ky P2, p4)1 (3420)

A(s,t)=AB(s, 1)+

KOTOpOE SIBJISIeTCs peNsATHBHCTCKOH BepcHell ypaBHeHusi JIuunmaHa—
HIeunrepa (1.13.27). TpaeKkTopHH, KOTOpble TIeHEPHUPYIOTCS INpPHU pelile-
Huu ypaBHenusi Bere—Coanurepa ¢ pas/IMIHBIMH NOTEHIHATIaMH, ONyOJIH-
KOBaHbl Ceudrom u Takkepom [371, 372l

3.5. Byrcrpan

B pasn. 2.8 6wta cdhopmysupoBaHa THNoTe3a OyTcTpamna, KoTopast
rJacujia, 4T0 TOJBKO T€ UACTHIE, CYIIECTBOBAHHE KOTOPHIX COBMECTHMO C
TpeOOBaHUAMH YHHUTAPHOCTH, aHAJHTHYHOCTH IIO S U £, a TaKKe 1o [, ipef-
CTaBJsAIOT cOGOH HACTOsSIIHE aJ|POHBI, C KOTOPHIMH MBI BCE CTAJIKHBaeMCS
B peajbHOM MHpe. EcJsH 3TO cripaBefJIHBO, TO TOrAa IpPEACTABJAETCA BO3-
MOXKHEBEIM BBIBECTH CBOHCTBA YaCTHIL TOJBKO W3 YCJOBHs TOrO, 4To obecie-
YMBAETCs BBLIMIOJIHEHHE ypaBHEHHH YHUTAaPHOCTH C OTPAHHYEHHSIMH, KOTO-
pble HajlaramTCs YCJIOBHSIMH KPOCCHHTA. [TOMBITKH NOCTUTHYTH 3TOI/I Hesau
MONYYH/IH Ha3BaHHe «6yTCTpaHHbIX BBIYHCJIEHH».

CJ/I0:KHOCTb YpaBHEHHII MHOTOYaCTHYHOH YHHUTAPHOCTH NPHBOAUT K TO-
MY, YTO JI0 CHX NOp ellle HEBO3MOXKHO CKOJb-HHGYIb CEPBE3HO NPOBEPHTH
runoresy 6yrctpana. HekoTtopeili nmporpecc, ROCTUTHYTEIH B 3TOM HampaB-
JeHuu, 6yner paccMaTpuBaThbest B pasz. 11.7, a HacTosmuil paspen 6y-
JIeT HOCBsIIeH ToMY, 4TOGB NMPOHJJNIOCTPHPOBaTh NMPHMEHEHHs JAByXdac-
THYHOH YHHTAPHOCTH, B JONOJHEHHe K OOCYKAeHHMsIM B NpPeAbiAyILUX pas-
nenax. Byner Tak:ke JaH KpaTKHil 0630p TpeX OCHOBHBIX MOAXOJA0B, KOTO-
pbie OGBIYHO HCHOJB3YIOTCS.
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3.5a. N/D-ypanuenus

DTH ypaBHEHHS OCHOBAHBI Ha AMCIEPCHOHHBIX COOTHOLIEHHSIX JJIsi Map-
[[MAJIbHBIX aMIIHTYJ, H MX DacCCMOTPEHHE HaXOAMTCS B TECHOH CBSI3H C
obcyKenreM, NPOBENeHHBIM B pasf. 3.3r. Ma AucnepcHoHHOro cooTHOMIE-
Husa (2.6.20) mMoxHO Hanucath [109]

B} () =B} (t) -+ (1/m) | Im{B(¢")} dt’ /¢¢" — 1), 3.5.1y

br
rie Bf () — Bksan Jeporo paspesa. ECIH NOMHOCTBIO npeHe6peunb HEy-
PYTOCTBIO, TO MOXKHO BOCIIOJIb30BAThCS COOTHOIIEHHEM YHHTapHOCTH B 06-

JlacTd ynpyroro paccesinusi (2.6.23) Ha BceM NpOTSXKEHHH NPaBOTO pa3pe-
3a ¥ 3TO NPHBOAUT K

Bt (t) = By (#) +(1/m) T o, (t")| B (¢") |dt’' /(¢ —1). (3.5.2)
tT

Tenepb €CJaH HpCILHdJIO)KHTb, YTO U3BECTHBI BC& CHHTYJSIPHOCTH KPOCCHH -~

L
rOBbIX KaHaJOB, T. €. JaHa BeJqu4yuHa B (¢f), To Torma (3.5.2) siBasieTcs
HHTErPAJIbHLIM YPaBHEHHEM JJIsl aMIIUTYIBI paccessHusi. /st TOro 4TOGEI
€ro pelInTb, Mbl €0 CHayaJja JIMHeapH3yeM, Hamucas [cp. (3.3.41)]

BY(®) = N, ()/D, (), (3.5.3)

rfie, 0 onpeeneHuio, pynkuus N (f), cTosmass B YHCAHTENE, HMEET TONb-

KO JIEBHIH paspes, COOTBETCTBYIOWIHH JIEBOMY pa3pe3y aMOJHTYIbI B} (),
a ¢yHRuusi D; (f) — mpapwiit paspes. Hrak,

Im {N, )} = Im {Bf )} D, () =b,()D, (¢), mpu t<<?tr, (3.5.4)

a ¢ APYro# CTOPOHHI,
N, (t)Im{1/B; (%)}, npu ¢>tr;

PO 0 1m 85 031 B3O P = — 010 N, ).

(3.5.5)

DTo moJiy4aeTcsi ¢ HOMOILBIO YCAOBUSI yHUTapHOCTH (2.6.23). Hcnonbays
(2.2.10) u (2.6.8), nmoaydaem

1/B} (t) = D; (/N () = exp [—18, ()] p, (B)/sin 6, (£).  (3.5.6)

ITockonpky dyukuus N; (£) neiictButesbHa npu ¢ > f, PyHkuus D (¢)
JoakHa uMeThb a3y exp [—id; (£)] Baoas Bcero npasoro paspesa, £ > fr.

Ecau usBectHa 3Ta ¢a3a, NOJOMKEHHS BCeX p; MOJIOCOB B TOYKAX
t.= t;; ¥ Bcex m; HyJe#d B TOUKax { = {;; Ha $UBHUECKOM JIHCTe, TO.C Q-
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Momiblo MeToga Bunepa — Xonga (cm. Turtumapmr [380, c. 339]) moxkuo
CKOHCTPYHpoBaTh (pyHKIHIO D (£). Ona 6yjer HMeTb CJAEAYIOWMH BHA:

ul ty—ti1 " t—t;;
Dy =Duen I (=) T1 (=2 )
t =1

i=1 tT_tjl

exp | — t—ty < 8; ()81 (t7) dt’ (3.5.7)
P w ) (¢ —t) (¢’ —t7) : o
T

Mkl pEeNNoNoXKuIH, uTo dasa 8, (f) — const, T.e. B uuTerpane Tpebyercs
t—>c0

clesaTh TOJBKO ONHO BhHIUMTAHHEe B TOYKe fr. Mbi HacTaHBaeM (Kak U B
pasa. 3.3r) HA TOM, YTO MOJIOCAM AMIJIHTY/bI COOTBETCTBYIOT HYJH (PYHK-
unu D, (f), a He nogroca GyHKIHH N (£). DTo MOTYT GBITh IHGO CBA3aHHBbIE
COCTOSIHMSI, JeKaliue Ha (PU3HUECKOM JIHCTe IPH ¢ = {;;, JUOO Pe30HaHCEI
Ha He(U3HUECKHUX JIHCTAX, TAe 8, (£) — (2n -+ 1)n/2. Torma u3 (3.5.7) cue-
nyeT

my—p;+n"1 18, (c0)—8; (¢

D, (e~ A" L= (] (3.5.8)
Oyuxuusa D; (f) BeiOHpaeTcsl CTaHAApPTHBIM 06pPasoM, T. €. Tak, 4TO

1 () — 1, u nostomy '
t—co

1(00) — 8, (¢br) = m [py— myl. (3.5.9)
Kpome toro, 8, (¢7) = mmy, npnmmasx
81(c0) = mp,. (3.5.10)

Sra cesise MEXJAY ACHMITOTHYECKOH (a30f H UYHMCJIOM HOMIOCOB (DYHKIMH
D, (f) HocuT HasBaHue TeopeMbi JleBumcona [283].
Hcxons us (3.5.5) 1 (3.5.7), MOKHO HanHcaTh AXCIIEPCHOHHOE COOTHO-
meHue masi pyuxkuuu D (£):

oo p;
1 pr{t’) Ny (¢) ' Vit
D)= 1—-L [ LelIN() R (351]
0 el R 3 @81
i |
TJI€ V;; — BBIYETHI NOJIIOCOB. TaK KaK BBIYETHI Y;; H HOJOKEHHS ¢;; HOMIO-

COB — MPOH3BOJIbHBI, TO COBEpPIIEHHO OYEBHUNHO, YTo ¢yHxruus D; (£) ne
MOKET OBITh MOJTHOCTBIO ONpPe/e/IeHa 3a/]aH HeM CKauka B7 (2). D10 siBeHue
HocaT HasBanue KJI-HeonHo3HauHOCTH (MO Hava/JbHBIM OyKBaM daMuaHB
Kactunpexo, Hanuua u [aiicosa, KOTOpbie 3TO SIBJ€HHE OOHAPYKHIH
[85]). DnementapHas (He cocTaBHasl) 4acTHIIa THIA TOH, KOTOPOH COOTBET-
crByer (3.4.1), DpHBOANT K BO3HHKHOBeHHIO K [I-10/110COB B COOTBETCTBYIO-
IOIIell MapuHaJbHOH BOJIHE.

