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In a wide class of potentials, the exact asymptotic dependence on finite distance R
from scattering center is established for outgoing differential flux. It is shown how this
dependence is eliminated by integration over solid angle for total flux, unitarity relation,
and optical theorem. Thus, their applicability domain extends naturally to the finite R.
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1. Introduction

According to the common rules,’® the differential cross-section do for the scattering
on hermitian scalar spherically symmetric potential U (R) is uniquely defined by on-
shell scattering amplitudes f*(q;k). These amplitudes are defined as coefficients
at outgoing or incoming spherical waves being the first-order terms of asymptotic
expansion of the scattering wave functions U (R) for R = |R| — oo, R = Rn,
q=/in, k=Fkw, n2=w?=1:

oFikR
Vie(R) —— ™ 4 fF(q;k)—— + O(R™?), (1)
U R)= (L MR))",  f(gk) = (T (g-k)", (2)
do = |f"(q; k)|2 dQ(n), where o = / |fT (kn; kw)|2 dQ(n), (3)
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is the respective total (elastic) cross-section, which also does not depend on R. Of
course, the terms of order O(R™2) in Eq. (1) are unimportant'™ for both defini-
tions (3). However, R is finite for real experiments, and the recent investigations®
of (anti-)neutrino processes at short distances from the source reveal a possible
violation of inverse-square law for event rate corresponding”™® to (1) and (3). Since
the macroscopic parameter of distance R has very peculiar meaning when it is

710 it seems natural and con-

considered in the framework of quantum field theory,
venient to elucidate this problem at first for non-relativistic quantum-mechanical
scattering.

In the following sections, the closed formula and recurrent relation for coeffi-
cients of asymptotic expansion of wave function \Ifljf (R) in all orders of R™° are
obtained in terms of the on-shell scattering amplitudes f*(q;k) only. This ex-
pansion together with obtained exact asymptotic expression for interference fluxes
reveals for finite R the necessity to replace the differential cross-section (3) by the
normalized outgoing differential flux. Nevertheless, the second definition of Eq. (3)
for total cross-section, which thus is replaced by total outgoing flux, remains un-
changed together with the unitarity relation and the optical theorem, as all their
asymptotic power corrections precisely disappear.

2. Asymptotic Expansion of Scattering Wave Function

To show the nature of asymptotic expansion, we have to recall some properties'™

of wave functions and amplitudes (2). The function ¥ (R) (1), being solution of
Schrédinger equation for the energy E > 0, satisfies Lippman—Schwinger equation:
2M 2M

(VR +F)UCR) = VIR)W(R),  for k=S5 B,  V(R)=7U(R), (4)

ok R—x|

TR = L FER). )

R

Here, the differential vector-operator and the operator of angular momentum square
in the spherical basis n, 1y, 1, have the following properties for R = Rn,

n = (sindcosp,sindsing,cosd), my=0n, n,sind=0,n: (6)
1 Ny
VR:naR"‘Ean; (nVR):aR; an:nﬁaﬂ—’—watpv (7)

M-8,)=0, (dn-n)=2, (Mx8,)2=08%, (nx8y)=iLy, (8
—82=L2=2R(n-VR)+R*(n-Vr)?—VR&), whence, (9)
for cos =c: Ln = L2 = —[0.(1 — ?)d. + (1 — 62)7162] (10)
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and the well-known representation is also used for arriving from point x to point

R spherical wave being free three-dimensional Green function:' >

etik|R—x]| _ / d3q eila®—x) . (1)
47|R — x| (2m)3 (g% — k2 F40)
When x = 0, it satisfies the well-known inhomogeneous equation:
) 5. eFikR
(Vi + 1) = ~5s(R). (12)

Then the power index +ik R is defined in the sense of analytic continuation with a
small real negative admixture:*> +ik +— —(—k%i0)'/? = +ik — 0, which is almost
nowhere written but is everywhere assumed. The following Lemma is in order.

Lemma 1. When R = Rn, x =rv, v = (sin S cosa,sin Ssina, cos §), |x| =17 < R
and operator Ly, = L2 (orn — V) is defined by Eqs. (7)~(10) with positively defined

operator Ln+1 = (An+3)? such that Ay + % = \/Ln + § is also positively defined,
then

e:tikIR—x| _ XAn (:FZkR + 0) eiik(nx) (13)
47|R — x| ArR
+ikR o) ° [»Cn - M(M - 1)] ;
€ [ ek (14)
47R po sl(F2ikR)®

Proof. The expression (13) for R > r is a formal operator rewriting of the usual
multipole expansion of free Green function® (11) with the help of self-adjoint oper-
ator formally introduced instead of {: [ — A, but never really arising and with the
help of multipole expansion of plane wave, that are listed also in Ref. 11, formulas
(8.533) and (8.534):

e:tik|R7x| 1

47| R — x| ~ 4nkRr

Y T (FkR 4 0) Yro(kr) (2L + D P((n-v)),  (15)
=0

(k) _ % ;Hldno(kr)(?l +1)P((n-v)). (16)

Here, the spherical functions Y;™(n) = (n|lm) and Legendre polynomials P;(c)
being eigenfunctions of self-adjoint operator (10) on the unit sphere for ¢ = (n - v)
or ¢ = cos? satisfy the well-known orthogonality, parity, completeness and other
conditions! 51314 (A.1)—(A.7) with the delta-function dg(n, v) on the unit sphere.

The solutions x;(Fikr), ¥ o(kr) of free radial Schrédinger equation:
[ﬂ(%afrm?ﬂ D0®T) 43y Prolbr). (17)

r
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are defined by Macdonald K(z) and Bessel J) (y) functions! 14 (A.8)—(A.13) that
for integer [, i.e. half-integer A = [ + % are reduced to elementary functions:

2bR\'/?
xi(bR) = (T) Kz+%(bR),

(18)
(1 + s)
( ) l=int Z S' [ — S 2bR)
The function Ky(z) (A.8) is the entire function!!12 of A2, This is the reason the
well-defined operator A, introduced in Eq. (13) does not appear explicitly.
The expansion (14) for large R is the known asymptotic expansion of func-

112 of the sum (18) for arbitrary non-
integer [, |arg(bR)| < 37 /2, is supplemented by observation!!12 for the product:

tion (13), being infinite asymptotic version

S

(I +s)! >
= J[0—p+0)0+w=T0C+1) = p(u—1). (19)
(=9t L -
p=1 n=1
Due to (A.l), it may be factored out® from the sum over I (15) as operator
product in the right-hand side of Eq. (14), thus converting this sum into the ex-
pansion (14). m|

Remark. The operator £, in Eq. (14) may be replaced by operator in square
brackets of the left-hand side of Eq. (17) or by the similar operator with interchange
of r = k with the same result.

Theorem 1. Let the potential V(1) have finite first absolute moment and decrease
at 1 — oo faster than any power of 1/r. Then the integral Jf(R) in Eq. (5)
for sufficiently large R admits asymptotic power expansion whose coefficients are
defined by the on-shell scattering amplitudes f*(q;k) only. This expansion has
asymptotic sense'? even though the potential V(r) in Eq. (4) has a finite support:

FEm) ~ {fi (knske) + Z hizfz?Rl;)} 20)
with
hE (kn; k) H — D]f* (kn; k), (21)
or -
h(kn; k) = C“%@_Uh;{l(/ﬂn; k), k=kw (22)
and is equivalent to infinite reordering of its asymptotic multipole expansion:3=>
FER) = 5 S G (FkR) ) + 1 (6P () (23)
§=0

1750066-4



Asymptotic power corrections to differential fluzes

with
B (s ) slz 23 + )E (k) Py (£(n - w), (24)
and
f (knk)—hiknk:i%—klnj k)P;(£(n - w)), (25)
7j=0
for
fE(kn; k) = —ﬁ /d3xe¢ik<n~X>V(|x|)\p§(x), X =7V, (26)

as the usual on-shell scattering amplitude ™

Proof. Suppose at first the finite support for V(r) at r < a. Then for R > a we
can directly substitute the expression (13) into representation (5) for 7.5 (R) with
the following result after interchange of the order of differentiation and integration
for Fourier transformation (26), what is justified*2 also for asymptotic series (14):

TER) =~ Wﬁkn; K o)
otikR [Ln = p(p = 1)
NGy Z e (9

This is exactly the asymptotic expansion (20) with the coefficients h¥ (kn; k) defined
by Eq. (21). However, that is not the case for the potential V(r) with infinite
support. Estimating it for » > R as |V (r)| < Cx/rY with arbitrary finite N > 1,
two pieces of correction that should be added may be easy estimated as

A n d :I:ik\fo\ \I/:i: )
rRIT = — xmv(r) K (%), (29)
" A
Apf* = M / @ FEO Y () 0 E () (30)
47TR >R
Y| Cn [¥ICN _
| rJ |<(N_2)RN,25 | Rf |<(N_3)RN,2[ +O(R )]a (3)
with the finite norm:%°
| W|| = sup|¥(x)| of functions Wi (x). (32)