B cnywae Gombumx ~3uawenufi [ w3 (2.5.5) cmenyer, uro
B, (t)l—> BT (?) = 0, T. e. 8;(o0) — 8; (7). Takum 06pazom, B 3TOM

—00 —00

npejelie OTCYTCTBYIOT CBSI3aHHBIE COCTOSIHHA 11; — 0 H TéM CaMbIM MO Teo-
peme JleBuncona (3.5.9) otcyTcTBYIOT M HyJH p; — 0. [Tosromy npu gocra-
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TOYHO GoMbiiHX 3HaueHusi X [ K1 JI-HeOHO3HAYHOCTD OTCYTCTBYET H aMIIH-
TYZBl -pACCesIHHSI MOJHOCTBIO ONPEENSIIOTCS 3aflaHHeM TOJBKO CKadka
BY (). Onnako Mbi TpebyeM, uTo6bl BHIIOJHSIACH MAKCHMAJbHAST AHAJH -
THYHOCTB BTOPOT'O PoOjida, COIVIACHO KOTOpPO#l HH3IIHE MapIHaJbHBEIE BOJ-
HBI JIOJIKHBI TOJYYATHCA M3 BBICHINX C NOMOLIBIO aHATHTHYECKOTO NPOAOJI-
JKeHHsI 1O /, U MO3TOMY MBI HE MOXKEM IIPOCTO TaK JA00aBJsITb MOJIOCA B
(3.5.11) npu ymenbmernnu /. TakuMm 06pa3oM, aHaJUTHIHOCTb HO [ MelIaeT
Bo3HHKHOBeHHI0O KJIJI-MOJIOCOB B HHU3MIMX NapuHaJbHBEIX BOJHAX.

CrenoBatenbHo, uMesi B BHAY, uTo K JI-nomoca OTCYTCTBYIOT, H HC-
none3ya (3.5.4) u (3.5.5), MBI MOJyYaeM OKOHYATENBHBIH BHJ AHCHEPCH-
OHHBIX COOTHOMmeHHU#H 111 N; (£) u D, (f) u OILHOBpeMeHHO CHUCTEMY HHTEr-
panbubiX N/D-ypaBHeHHH:

tL
N, ()= % S —@(tt%‘t—(t—)—dt : (3.5.12)
D,(t)=l—71n—-5 —‘l’-(‘—’i";&dt (3.5.13)
i
aHajsiornunywo (3.3.46), (3.3.47). Ecau Tenepb BBECTH (DYHKIHIO
Ci () = N, (t) — Br (OD, (¥), (3.5.14)
B KOTOPOH JieBuli paspe3 Gyner O”l;CyTCTBOBaTb, IOTOMY YTO
Im {Bf ()} = Im {N, ©YD, (t), t<<t.. (3.5.15)
Ee cxauok Ha npaBom paspese GyjeT naBaThbCst
Im (C: ()} = —Bf (0 Im {D; ().  (3.5.16)
CrnenoBaTesbHO, OHA YIOBJIETBOPSIET AUCIIEPCHOHHOMY COOTHOMIEHHIO
Ci()=— S imt{c_’_“(t”} dt’ (3.5.17)
fr

WK, BCOOMHHasi onpenenenue (3.5.14),

BY (') Im {D; (t')}
¢ —t

N, (8)=BE(?) D,(t)—‘:c_j dt’.  (3.5.18)

T

3arem, ¢ nomomwpio (3.5.13) u (3.5.5), MOXKHO yCTpaHUTH q)ynkumo D@
H TOT[a MOJYYUTCA OKOHYATENTBHO

7 BL@y—BL
Nl(l‘)=Bf(l‘)—I——l— S‘ _‘_(_,L_l(tz
T, t'—t

'r

pL(E)N () dt’.  (3.5.19)
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Taxum o6pasoM, it GyHkuuu N (£) 1pu 3ananHoM ckauke BL (¢) Mbi nMeem

UHTErpajbHOe ypaBHEHHE, KOTOPOE MOXKeT GbITH pa3pelleHO YHCJAEHHO. A
KaK ToJbKO Halifieno N, (f), TO MOJCTaHOBKOMH ero B (3.5.13) cpasy Haxom/m
D, (/) u, creposatespHO, BClo aMmIutyay BY (¢).

OTH ypaBHEHHs MOXKHO Jerko o6oOImuTb Ha cJaydal, KOrja HMeTCs
Heynpyrue coctosiHusi (cM. 17151 o63opa Koumuns u Ckeaiipe [132, ra. 6]).
Hawnbonee BaxHeM HM3MEHEHHEM SIBJSETCS TO, YTO CBSI3aHHBIE HJIH Pe30-
HaHCHBIE COCTOSIHHSI B OJHOM H3 KaHAaJOB MOTYT IHPOSIBAATBCH Kak
KIOJ-momoca B apyroM kKasajse. OfHako Takoit KJLI-mosioc 6yneT Bo3s-
HHKATb KaK CJIeJCTBHE CYLIECTBOBAHHUS HEYNPYTrOTO pa3pesa NmpH aHaJNHTH-
YECKOM MPOJIOVIKEHHH 1O [ ¢ BBICIINX NaplHaJbHbIX BOJH HAa HUBIIHE H

S < 2 7
— 0
fs)
. g4 /4 \ 7
Tt 7 7 <4

Puc. 3.6. [Tosmoca, oTBeuammHe o6MeHy p-TpaektopHeHl, B s-, - H
©-KaHaJaxXx B TUI-paccesiHHH

[O3TOMY HENpPepbIBHOCTh NO [ He Hapymaercss. OueHb CYLIECTBEHHO, YTO
takuMm KJ{JI-momiocaM He OTBEYAIOT HHKAKHE 3JIEMEHTAPHBIE YaCTHIIBL.

IMyctb npu HEKOTOpoM ¢ = ¢, ¢yHKuus D, (f) obpauiaercss B HyJab H
IpH 3TOM BO3HHKAaeT NOJIIOC B MapuHajabHOR aMmniutyze. Ilponomxkas sto
pemenxe mo [, mosiyd4aeM TpaekTopHio o (f)

Do () = 0. ' (3.5.20)

Ecnu satem pasnoxuts D () B Touke [ = a (¢,), TO Gymem I/I’MeTb U3
(3.5.3)

B3 () & Na ¢y (= (t,) @Dy/ol) ima ¢ty » L& alty), t 2 by
. t=tr

(3.5.21)

Takum o6pa3oM, BBIYET B DPEIKEBCKOM IOJIOCE JA€TCsl BbIPaKEHHEM
N (@D/on)~1.

[IpocTHIM NpPHMEPOM HCHOJAb30BaHHSI TAKMX YpPaBHEHHMH sIBJsIeTCs
p-6yTcTpan [415, 26, 27, 120]. SToT NpuMep OCHOBaH Ha HaG/IIONAEHHH, YTO
B HHU3KOPHEPTe€THYECKOM YIPYIOM JIl-DAcCE€sIHMH JOMHHHPYIOmIEH CHHIY-.
JISIPHOCTBIO. SIBJASIETCS CHHTYJSIPHOCTD, OTBEYAIOMasl PE30HAHCY CO CIHHOM
€lMHHIa, T. € Q-ME30HY. TaK Kak fi-pacCesiHHe — KPOCCHHI-CHMMeT-
pHYHAsl Peakl¥si, TO 3TOT pe3oHaHC OyjneT BO3HMKATh BO BCEX TpeX -, f-
H u-kaHagax (puc. 3.6). Urtak, eciH Mbl c/lelaeM O4€Hb CHJIbHOE NpPEe.ro-
JIOXKEHHE, UTO 3TO €JHHCTBEHHASI CYLIECTBEHHAS] CHHTYJISIPHOCTb, TO MOKHO
NOJIYYHTD JIEBLIH paspe3 B {-KaHaJbHOH NaplHaJIbHOH aMIJIUTYAE, SABJSIO-
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IIHHACS CJAEACTBHEM P-MOJNIOCOB B S- M u-KaHamax. Takum ofpasoM, Hu3
(2.6.14) umeem.

BL(f) = % % _q
YT Ten q21+2 t

2

)P1<l 4 _2;_2) (3.5.22)
o

re
2 = (1/4) (m3 — m2).