Due to the arbitrariness of N > 1 for these corrections, the asymptotic expansion
conserves its form (20), (28) but acquires additional asymptotic sense!? compared
with expansion (14).
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Indeed, due to the partial wave decomposition (25) of scattering amplitude
f*(kn; k), expression (27) is the formal operator rewriting of asymptotic multipole
expansion®® (23) of JF(R). Unlike its exact expression given by Eq. (5), the
expansion (23) according to Eqgs. (17) and (18) is a solution of free Schrodinger
equation like Eq. (12) with R > 0. When V(r) = 0 at r > a, the Schrédinger
operators in (4) and (12) coincide for R > a. Then both asymptotic relations (23)
and (27) become exact expressions due to convergence of the expansion (23) for

375 similarly to expansions (15) and (16). At the same time,

R > ain the usual sense
the expansion (20), i.e. (28), conserves its asymptotic sense acquired according to
Lemma 1.

The assumed potential V(r) for the case of infinite support has only finite ef-
fective radius* and provides a slowdown fall*5 of partial waves at j — oo, e.g. like
In; (k)| ~e~™, 7 > 0 for potential of Yukawa-type. This is enough for convergence
of partial wave decompositions (24) and (25) but cannot provide convergence of
the multipole expansion (23) which now also acquires the asymptotical sense. Its
infinite reordering (23) — (20), (24) given here simply “displaces” this asymptotic
sense from the summation over angular momentum j onto the always asymptotic
expansion on integer powers R™° whose coefficients now are well-defined as deriva-
tives (21) of scattering amplitude with respect to ¢ = (n - w), or as convergent
partial wave decompositions (24). Thus, all these coefficients are observable. O

Remark. From the estimations (29)-(32) it is also clear®*® that even standard
asymptotic (1) requires for the potential N > 3 at least. More generally, these
estimations mean that for |V (r)] < Cn/r™ with r — oo the asymptotic expansion
(28) is applied until s < [N — 3]. Thus, the further consideration is possible only
for potentials V (r), specified with the conditions of Theorem 1.

3. Differential Fluxes and Unitarity Relation

To make a careful analysis of different fluxes, the following Lemma 2 is useful.

Lemma 2. The function e*" =0V o5 o distribution on the space of infinitely
smooth functions H(n) on the unit sphere n(cos 9, ), parametrized by (6), has the
following exact operator representation for ¢ = (n-v). Let H(c) be defined as

H(c) = / " dpH(n(e.p). (33)
then

1

/dQ(n)eikr“*(“'v)]H(n) E/ dee*r (=7 (c) (34)
1
1

= / de[6(1 — ¢) — e2*75(1 + ¢)](—ikr + 8.) " H(c) .
(35)
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Proof. With dQ(n) = sin¥dddp = —decdyp, the result is obtained by using inte-
gration over ¢ by parts infinite number of times. The operator in Eq. (35) has a sense
of a formal series over powers of differential operator d.. The well-known standard
asymptotic relation'™ of the first-order on 1/r corresponds here to 9. ~ 0. |

Now let us consider the elementary flux of non-diagonal current Jq x (R) through
a small element of spherlcal surface nRk?dQ(n ) for R=Rn, q=kv, k = kw, and
VR = VR - VR, 83 = 8R - 8R = (n- VR) according to (7)—(9). Total flux
through any closed surface is zero because the current is conserved? due to Eq. (4):

Tok(®) = o [(WIR) VRELR)], (VR Jqu(R) =0, (36)

R d9(n)(n- Jqx(R)) = R dOn) - [(95 (R))* Oy (R) (37)
R d0(0) SR 0 (4 v)) (39)
+ B3 s kv) (. R oy (i R)) £ (ks o) (39)
- %(Z“){ (alel—(“'vﬂez [z(n V) +1- z%] Xz (2) fH(kn; kw)>z_0_im (40)

_(v:w>*}. (41)
Here, for sufficiently large R, the expressions (5) and (27) for the wave function
U (R) were used. As well as in EQb (36) and (37), the arrows point out the

directions of action for the operators A and A from Lemma 1, that in fact are

directions of action for the operators E and L’ (9). Integration of separate terms
over solid angle d2(n) with fixed R gives here the following interesting results. For
the flux of incoming plane waves (38), since ((w —v) - (w+Vv)) = w? —v2 =0, one
has?