Maccy p-Me30Ha m, H €ro KOHCTaHTY CBSI3H C ILal-CHCTEMOR gp MOXKHO pac-
CMaTpUBaThb KdaK cBOOGOIHBIe mnapameTpel. Ecnu mopctaButh (3.5.22) B
(3.5.19), zarem paspemuThb ypaBHEHHE W NOJCTaBUThH pelienne aas N (¢)
(3.5.13), To B pesyabrare u3 paccmoTpenus (3.5.20) u (3.5.21) nonyuntes
{-KaHaJbHAsl TPAEKTOPHUS M BHIUET B MOJIOCE. YCAOBHE KPOCCHHT-CHM-
METPHH IPHBOJUT K TpeGoBaHHIO, 4TO ¢YHKuUs D (f) nonxkHa obpaimaTtbes
B HyJb nipH [ = 1 B Touke { = mg U HUMETb BBIYET, paBHBIH g3. CienoBa-
TEJIbHO, HCXO/s1 H3 CaMOCOTVIaCOBAHHOCTH NPH KPOCCHHIe H YHHTAPHOCTH,
MOXKHO ONpefeNHTh 3TH TNapaMeTphi, a NOCPEACTBOM HHX — KOHCTaHTY
CBSI3H M Maccy -M€30HA, T. €. TOJBKO W3 TpeboBaHHH CaMOCOIJIaCOBaHHO-
CTH MOXKHO HaHTH XapaKTEPUCTHKH P-ME30Ha.

K coxanennio, MeeTcsi HECKOJBKO YHCTO TEXHHYECKHX MpoGjeM, CBs-
3aHHBIX C PacXOAUMOCTBIO HHTerpasa B ypaBHeHHH (3.5.19) u neobxomm-
MOCTBIO B CBSI3H C 3THM €ro o6pe3aThb, N03TOMY Mbi MOXKEM TOBOPUTHL 06 yc-
nexax B KaueCcTBeHHOM cMeicse (cM. Koaamus u Cksatipe [132, ra. 6]). Be-
POSITHO, 3TO MAKCHMYM, TOTO, YTO MOXKHO O3KHJAATh B CHTYaliMH, KOr/a npe-
Hebperaem BCceMH APYTHMH CHHTYJSIPHOCTSIMH M HEYIIPYTOH YHHTAPHOCTBIO.
Onnako HanGosiee BayKHEIH BBIBOJ H3 BCETO, YTO ObIIO MPOJENAHO BbilllE, —
3TO TO, YTO METOJ MIOJYUYEHHs] TPACKTOPHH B (PM3HKe YaCTHIL OCHOBAH Ha HC-
HOJIB30BAaHHH METO/IOB, KOTOPEIE, KaK Mbl 3HaeM, 3aBEeJIOMO YCIENIHO MpHUMe-
HSIOT B NOTEHLHAJbHOM PaCCEesTHHH.

3.56 Meton Yenra-lllapna

Jlpyro#t MeTos MCHOJb30BaHHSI COOTHOLIEHHSI YHHTApHOCTH IJis map-
LMaNbHBIX BOJIH, YTOObI BBLIYUC/ATDL DeJKEBCKHE TPAGKTOPHH, ObLI Hpel-
noxken Yenrom, [Hapnom [98] u ®payuu, Kaycom, 3axapuasenom [172].

Ecnu napuHanpHyl0 aMIVIMTYIYy BBIPA3HThb B BHAE CYMMBI O pef-
JKEBCKHUM TOJIIOCaM IIIOC (1)0}101351171 HHTErpas

B (t)—— 2 IW:’U) + B () (3.5.23)

U 3aTeM 3TO MOACTABHUTH B COOTHOIIeHHe YHHTapHOCTH (2.6.23) uau (4.7.4)
(cM. HHKe) npn [— a; (f), To noxy4um

() —af (t)

Bripa:kenue (3.5.24) npexncraBiasieT co6oil CHCTEMY YpaBHEHHH, HO3BOJISIO-
LIYIO ONpPENETHTD PENKEBCKIE NapaMeTPhbi IPU JaHHOM (OHOBOM HHTErpaJse
(KOTOpPBIE CONEP:KHUT CHHTYJSIPHOCTH HNEPEKPECTHBIX KaHaJOB, T. €. «M0-

‘Yi ( ) DE* .
—_— B * t = l, 2, ceey .
2% @ 2: - ap @ n. (3.5.24)
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TeHIHasl»). Eciu Tenepb NpeanosoXHUTh, YTO IOMHMHHPYET TOJBKO OAHH
NOJIOC o7, KOTOPhM XapakTepusyercss Mmajod BeqnmuuHoi Im {a;}, ToO

TOrZia MOXKHO npenebpeub B u (3.5.24) npuoGperaeT BUJ,
Im {a; @)} = 0o, @v; @), Im{y; O} =0, (3.5.25)

[IpUUEM 5TO BhlpaKeHHe HMeeT HpaBHJIbHOE HOPOroBoe NoBeneHue (3.2.26).

Jlast Toro 4ToObl OPHCTYNHTH K JajbHelIlIeMy pacCMOTPEHHIO, Heo6Xo-
JIMMO MOAM(HUIHMPOBATH PENKEBCKHE MOJIOCHBIE UYJeHbl TaKHM 06pasoM,
uToGb OHM HMEJIH NpaBHJbHBIE aHAJHTHYECKHE CBOHCTBA B CMpicie Man-
nenscrama. (Paspes no s B (2.8.10) naunnaercst npu 2; = —1, us (A.13),
T.e. npu s = —4qf B cIyyae KHHEMaTHKH C paBHBIMH MacCaMH, a He OT 1o-
pora sy-[132].) Moxuno Tak:xke A0GaBHTH MOJIOCA NIEPEKPECTHBIX KaHAJOB,

KOTOpPbl€ NpPENyCMOTPEHBI HNOTEHIIHAJOoM, B B}. OTmeTHM, 4TO 3TOT MeTOn
YCIeIHO NPUMEHSJICS NPH BHIYHCJAEHHH TPaeKTOpPHH B 3ajadaX MOTEHIH-
anbHOro paccesinds [219] u npu Heo6XOAUMEIX MOAUPHUKALINAX HCIONB30-
BaJiCsl TMPH NPOBEJEHHH HEKOTOpHiX GyTCTpamHbix BbiuncaeHu [8].

3.5.8. HuTtepauuonnas npounenypa Manpenbcrama

DToT MeToj NMPSIMO OCHOBaH Ha HCHOJIb30BaHWHM HNpeAcTaBJeHus Man-
JenbcTaMa, obcys:kpaaBirerocst B pasf. 1.11. ¥YcnoBue yHuHTapHOCTH 1Js
VIPYTOTO pacCestHUs MCHOJAb3YeTCs IJsl TOro, YTOOBl MOJYUYUTH JBOHHEBIE
CHeKTpaJibHble QDYHKIIHH Pg, B TeX 0O6JaCTAX IJIOCKOCTH S — £, T/ie COOTHO-
1IeHHe yNpPYrofl YHUTApPHOCTH CHPABEAJHBO, a ACHMITOTHUECKOE NIOBEAECHHE
JBONHBIX CHIEKTPaJbHBIX (QYHKUHE Pg; JaeT TPaeKTOPHIO.

Hcxonst us (1.5.7), MOXKHO MOJNYYHTH CKauOK Ha YIPYroM paspese B
f-xaHajle B objacTH fr <<t < I

D, (s, {) '52—717: 5 dQ, A+ (s*, ) A— (s, 1), (3.5.26)

rre lem. (2.2.3) ¢ 3ameHoit s« #] 8" = s (2, £), 2’ = cos’8;, — Kocunyc
YIJla paccestHHsI, T. €. yIJla MeX]y HanpaBJEHUSIMH JABHIKEHHS YaCTHIL.B
HAYaJbHOM H NPOMEXKYTOYHOM COCTOSIHMSX; 8" = s (27, {) u 2"=cos 0,7 —
KOCHHYC YyTJia paccesiHUsI IIPH Iepexofie IPOMEXYTOUHOTO COCTOSIHHSI B KO-
HEUHOEe B {-KaHaJbHOH CHCTEME& LEHTpa Macc. AHAJOTHYHBIM O6Gpa3oM
s = s (24, ), tne z; = cos 8;; (cM. puc. 2.1), a dQ; == dz"dp. DTu yrasl
CBSI3aHBI N0 TeopeMe CJOXKeHHs (2.2.4)

2 =z2"+V (1—28) V(1 —2") cosp. : (3.5.27)

dopMaTbHO MBI MOXEM MOACTABHUTH ILI/ICHepCI/IOHHbIe COOTHOIIEHH
(1.10.7) past A+ u A~ B BHpaxkeHue (3.5.26) u TOorja NOJYYUTCS, YTO OPH
(GHKCHPOBaHHOM ¢ (ecTH mpeHeOpeYb AJ1sl MPOCTOTHI MOJIOCHBIMH YJIEHAMM)
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[+

Dy (s, )= 5d§2t [ 1 S———————Ds (51, t4) ds, +
32n2 Vt a s1—s
Du Uy, t_|_)
4 5‘ — du, ] X

TT Sg—S8” us—u”

v [LS Dg (s2, 1) ng _*___:c_ y.DL(.uz_’_t:)_dug:l (3528)

sT
npu ycaoBuu [em. (1.7.21)]
st+tt+u=s8+t+u =5 +t+u =s+t+uy=s-+1t+
— (3.5.29)

Ecnu 3aTeM 3aMEHHUTDH BCe S H & HA 2 C TOMOILBIO (2.3.2) M M3MEHUTh NOPSIIOK
HHTETrPHPOBaHHUsI, TO Mbi NPHIEM K 4YjeHaM THHa

1 25 1 9 A1/2
S dz’ 5 do T ln( Z_azet ) (3.5.30)
0

z21—2") (22 —Z”) Al/2? z—z 29— A2

—1
[upu s3TOM HeoGxomMMO Hcnonb30BaTh (3.5.27)], Tne BBeneno obGo3HauyeHue
A (21, 2y, 29) = —1 + 2} + 22 + 22 — 2 z;2.2, (3.5.31)

nprdyeM HeOOXOMMMO BEIGPATh TAaKYIO BETBb JIoTapHudMa, Ha KOTOPO# OH sIB-
Jasiercsi AedcTBUTeNnbHON (yHKuHel B obGmacth —1 <C z << 1. Cosepmas
ofpaTHBIll Hepexoj OT Pa3JHYHBIX 2 K S, NOJydaem

D, (s, t)=—X dsy d52 D, (s, t D, (5, 1)) (Ds (52, ) +
(s ) lwwi st ) ooy @ s 1)+ Dy (o0 1) Du s 1)
Sy — 2 1/2
4D, (55, £.)) 22 K-1/2 In | S22 (1 22/2) + K . (3.5.32)
5—51—52—(5152/24t)—K1/2

rae
K (s, 51, Sp, £) = [s* + §2 + s2 — 2 (ss3 -+ 554 + 5155) — 55185/g7]. (3.5.33)

Kak 3to cnenyer us (1.11.11), nBofiHas cnekTpaidbHast QYyHKUHS
Pst (S, ¢) sBAsieTcst ckaukoM pyHKuMH D; (s, {) Ha ee paspe3ax B IJIOCKOCTH
5. DTOT CKauOK BO3HHKAET BCJEACTBHE OGpalleHHs B HYAb GyHKuME K.
Korma K — 0, smorapudm crpemutcs Kk In 1 = 2mni, rae n — uenoe unc-
JIO, OnpenessieMoe BeTBbIO Jorapudgma, KoTopyio Mul BeiOpantu. CienoBa-
TeJbHO, CKAYOK Ha paspese, KOTOPHIH HJET OT MOPOTOBOH TOYKH BETBJIE-
HHUS B NJIOCKOCTH s npu K > 0, paBeH 2n. Takum obGpasom,

K=0
1 ' ds dss  Dg(s1, ty) Ds(se, t-)
SN oy P SR LER
Pet () =53 VT g%t 5 %8 KY2(s, s, 5, 1) "o
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O6nacTb HHTErpHpOBaHHSI MO S;, S, HAXOAUTCS M3 YCJIOBHH, dTO
Sy, S = sr U K > 0, tak kKak npu K << 0 OTCYTCTBYET pa3pe3 H COOTBET-
CTBEHHO CKauOK Ha HeM. 'paHuIla 06jacTH 3HauyeHHH S, TJe omnpeneleHa
IBOfHasI cieKTpaibHast GYHKIHS Og; (S, £), NaeTcst HaHMEHbIHHMH BO3MOXK-
HBIMH 3HaYeHUSIMH S;, Sy, TI€

K (s, sr, 51, 8) = s (s — 4s7 — stlqt) = 0. (3.5.35)
IlockonbKy TO4Ka s = ( He sBAsieTcs ocoGoit Toukoi B (3.5.32), rpanuua

Jaetcst .
s = 4sy + s¥#q3 = b (¥). (3.5.36)

H3 coornomenus (1.11.4) nmeem

D, (s, f) = S pi‘tf"—’:'l dt” 4 ipyrue uieHsL (3.5.37)

b1/ " — ’ :

b (s)

H3 «apyrux unenoB» HanboJiee BaxKHBIM SIBJISIETCST S-KaHAJAbHBIH MOJIOC, OT-
BEYAIOMMI CBI3aHHOMY COCTOSIHHIO, KOTOPBI B GOPHOBCKOM HPUG/IHKEHHH
UMeeT BHUJ

D& = ng? (s — m?). (3.5.38)
Ecnu stor umen nopacraButhk B (3.5.34), TO moay4yuTcs
0q: (5, ) = g%/[ 16, (s—4m2—m*/g}) 12 VT Vs |, (3.5.39)

OpHYEM IpaHHlia onpefensietcs ud yciaoBus K (s, m?, m?, ) = 0, 4to co-
orsetcTByeT (1.12.10). Ecau 3areM nmoacraButh (3.5.39 )B (3.5.37), To no-

Puc. 3.7. I'panHuel nociefoBaTeNbHEIX BKJAaJL0B B ABOAHYIO CHIEKTPaNbHYIO (YHKIHIO
(B2, B3, Bi, .. ).

HOJ’IY‘IEHBI HTEPHPOBaHHEM f-KaHaJbHOrO YCAOBHS YHHTapHOCTH ¢ S-KaHaJbHbLIM {IGJAIOCHEIM BKJa-

AoM B, Ha Bxoje. AcHMITOTHYecKOE WOBEJEHHE TNPH S—>co Y GUKCUPOBaHHOM [ 6yjer

—au(t .
ost(s, ) =s © H, CIedoBaTeAbHO, XAET BO3MOMKHOCTb HANTH TPaeKTopHo ¢(f)
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JYYUTCS JNOMNOJHUTEJBHBIH BKJajg B Dg, KOTOPHE MOXKeT GhiTb, B CBOIO
ouepenpb, nojcrasieH B (3.5.34) ¥ nNpHBeAeT K JajbHeHIIEeMYy BKJIany B
JIBONHYIO CHEKTpajbHYIO (DYHKLHIO Qg (S, {) C TpaHHIEH, onpeleiseMoi
ycaosueM K (s, 4m?, 4m?, ) = 0 u 1. A. Takum 06pa3oM, MOXKHO HaHTH
UTEpaliHOHHEIM MeToJoM D (s, ), IpHUeM MOCJeNOBaTe/lbHbie BKJAlbl B
JBOHHYIO CHEKTPaJbHYI0 QYHKIHIO 6YAYT HMeThb TpaHHLBI NPH Bce GOJb-
KX K 6OABHINX 3HAYEHHUSIX S, KaK [OKa3aHo Ha puc. 3.7. D10 saBasieTCA
JADYTHM METOJOM CYMMHPOBaHHS JIECTHHI, OTBEYAIOUIHX MHOTOKPATHOMY
o6MeHY B nepBoM GOpHOBCKOM HNpubauxkeHHH (3.5.38). B camom geine,
(3.5.39) npuBoaut K noBezenuio (3.4.8) B aCHMITOTHKE, a JPYTHe UTEPALHH
corqacyiores ¢ (3.4.11).

Koneuno, Bripaxkenue (3.5.38) oueHb fa/ieKO OT HCTHHHOTO GOPHOBCKO-
ro npubsamKeHusi B GU3HKe YacTUL. [lealoTcsi NOMBITKH BKJIOYMTH KPOC-
CHHT-CHMMETDHIO 110 De/’KeOHaM: Ha BXoje O6epyTCsl s-KaHaJbHBIE€ pefi-
JKeBCKHE MOJIIOCA, a Ha BHIXOJE€ NPOU3BOJSTCS /-KAaHAJbHHIE PEIXKEBCKHE
HOJII0Ca, IPH 3TOM HIETCS CAMOCOTJIAaCOBAHHOCTD B CMBicsie GyTcTpana, Kak
3TO ONHKCHIBA/NOCH B pa3f 3.5a; OIHAKO BIIOTH 0 HACTOSIILIETO BPEMEHH YC-
feXH B 3TOM HampaBJeHHH N0BOJBbHO ckpomHbie [127, 399]. B ra. 11 mu
6yJeM UCNONb30BaTh APYTHe, NOJ00HEE ONHCAHHOH, MHAMUYECKHE CXEMEL.
OznHako KaXeTcsl BecbMa BEDOSITHBEIM, YTO OTPaHHYEHHE pPACCMOTpEHHEM
TOJIBKO IJIaHAPHBIX JHATPAMM COBMECTHO C YCJIOBHEM YHHTaPDHOCTH B Hpe-
HeOpeXXeHWH HeYNPYIHMH BKJaJlaMH MellaeT HaM HOJYYUThH HaJJIEXKalYio
CaMOCOIJIaCOBAHHOCTbL OTBeTOB. llesb, KoTOpasi mpeciefoBatach NpH o06-
CYXkJIEHHH 3TOTO MeToJa, 3aK/IoYajach B TOM, YTOOBl NOKa3aTh, YTO HTe-
panHioHHas1 npoueaypa MaHzjenbcTaMa sIBAsieTCS JPYTHM CrocoGoM Mouy-
YEHHUSI PEIKEBCKUX TPAaeKTOPHH, OTJIHYHLIM OT CyMMHDPOBaHHUS JIECTHHUHBIX
JHATPAMM.