RQ/dQ( n)ge eRR@W=)) (. (W +v)) =0. (42)

For the flux (39), we can ignore the arrows of A, because operator £, (10) is
self-adjoint on the unit sphere. So, the Wronskian (A.12) leads to the total flux:

/ dQ2( )[f+(k ) (g (RR)Drx (iR ) £ (o )|

—k / dQ(n) £ (kn; kv) £+ (ks ko) . (43)

This is the total non-diagonal outgoing flux for finite R, obtained from the line (39),
now taking into account all possible asymptotic power corrections. Nevertheless,
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it looks exactly like right-hand side of unitarity relation!™ independent of R. It is
clear that the same result may be obtained using the partial wave decomposition
(25) with the help of Egs. (A.5) and (A.12) (cf. (53), (55), (56) below).

The lines (40) and (41) represent the non-diagonal interference (v # w) between
incoming and outgoing fluxes. According to Lemma 2 for the first exponential of
(40), it takes place only in corresponding forward and backward directions. Note
that any averaging over R due to rapidly oscillating exponent e
contribution of backward direction in Eq. (35). With this elimination and definition
(33), the line (40) for (n-v) = ¢ gives

-5 " /d< Ot g e S k)

(44)

eliminates® the

By moving the operator from denominator into the exponential for z = 0 — ik R:

z+8 / dg e*(1=8) 8% (45)

after simple commutations, one obtains for Eq. (44)
o. g .1
=5 d@/ dge* {x~ (= )(@—I—;)ez(l_g)}fﬂkn;kw)

c=1

)

=0—ikR
(46)

with ¢ = 1 where possible. For the arbitrary term of partial wave decomposition
(25), the scattering amplitude here is effectively replaced by Legendre polynomial:
[T (kn; kw) — P;((n-w)). This substitution immediately replaces X3 (2) = x;(2),
thus permitting to make all remaining ¢-integration and 0, dlfferentlatlonb in the
closed form by using the relations (A.6), (A.11) and (A.12), wherefrom for

[T aopmew) =P )P0, B = B1-0), (@)
it follows:
Py 27 1 c=1
- d dg =89 0, =9 | P ((n-w
" ap [ ae [ <>( " ) } (new)| )
=—22—sz ((v- ) [xj<z>(3z+§) | a0 sp g )
—Sen(ew) ) (8.0 )2~ Frew). o0
or, equivalently:
(44) = (46) = _g PV k). (51)
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Thus, the contribution of the lines (40) and (41) into the full flux in accordance
with the left-hand side of unitarity condition'™ becomes equal to
4 *
—2—7 [f*(kv;kw) - f*(kw;kv)} = —4rIm f+ (kv kw) | (52)
i

but now taking into account all the possible asymptotic power corrections:

4% Im £+ (kv: hw) — / d0(n) F* (ens bv) £+ (kn; ) (53)

The diagonal case v = w in Eqs. (43) and (53) represents the optical theorem®™>
with total cross-section o of Eq. (3) in the right-hand side and is not changed by
these power corrections also. Moreover, since the operator of angular momentum
square (10) depends for this case only on one variable: £,, — 9.(c? —1)0,, the result
(51) may be checked in first several orders of R™* directly from Egs. (27), (28) and
(44) on operator level.

However, for finite R the differential cross-section of Eq. (3) has to be replaced
now by diagonal outgoing differential flux d/(;(R) (39) normalized!® to the density
k of incoming flux (38) for v = w. It still contains asymptotic power corrections
defined by Eqgs. (27) and (28) of Theorem 1:

- flk {J*H(kn; kw) (XX,, (ikR)(gRXXn (_ikR))ﬁ(kn; kw)}

= |f* (ks k)2 — % Im [}Jr(k;n; k) Lo f* (ke kw)}

+ g [ oms k)| = Re (i o) £37 b )

1
+0 <§) . (54)
In terms of partial wave decomposition (25) with corresponding phase shifts §;(k),

for c = (n-w), ﬂ](k) = n;r(k)v knj(k) =€) Sindj(k)a Ajl =j(+1)—1ll+1),
with the help of (A.13)-(A.15), it reads

dQ((ni = l;O(Ql )2+ )i )y (6) Py () Py (e) XL X (ZikR) o)
where
(Xz(ikR)ngj(—ikR)) B Ajy A2, 1
2ik =1- YikR S(kR)2 O(ﬁ) (56)

The power corrections arising in (54) or in this two-fold series for j # [ in (56) may
be observable for slowly moving particles with & — 0. They contain only real or
. . * . . .

imaginary parts of the products n;(k)n;(k) and automatically disappear for j =1
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in the total outgoing flux & being the total cross-section (3) now, or in the limit
R — oo for outgoing differential flux:
do -

c=5= /dQ(n)% . do= lim do(R). (57)
Since for real potential, the Born approximation for amplitudes f*(kn;kw), n;(k)
is real,l* it is not enough to obtain the nonzero first-order correction R~! from
Eqgs. (54)—(56). The relations (27), (43), (54)—(57) and the observed disappearance
of asymptotic corrections to Eq. (53) are the main results of this work.