4

CIIUH

4.1. Beepenne

O6cysknast Teopuio S-MaTPHIEI B I'V1. 1 H pa3BUBast PEIIKEBCKYIO TEOPHIO
B TJI. 2, MBI ISl IPOCTOTHI NpeHe6peraay TOH BO3MOXKHOCTBIO, UTO BHENIHHE
4acTHIEI, BXOJSIIIHE B JaHHLIH npolecc H o6pasyoliiecst B pe3yJbTaTe ero,
MOT'YT UMeTb CruH. TOJMBKO BHYTPEHHHM pEIKEOHAM pa3pelasoch HMETh
OTJIMYHBIH OT HYyJis YIJIOBOH MOMEHT. I10CKO/IbKY GONMBIIMHCTBO 3KCIEpPH-
MEHTOB [0 PACCESIHUIO afipOHOB HCHOJb3yeT HYKJIOHEI CO CUHOM 1/2 B Ka-
YeCTBe MHUILIEHH, a MYYOK HaJeTAIoOMNX YacTHI MOXKET UMeTh cnuH O (1t uiau
K), 1/2(p,n, p, AuT. 1.) u 1 (y) H NOCKO/JIBKY 4aCTHIIbI, 0GPa30BAHHEIE B
KOHEYHOM COCTOSTHHH, MOTYT HMETb JIOO0H LeNbli HJIH MNOAyLesJHH CIHH,
cJIe/lyeT UCIPaBHTb 3TOT HENOCTATOK, HpeX/e UeM HMEThb JIeJO C NpejcKa-
33aHHSIMH PeJKEBCKOH TEOPHH JJIsi MHDPAa pPeaJbHBIX YacCTHIL.

Ilpu sTOM ciieyeT UMeThb B BUAY TPH BaXKHBIX 06CTOsITENbLCTBA. Bo-nep-
BEIX, B IKCIEPHMEHTE MOLYT y4YacTBOBATh Hada/IbHHIE YACTHIH!, OPHEHTa-
IHSl COMHA KOTOPHIX 3aJaHa (NOJsSPH3aLHOHHBIE YKCEpHUMEHTH). Mu sKe-
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MEPHMEHT MOXKeT BKJIIOUaTh B cefsi onpejieieHHe CIHHA HEKOTOPBIX YaCTHIL
B KOHEUYHOM COCTOSTHHH IIOCPENCTBOM MOCTEAYIOIEro paccesiHus WM Habmio-
JeHHs uX pacnaja. Takum o6pasoM, CYIMEeCTBYIOT TaKHe SKCHEePHMEHTANbHO
HabJiofaeMble BEJIHUMHEI (B JOMOJHEHHE K ¢%% U do/dl), KOTOpHE NOKA3H-
BAlOT, KaK BEPOSITHOCTH DaccessHHs 3aBUCHT OT HalpaBJeHHH CIIHHOB 4Yac-
Tull. BO-BTOPEIX, 3aBHCHMOCTB NPOLIECCA PAaCCesHUS] OT BEKTOPOB CIHHA
03HA4YaeT, YTO CBOHCTBA JOPEHL-HHBAPUAHTHOCTH H KPOCCHHTra JJIs1 aMILIH-
TYAB paccesHus GYAYT B obmeM ciaydae Gojiee CJIOXKHBIMH, UeM JIJIs Caydast
6€CcCIMHOBLIX YacTHIl. TpeTbe M HaHboJiee BaxKHOe OOGCTOATENbCTBO IJIs
PeIKeBCKOH TEOPHH — 3TO TO, YUTO MOJHBI YIVIOBOH MOMEHT JAaHHOLO
cocroaHus J He 6yjger 6ojblie TOJBKO OpGHTANBHBIM YIVIOBEIM MOMEHTOM
e, KaK B IV1. 2, a 6yjeT BeKTOPHOH cyMMOfl | H CHOMHOB YacCTHI Gj, Tak 4TO,
HanpuMep, JJs HayaJbHOIO COCTOSIHHs

J=1+4 0, 4+ o, 4.1.1)
H TPH BHIIOJHEHHH NPABHJIBHOTO aHAJUTHUECKOTO MPOJOJIKEeHHd no J (a
He mno [) Heo6xomuMa ocobast akKKypaTHOcTb. Ilpu o6cyxkneHnu npobiem
CIHHa HauboJiee 4YaCTO UCMNOJB3YIOT METOJ, HHBAPHAHTHHIX aMIIHTYI B
CHCTeMe LIeHTpa Macc.

YTo6s! NONYYHTh HHBAPHAHTHBIE aMIVIMTYAbI, KaxKaasl 4YacTHIA CO CIH-
HOM O; NPEACTaBJseTCs] BOMHOBOH GYHKIHeH ¢ (G;), MpHYeM CIHH KBaH-
TOBaH BJOJb BHIGpaHHOH OCH 2. /151 yacTHI co cnHHOM 1/2 3TH BO/IHOBEHIE
()YHKIHH SBJSIOTCS HPOCTO OOBYHBIMH 4YeTHIPEXKOMHOHEHTHBIMH JHpa-
KOBCKHMH CIIHHOpaMH & (0,), 6, = = 1/2, B To BpeMs Kak AJs cnHHa 1 Ml
HCIIONB3YeM BEKTOPH MOJSIPH3ALMH &, (0,), a JJasg 6ojiee BLICOKOTO CHHHA
BOJTHOBBIE (DYHKIIHH MOTYT OEITb MOCTPOEHHl KaK NPOU3BEJEHHE BOJJHOBBLIX
¢YHKUME co cnuHOM 1/2 W 1 NpH NOMOWM MOAXOAAILHX KO3(P(DHIHEHTOB
Kane6mia—Topnana. Jas nponecca paccesuusi 1+ 2 — 3 -+ 4 amniutyna
paccesiHHs] MEXKAY STHMH CIIHHOBBEIMH COCTOSIHHSIMH MOXKeT OBbITh 3amHcaHa
B BHje (cM., Hanpumep, [40, 332])

Ay = XfoiXi, (4.1.2)

rjie ¥ — COHHODHBIE BOJHOBbIE (DYHKIHH YaCTHI B HaYaJbHOM H KOHEUHOM
cocTOsIHHAX (; = P, ® Y2, A = V3 ® V4), 2 QYHKUMH M npencTap/asioT
coGoli MaTpHlbl. BcJieqcTBHe JIOPEHIL-HHBAPDHAHTHOCTH OHH MOTYT OBITh
MpeACTaBJIeHbl CYMMOH .

My =D Aa(s, ) Ya, 4.1.3)

(27

rae A, — CKaldspHBHE (YHKIUH HHBAapHAHTOB; Y, — pAa3JHYHBIE He3d-
BHCHMBIE JIODEHII-HHBAPHAHTHBIE MATPHIBI, KOTOPHE MOr'YT GHITH MOCTpOE-
HBl U3 ONepaTopoB cnHHa (MaTpun JlMpaka, BEKTOPOB MOJIIPHU3alMH H
T. I.) H BEKTOPOB HMny. bcoB udactHm [116, 117, 354]. Taxk, nanpumep,
JIOKa3aHo, YTO B CJjlydae pPaccesiHHs ICEBJOCKAJISIPHBIX ME30HOB Ha GapHo-
Hax cnvH O + 1/2 — 0 -+ 1/2, B (4.1.3) uMeloTcA TOJIBKO IBa HE3aBHCHMBLX
yJ/leHa (3To Bo3HHKaeT BesecTBHe TCP-HHBapHaHTHOCTH H aireGpsl  MATPHIL
Hupaka) u B oGosHaueHnsax pabortel [107] moxHo 3anucaTh

M=A, )+ B, 1) -é- (o1 + Pe)ur®, (4.1.4)
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rae py H ps — 4-HMIyJIbCbl THOHOB B HAYAMBHOM U KOHEYHOM COCTOSTHHUSIX
COOTBETCTBEHHO; y,, — MaTpullbl J[Iupaka; A, B — HCKOMBIE ‘HHBapHaHTHbIE
aMITHTYABL TIpoOLiecca. ,

IIpenMyIecTBo 3TOro METOAA 3aKJIOUaeTcsl B TOM, YTO B c/ydae MHOA-
xoxsuero Bei6opa Y, HHBapHaHTHble aMIVIHTYAB A (s, ) cBOGOAHBI OT
KHHEMATHYECKHX CHHTYJISIPHOCTEH, TaK UTO UMEIOTCA TOJBKO JAHHAMHUYECKHE
0COGEHHOCTH, MOPOXKI4eMble YCJOBHSIMH YHHUTAPHOCTH. K ToMy ke unBa-
PHAHTHBLIE AMILJIHTYAB MOTYT OBITH POCTO HEPENHCAHBI H3 OJJHOTO KaHaaa
B Apyrod (s— ¢ H T. A.), TaK KaK NOBOPOTHI CHIHHA H TOMY TNOJOCHEIE CI0XK-~
HOCTH, MPOHCXOJAIIHE OPH NePeXoje H3 OoJHOTrOo KaHaJja B IPYI'OH, OIHCHI-
BaloTcst QYHKUUAMH Y,. Takum o6pasoM, 3TH HHBAPHAHTHBIE AMILIUT Y Bl
NOJIHOCTBIO aHAJOTHYHBI AMILTHTYAAM JJjis1 GECCITHHOBBIX YaCTHIL, PACCMOT-
pennnix B ri. 1. Hegocratok 3Toro Meroga — TO, UTO /1151 BHICOKHX CHHHOB
onpezeaeHHe NOJHOrO Habopa He3aBHCHMBIX BEJHYHH Y, VAOBJIETBOPSAIO-
mux TCP-UHBapHAaHTHOCTH H He HMEIOILHX NPOH3BOJIbHBEIX HYJIEH (KOTOphIe
MOTrJIH Gbl KOMIIEHCHPOBATb KHHeMaTHYeCKHe MoJioca B aMIuTyaax Ag),
JIOBOJIBHO 3aTPYAHHUTEJBHO H YCJAOBHS YHHTAPHOCTH YCJOXKHSIOTCS H3-3a
MOSIBJIEHHA CIIHHOPOB B MPOMEXKYTOUYHEIX COCTOSTHHSIX, 4TO JejaeT Heo6-
XOJUMBIM BEIUHC/IEHHE IINyPa MPOU3BeJeHHsI MAaTPHIL. ¥ CIOXKHAETCS TaKHKe
CBSI3b MHBADHAHTHBIX aMIIHTYJ ¢ HaGaiofaeMEIMH Ha ONBITE BeJ1HYHHAMH
H, UTO, BO3MOXHO, HauGoJiee BaXXHO /151 HaC, pa3/oXKeHHe 3THX aMIJIUTY]
[0 aMIVIUTYAaM C 3aJaHHBIM YIJiOBEIM MOMEHTOM He IB/sAETC TPHBHAJD-
HBIM (cM. o6cyxKneHHe KOBapHAaHTHOH pelxkesanuu B paGotax [153, 258,
3671).

Ilo BceM 3THM coobpaXKeHHsIM CNHpajbHOe mnpeacTaBiende Kakoba u
Buka sapaserca GoJee nonyJaspHeM. (ITorHOEe paccMOTpeHHe CIHPAJIBHBIX
aMILIUTYJL MOXKHO Ha#TH B paGote [305].)

Kak omHucaHo B /1. 1, CIHpa/JbHOE COCTOSIHHE YaCTHIBL ¢ 4-HMIIyJIbCOM
p U CIIUHOM O 06Go3Hauaercs | p, 0, A), Tle CIHPaJbHOCTD A €CTh HPOEKIHsA
ClIHHa Ha HanpaB/leHHe NBHXKeHHs uacTuuml [u3 (1.2.4) A = op/[p|l u
MOXKeT NpUHHMATh 20 -+ 1 BO3MOXKHEIX 3HaueHHH, ¢, 6 — 1, ..., —0.Ta-
KHe COCTOSIHHs 0GpasyioT HEeNpPHBOAHMMOE MpPeJCTaBjeHHe rpynmnsl JIopeH-
Ila H MHBapHAHTHBI [0 OTHOIIEHHIO K.BpaiieHHsM. COCTOsIHME, OTBeyaiollee
JIBYM HeB3aUMOJIEHCTB YIOIIHM YaCTHIAM, OTIHCHIBAETCS MPSAMBIM NIPOH3BEIE-
HHEM

| P1> 61, MD> ® | Pas Ga, had = | Py, G2, Ayj Pas G, Ag). (4.1.5)

MBI HaxoguMCsl B CHCTeME LIEHTPa Mace, IIe p; = —P, H s = (p; + p,)?
ecTh KBajpaT noJHoi sueprud [em. (1.7.5)]. C nesbio uabexkaTb BOSMOXKHOM
nyTaHunsl 6ynem 0603Ha4aTh COHPAJbHOCTH B 3TOH aMmauTyjae GYKBOH p
(o6o3naueHHe A OyjgeT HCHONB30BaHO B JaJbHeHieM JJisl cIHPaJbHOCTEH
B CHCTEMe ILIeHTpa Macc I!-KaHaJja).

Takum 06pa3oM, aMILTHTYJa paccessHUSl B CHCTEME LEeHTpa Mace S-Ka-
Hajma jaasi npomecca 1 -+ 2 — 3 -+ 4 mMoxeT ObITh 3amHcaHa B BHJE

{P3 Oz W3} P Oy, Wal| A p1, 01, R1; Pay Ogy gD =
= (B Ra [ A (5, 0) | g, W) = Ay (5, 1), (4.1.6)
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IJle 3aBHCHMOCTB OT p; BbIPa’KeHa B TepMHMHAX UHBAPHAHTOB S U £, KaK 3TO
cleJlaHO B TJI. 1, a CHHHBI O;, ABJdAONHECS BHYTPEHHHMH KBaHTOBBLIMH
unciaaMu (mogo6uo Q, B, I, Y u T. n.), onymweHel. g KpPaTKOCTH Msl
HCIOJIB30BaJAH 00O3HauYeHHEe

s = {P1, Ba, B3, Pa} (4.1.7)

I cIHpaJbHOCTER YacTHIL B CHCTeMe LIeHTpa Macc s-KaHaJja. DTH aMilJiH-
TYZABL JIOPEHI-UHBAPDHAHTHEI, 32 HCKJ/IIOYEHHEM Omlepanuu OGpallieHHs Ha-
NpaBjeH’s] HMNYJbCOB p;.

ITpeuMymiecTBO 3THX aMILJIUTYA B TOM, YTO OHH MOTYT OBbITbH CPasy mpH-
MeHeHBI K YaCTHIAM C JIIOObIM CIIHHOM, YCJAOBHSI YHHTAPHOCTH AJs HHX HMe-
IOT JAOBOJIBHO MPOCTOH BHJ, csonsmmﬁcsi BCEro JIHIIb K CYMMHPOBaHHIO HO
CNHPAJBHOCTSM MNPOMEXKYTOUHOrO COCTOSIHHSL (cM. pasi. 4.7) W, Kak Mhbl
YBHJHM JaJiee, 5TH aMIJIHTYbl HENOCPEACTBEHHO CBSI3aHbl ¢ HaO/MIONaeMbl-
MH BesTHYHHaMH. OTHOCHTEJBbHO HECJIOXKHBEIM SIBJSIETCS] TAKXKe H HX paso-
JKeHHe N0 COCTOSIHUSIM C JIaHHBEIM YIVIOBBIM MOMEHTOM. DTO CBS3aHO C TeM,
4TO JJIs1 JBYX4YaCTHYHOrO COCTOSIHHSI OPGHTAJIbHBIH YIJIOBOH MOMEHT mep-
NEHJAUKYJsIPEH K HaNpaB/eHHI0 OTHOCHTEJNBHOIO JBHXKEHHsl 4acTHil. Ta-
KHM 06pasoM, B CHCTeMe LieHTpPa MacC HPOeKUHs HOJHOrO YIJIOBOTO MO-
MEHTa Ha HanpaBJ/eHHe JBHXKEHHsl eCTh MPOCTO 3aflaHHasl PA3HOCTh CIIH-
panpHocTeii. Tak, ;i HayaJbHOIO COCTOSIHHA J, = p; — Ky (3HAK
MHHYC BO3HHMKaeT H3-3a TOro, 4YTO 4YaCTHIA 2 JABHXKeTcsl B HamnpasJe-
HUH —2).

HepnocTtaTok 3THX CHpadbHBEIX aMIUTHTYJ 3aK/JII04aeTCsl B TOM, YTO OHH
He cBOGOJHEI OT KHHEMATHYECKHX CHHI'YJSIPHOCTEH, TaK UTO MBI JOKHBL
Hay4HTbCSl H3BJIEKaTh HEOOXOJHMblE KHHEMAaTHYECKHE MHOXKHTEIH, Npexe
4eM CMOXKEM 3afuCcaTh IUCIIEPCHOHHBIE COOTHOLIEHHs, COJepKalliHe, Mo-
no6uo (1.10.7), unTerpHpoBaHHe MO BCEM AHHAMHYECKHM OCOGEHHOCTSIM.
HeTpuBHa/JbHBEIMH SIBJASIOTCS TaKiKe H CBOHCTBAa KPOCCHHTA, MOTOMY YTO
H3-3a TOTO, UTO HaNpAaBJ/IEHHs JBHXKEHHs YaCTHI B CHCTEMax LIEHTPOB Macc
S- ¥ [-KaHAaJIOB PAa3/JHYHEI, JaHHAd S-KaHaJbHas COHpajJbHasdg AMILIHTYAA
HNEPEXOJHUT B CYMMY /-KaHAJNBHBIX CIIHPAJBHBIX aMIUIHUTY/, H HaoGopoT [cM.
¢dopmyny (4.3.7)].

Onnako obe 3TH npo6/eMBl pellleHbl AJs CJydasl MPOHU3BOJIBHBEIX CITH-
HOB, NO3TOMY cefiyac CHHpPaJIbHBbIE aMIVIHTYABl LIHPOKO HCHOJNB3YIOTCA TpPH
paccMOTpeHHH npob/eM CNHHA, H B 3TOH KHHIre Mbl OyneM MOBCIOLY HMH
roJib3oBaThesA. [IpaBna, HHBapHaHTHBEIE aMINIHTYABI ObLTH NPEIJIOXKEHB
paHbliie H AOBOJIBHO YACTO HCIONB3YIOTCS AJS OMUCAHHS PACCESHHUS IICEB-
JOCKaJsApHBIX ME30HOB Ha GapHOHaX H HpPoIeccoB (POTOPOK/IEHHS.

B caenyiomeM pasjese MbL KpaTKO 0OCYJHM COOTHOMIEHHS] MEXK/Y CITH-
paJIbHBIMH aMILIUTYAAMH H HaO6/I0JaeMBIMH BeJIHYHHAMH H 3aTeM nepeiiiem
K pPacCMOTPEHHI0 MX KDOCCHHIOBBIX CBOHCTB. Mbl NOBTOPHM NPOLENYPHI
pasoMeHHs MO NaplLHaJbHEIM BOJHAM H aHaJHTHYECKOTO MpPONOJIKEHHS
IO YIJIOBOMY MOMEHTY, KOTOPHEIM MBI C/JI€JOBalH B IV. 2, IOKaswIBas
JIOTIOJTHUTEJIbHBIE YCJIOXKHEHHsI, KOTOphbie NPHBHOCHT CHHH B DPEJKEBCKYIO
TEOpHI0. 3aBeplIMM [JaBY OG30pOM YCJOBHH, KOTOPBEE HAKJAJBIBAIOTCS
YHHTApHOCTBIO Ha peJl’KeBCKHe OCOGeHHOCTH.
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4.2. CnHpaabHble aMINIHTYABI H Ha6alonaemple

4
Jas npoumecca paccesaHus 1 + 2— 3 + 4 cymecTtByer I 2o; + 1
i=1

PAs/IMYHLIX CIHPAJIBHBIX AMIIHTYJ, OTJIHYAIOMHUXCs PA3JHYHBIMH BO3MOX-

HBIMH KOMOHHanusMH p; B (4.1.6). OnHako H3-3a TOro, 4TO CHJ/IbHBIE B3aH-

MojeficTBHS] HHBAaPHAHTHBI OTHOCHTEJBHO H3MeHEHHs1 YeTHOCTH U ofbpallie-

HHSl BpEMeHH, He BCe OHH He3aBHCHMb. [IpH H3MeHeHHH YeTHOCTH
P

[x, y, 2 — (—x, —y, —=2)] BekTOp HMHOyJbCa mnpeobpasyeTcs Kak
P
P — —P, HO TaK KaK BEKTOp CIIHHA @ SIBJSETCS aKCHAJBHBIM BEKTOPOM
P
(T. e. npeobpasyeTcss KaK BeKTOPHOe NPOH3BeJeHHe I' X p — (—1) X (—p)=
P .

=r X p, To ¢ — ¢. CjeloBaTe/IbHO, NPH Mpeo6pa3oBaHHH YETHOCTH
sHak cnupajpHocTH (1.2.4) MeHsieTcss Ha MHPOTHBONOJIOXKHBIH, T. e.
P

p — —p. Tak Kak mponecc paccesstHHs HHBapHaHTeH OTHOCHTENBHO P, To

Mg Ba [A TRy, ped = M <y —Pa A — py, —pgd,  (4.2.1)

rge M = =1 — ¢asoBpili MHOXHTeJb. OOBLIYHO /51 COHMPaJbHEIX aMIIJIH-
TY ] a3y BeIGHpaAIOT, cilenys [254], T. e. npejcTaB/Iss onepaTop H3MEHEHHs
YeTHOCTH P KaK OTpa)keHHs1 B X — 2-IJIOCKOCTH Y ¢ BpauieHueM Ha yroJ
7 BOKPYT OCH Y. Y CJIOBHO NPHHHMAEM, YTO YaCTHLA JBHKETCS BIOJb OCH
2, Tak 4TO, HampHuMep,

P| py, 01, td> =exp (ind ) Y | py, 0y, pyd> =

= Pl (_ 1)61_—‘“" exp (in‘]y) I pl’ 019 —p‘l>9 (4‘2‘2)
rie P, — BHYTpeHHBsisl YeTHOCTb YaCTHIEI, 8 MHOXHUTeJb (—1)91—# poss-
JISIeTCsl H3-3a TOTO, 4YTO OTPa)keHHe NPOH3BOAHTCH C NOMOIIBI0O MATPHILI
nosopota dy-, , (1) = (—1)%—# 8, , us (b.7) u (b.8). Tak KaKk B KauecTBe
[JIOCKOCTH paccesiHus BLIOpaHa MJIOCKOCTb X — 2 (p = 0), TO, BCOOMHHAas,
YTO YacTHLa 2 pacnpocTpaHsieTcsl B HaNpaBJeHHH, NPOTHBOIMOJOXHOM
yactune 1, ¢pa30BeIil MHOXHTeb B (4.2.1) npunuMaet BHJ (cM. [305, c. 232])

11=P1 1.')2 P3 P, (— 1)01—u1+63-—uz—63+us—64+u-4. (423)

Tlono6HEM 06Gpa3oM HHBApHAHTHOCTb OTHOCHTEJILHO OOpallleHHs1 BpeMEHH
Tpe6yeT, 4TOObI C TOYHOCTBIO JO (Pa30BOr0 MHOMKHTEJS aMIJIHTYABl HPO-
mecca 1 -+ 2—> 3 4+ 4 paBHsaJHCch OBl aMILIHTyAaM mnponecca 3 + 4 —
— 1 + 2; npu cuesannoM Beie BeiGope (cM. [305, c. 232])

Cga [ Al pg pod =(—Dps—ra— bbbz (ppy | Al pg ). (4.2.4)

DTH COOTHOILEHHS] CHJIBHO OrPAHHYHBAIOT YHCJIO aMIUVIHTY[, KOTOpHIE
HYXKHO paccMaTpuBaTh. Tak, A nponecca co cnudamu 0 + 1/2— 0 + 1/2
H3 YeTbIPeX BO3MOXKHBIX CHHPAJIBHBIX AMINIHTYJ TOJIBKO JiBeé He3aBHCHMBI,
B TO BpeMsl Kak JJs npouecca 1/2 + 1/2— 1/2 + 1/2 us 16 BO3MOXKHBIX
aMIUTHTY], HE3ABUCHMBI TOJBKO IIECTh. B HEKOTOPEIX cilyuasiXx H3 TOXKJe-
CTBEHHOCTH 4YacTHI| CJeAYIOT JaJjibHedlniHe OrpaHH4eHHs (3aBHCsAHIHE OT
TOro, KaKoH cTaTHCTHKe — PepMH uau Bose MOJUHHSAIOTCS paccMaTpHBae-
MbIe YaCTHIIBI).
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B o6iem cayuae B npouecce paccestHHsi HEBO3MOXHO ONpPeJeNHTb MOJI-
HOCTBbIO ODHEHTAllMH CIIHHOB BCEX YacTHI. DTO 3HAUHT, YTO HEJIb3sl HMeTb
JIelo C YHCTHIMH CIHpPA/IbHBIMH COCTOSIHHSIMH, B KOTOPHIX KaXK/Jasl YacTH-
Ia HMeeT ONpeJeJeHHYIO MPOEKUHIO CIHHA, a HY>KHO paccMaTpPHBAaTh CMe-
IHaHHBlE COCTOSIHHA (CTATHCTHYECKHe aHCaMOGJH), KOTOphIE SIBJASIIOTCA He-
KOTepEeHTHBIMH CYMMaMH pas/JH4YHBIX COCTOSIHHH cnupanbnocm BXOJIs1-
HIMX C pPa3/HYHEIMH BEpPOSITHOCTSIMH (CM., Hampumep, [355]).

INpocrefiufi 5KcnepUMEHT — 3TO TaKoM, B KOTOPOM He JeJIaeTCsi Mo-
OBITOK OMNpeJeSUTh Kakoe-JHGO H3 HampaB/JeHHH CHOHHA4, Tak 4YTO Bce
20; + 1 coupaJbHBIX COCTOSIHUSI KaXKJIOH YaCTHUBl PaBHOBEPOSITHbI. B
3TOM CJIydae HYXKHO MPOCTO IPOBECTH YCPeJHEHUE [0 BCeM BO3MOXKHBIM CIH-
paJIbHBIM COCTOSIHHSIM, KOTOpPBIE MOTYT AaBaTb BKJaJ B HauaJIbHOE COCTOsI-
HHe, H NPOCYMMHpPOBATb 0 BCEM Te€M COCTOSIHHSIM, KOTOPbIE MOTYT BO3HH-
KaTb B KOHEYHOM, Tak 4To Bmecto (1.8.16) HenossipusoBaHHOEe Rudpepen-
IHaJbHOE CeYeHHe B TepMHHaxX aMnauTyh (4.1.6) umeer BUA

do __1 2] An (s, D, (4.2.5)

dt 6drsg?, (2014 1) (20a-+1)

rje CyMMHpOBaHHe o /H, 03HayaeT cyMMHPOBaHHe NO BceM 20; + 1 3Ha-
UEeHHsIM Ka)kIOH cnupasbHOCTH p; (=1, 2, 3, 4). AHaJOrHYHEIM 06pasom
NO/IHOe cedeHHe mpouecca 1 -2 —- mo6ble YaCTHIBI B CAy4ae paccesiHHs
Ha4aJIbHOTO HEMNOJISIPH30BAHHOIO COCTOSIHHS CBf3aHO NPH TOMOILH OMNTH-
yeckoll TeopeMmbl (1.9.6) c aMnaHTyROH YINpPYroro paccesiHHsl BHepe]
14+ 2— 1+ 2 cooTuomieHHeM

1 1

O-tot:__ X
2512 Vs (2001 1) (2024-1)
x 2 Im [{py po | A% (s, 0) | 1y p2d]. (4.2.6)
Ky K2

ITpoBoas 3KCHepHMEHTHBI ¢ MOJISIPU30BAHHBIMH 4YacTUIlaMH, T. €, C 4dac-
THUAMH, JJIsl KOTOPEIX CPeJHsisl HPOEKIHs CIHHA Ha HEKOTOpoe BhIGpaHHOe
HallpaBJ/leHHe OTJHYHA OT HYJsI, MOXKHO NOJYYHTb HHGOpPMAaLUIO O 3aBH-
CHMOCTH fIpoIlecca pacCesiHHs OT CIHHA. DTO MOXKHO CHeJaTh, HalpHMep, B
NOJIIPU3AIIHOHHOM 3KCHepPHMEeHTe, B KOTOPOM MNPOTOH MHIIEHU NPH OUeHb
HHM3KHX TeMOepaTypaxX HOMelieH B CHJBHOe MarHHTHOe HoJjie, HanpaBJjeH-
HOe BJIOJIb BBIODAHHOH OCH, YTO JaeT, cKawmeM, Gojee ueMm 50%-uyio Bepo-
SITHOCTB TOTO, 4TO 0, = 1/2, Ylan B caydae, KOrja OjHAa H3 YaCTHIL B KO-
HEYHOM COCTOSIHHH HeCTaGHJIbHA, MOXXHO ONpPEJEJHTb CPeJHIOI0 OpHeHTa-
[IHIO CIIHHA TaKOH 4aCTHIBI H3 YIVIOBOrO pachnpeiesleHHs IPOJYKTOB ee pac-
naja. ’

Bynem onmuceiBaTh CMeIllaHHOe CIIHHOBOE COCTOSIHHE NAaHHOH YaCTHIBI
[ NIpH_TNOMOIIH CIIMHOBOH MAaTpPHUBI HJIOTHOCTH Qpppp’
pHLBl pasmepHOCThIO 20; + 1 Ha 20; 4+ 1 ¢ eAMHHYHBIM CJelOM, TaKoH,
4TO OXKHJaeMoe 3HaueHHe (MJIM CpejlHee 3HauyeHHe) HEKOTOpoH Habuaionae-
Mol BesiuuuHbl O,3aBHCAINEH OT CIHHA, B TAKOM COCTOSIHHH JdaeTCsl BRIpaXKe-

HHEM :
<Oy = tr (Op), (4.2.7)
122




raie tr — caexn matpuusl. Ilpeanosoxum, Hanpumep, 4TO HaGJiogaercs
YIJIOBOE pacHpejesierne oT ABYX4YacTHUHOrO paclajia OJHOH H3 yacTHl, KO-
HEYHOTO COCTOSIHHs (CKaxKeM 4acCTHIE! 4), TaK 4TO BeChb HPOLECC UMeeT BHJ
1+2—>3+44,4—>a -+ b. Torna amnautyna paccesiHusi 6YJeT HMeTb BHJ,

S A pansmA (m— ab; 0, @), (4.2.8)

rae Ay, p.u,m — aMILUIHTYJa BepPOSITHOCTH OOGpasOBaHUs YaCTHIBI 4 CO CITH-
pajbHOCTBIO py = m; A (m— ab; 8, ¢) — aMmIUTyAa pacnaja YacTHLEL
4 Y3 3TOro CHUPaJIbHOrO COCTOSIHHS B YacTHUBI @ -+ b, MpHYeM YacTHUA g
JBHKeTCsl BJOJIb NPSIMOH, ONpefle/isieMOH MNOJSIPHBEIMH yrjaMH 6, ¢ K Ha-
NpaBJIeHHIO ABHXKeHHsl dacTHUB! 4. (DTH YIJIBL H3MEpPEHBI B CHCTeME IOKOSI
yacTuisl 4.) Takum oGpasom, yriioBoe pacnpejesieHHe 3TOro nNpouecca pas-
HO
VOO~ 3 |Sdupmndm>ab 6.OF (129
Ws U2 Us
CnenoBaTesIbHO, €CJIH MBI ONpeJie/THM CIIHHOBYIO MaTPHIY IJIOTHOCTH o6pa-
30BaHUs 4YacTHUHI 4 Kak

Omme = 3 Ay g g m Ay o s me / > A g% (4.2.10)

Wi k2 Us Ky 2 3 [y

KOTOopasi HOPMHPOBaHa Tak, uto tr (p) = 1, u onpenenum pacnaanyio MaT-
PHIY HJOTHOCTH, TdK 4TO

Rome = A (m — ab)A* (m' — ab), (4.2.11)
TO YrjoBoe pacnpefieende (4.2.9) GyAeT oOmNpenessiTbCsl BbIpaKEHHEM

W (8, ¢) = tr (pR¥). (4.2.12)

Ecnu Mel 3HaeM R, TO p MOMXKeT OBITH ONpPEJEJEHO HENOCPENCTBEHHO H3
W (0, ¢). Takum oGpasoM, B nono/jHeHHe K (4.2.5) MOXHO MOJYYUTH JO-
6aBounylo HHpopManHio 06 aMIVIHTYAe Apr.

YTto6bl TOJMYYUTE R, NOJJOXKHM UMIYJIBCH YACTHI € H b B CHCTEMe MOKOs
YACTHIBI 4 PABHBIMH q H —q H 0GO3HAYMM q eXHHHYHBI BEKTOp B Halpas-

JIEHHH Q. TorJa KOHeuHoe COCTOsTHHe MocJe pacnaja ecTh |q, Rppy. s
pacnaja ¢ coXpaHeHHeM YeTHOCTH aMIUIMTYJa pachajia NpHHHMaeT BHI (C
COOTBETCTBYIOIEH HOPMHPOBKOH)

A (m— pps) = | (26, + 1)/4n]'/2 DIA L (9, 0,0, (4.2.13)

rie D — marpuna Bpamenus (B.3), oTBeualomiass HOBOPOTY CHCTEMBI C
YIJIOBBIM MOMEHTOM G, OT HaNpaBJeHHs JBHXKEHUS uacTHUBl 4 (m ecTb
NpOeKNHsl CHHHA YaCTHUBl 4 Ha 5TO HanpaBjeHHe O HanpaB/eHHs

q(@ =u, — My €CThb NPOEKIHS CIHHa Ha q), 8 — yron Mexny ps H
QG @ — aSHMYTaJIbeIH yros1 BOKpyr q. Mcnonbsys npeacraeienue (B.4)

(cp, 0, 0) = exp (im@)das, (0) (4.2.14)
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H CyMMHpYd NO CHHPAJNBHOCTSIM W, Wy, HOJYYaEM,4TO HOPMHPOBAHHOE
YrJoBoe paclipejie/ieHHe HMEET BHJ

W (o, ¢)=M2 2 Pmm- €Xp [i (m—m') @] X

. Wy Bp
X d3s, 8) dSh , (6). : (4.2.15)

Tak, mjs pacnaja 4acTHIBL CO CTHHOM 1 Ha jBe uacTHUB! cO cnuHOM O
(T. e. p— nin) nmoayuaeM

W, (0, @) = (3/4n) [ cos? 0p, + (1/2) sin? 8 (py; —p _1-1) —
— sin? 8 Re [p,_; exp (2ig) — (1/V/2) sin 20 x
X Re lpy, exp (i) — p_1,0 €Xp (—ip)]. (4.2.16)

Teneps coBceM NpocTo, B3sIB NOAXOASAIHE MOMEHTE OT HAG/II0JaéMOT0 3KC-
HNepHMEHTANBHOTO pacipefieienus, o6paTuTe (4.2.16) u noayuuts p, T. €.

oo =5 jdsz (5cos*0—1) W, (8, 9);

| , (4.2.17)
ou+p11= j dQ (3—5cos?6) W, (8, ).

AHaJloruyHple, HO HECKOJIBKO 6oJiee CJIOXKHBIE BHIPAXKEHHUS HOJMYUYalOTCs
JJISl HapYLIAIOIHMX YETHOCTb CaabblX pacnajoB, TaKHX, Kak A — pn~,
HOTOMY 4TO B 3TOM CJyyae aMIJIMTyAa pachaja, COOTBETCTBYIOULasi BhIpa-
Kenuio (4.2.13), Gyzmer BK/MIOYAThH ABa 4/eHAa — YeTHBIH H HEYETHBIH —
OTHOCHUTEJIEHO H3MEHEHWs u4eTHocTH [248].

Beuny cooTtHouenHs 4eTHOCTH (4.2.1) He Bce 3JeMeHTH MATPHUBI NJIOT-
HOCTH HE3aBHCHMBI, a CHpaBeJ/IMBO COOTHOLIEHHE

Omem = (—1)m=m o 0o, (4.2.18)

K Tomy ke 3pMHTOBOCTH MATPHIBI IJIOTHOCTH TpeGyeT, UTOGHI 0, OBLIH
JefCTBUTEIBHBEIMH, YTO BMECTe C YCJOBHEM HOPMHPOBKH ir (p) = Xpomm =
m

= | ocTaBasIeT HE3aBHCHMEBEIMH JIHILB CJeAYoniue JeliCTBUTeNbHBIE HaGITIo-
JaeMble BE€J/JIHYHUHBI. .
Pmm: O0TM <0y
Re [pmm ] M’ | < m <oy (4.2.19)
Om_m, AJMA LEJHX O,

Ecau ofe yacTHIBI B KOHEYHOM COCTOSIHHH pacnajaloTcsi, ToO HMeeTCoAa
obGbeIHHEHHAA MaTpHlla NJOTHOCTH

pzlr;"l' = 2 Aul Ky mn Al’-l wam’ n’ 2 I Au.; Wz Ky g 12’ (4.2.20)

K1 Ka Wy e Wg Uy

KoTopasl MOKeT OBITb HoJiyueHa H3 o0neJIMHEHHOrO paclajHOoro paclpele-
JeHHs W (O3qs; 049,). '
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