4. Identical Particles with Spin

In case of mutual scattering of identical Bose- or Fermi-particles!™ with spin S,
one faces symmetrical or antisymmetrical scattering wave functions, amplitudes
and respective cross-sections. The proper generalizations are straightforward, and
instead of (5) and (27) one has

X+ (—ikR)
Wy (R) 2 M) g ot S T e (58)
with
Fo (msk) = £+ (knsk) + £+ (—msk) (59)
and then
%&f) _ ilk [Pt ko) (x5 (KB Gmx; (—ikR))F (kns k)] (60)

Of course, the partial wave decompositions like (25) and (55) contain now only even

j for F, (J_r,_)
again have to replace corresponding differential cross-sections. For the scattering of

and only odd j for F (t). The normalized outgoing differential fluxes (60)

non-polarized identical particles, the outgoing differential fluxes are defined by the
usual way? as

dos(R) = w(s)(S)do (1) (R) + w)(S)do(R), (61)

with the well-known!? probabilities w(1)(S) for Bose- and Fermi-particles. Simi-
larly (57) integration of the flux (61) and (60) over solid angle again obviously leads
to the independent of R total cross-section og for identical particles with spin S.

5. Conclusions

As it is well known, for a point-like, even anisotropic, stationary source of classical
particles, or rays of light, or incompressible fluid, the radial flux of outgoing par-
ticles in a given solid angle does not depend on distance R at all, due to the local
conservation of classical current density.

1750066-10
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Turning to the wave picture, such independence is true only for the flux of pure
spherical outgoing or incoming wave in Eq. (1) (see the first term in the right-hand
side of Eq. (54)). That all results in well-known inverse-square law for event rate,
which explicitly contains 1/R? (see, e.g. Ref. 7). A possible violation of this law is
the subject of our interest. We show this violation is a pure wave effect, arising from
non-sphericity of the exact scattering wave, i.e. from the next terms R~ (s > 1)
of asymptotic expansion. The last is investigated here up to all orders, also using
again the conservation of corresponding current.

To this end, using the operator-valued asymptotic expansion for free Green
function of Helmholtz equation, the asymptotic expansion for the wave function of
potential scattering on inverse integer power of distance R from scattering center is
obtained. It is shown how these power corrections affect the definition of outgoing
differential flux and interference flux.

Surprisingly, these power corrections precisely entirely disappear in total out-
going flux, unitarity relation, and optical theorem due to integration over solid angle
at finite R. Thus, the applicability domain of these relations® naturally extends to
finite R for fast enough decreasing potentials.

It is worth to note that all obtained corrections are defined by observable on-
shell amplitude or partial phase shifts. Nevertheless, the real observation of this
dependence involves reevaluation of the phase shifts extracted earlier in fact from
outgoing differential flux at finite R (54), (55) and (61) without taking into account
any corrections on the finite distance.

Although asymptotic expansion by its nature has no sense as infinite sum, the
obtained asymptotic expansions of the wave function and outgoing differential flux
have a sense up to any finite order s of R™* if potential U(R) has a finite support or
decreases for R — oo faster than any power of 1/R. Otherwise, the maximal order s
of their validity is governed directly by the potential according to the Remark for
Theorem 1. For example, the first two corrections, given by Eq. (54), i.e. Egs. (55)
and (56), may be applied to potentials with N > 5. Their disappearance on inte-
gration over solid angle in Eq. (57) obviously takes place separately in each order
of R™%.

So, following the authors of Ref. 10, we come to conclusion, that “... the
physics under consideration seems to comply naturally with the mathematical
requirements” .

Appendix A
The following relations for spherical functions and Legendre polynomials are nec-

essary> >11714 for n? = v2 = w? = 1, with n(cos ¢ v(cos 8, o) parametrized b
y ) 7<)0 3 ) p y

2Calculations similar to (44)—(50) reveal exact disappearance of the contribution of backward
<
direction in Eq. (35) even without averaging over R because (x;(z)0zx;(z)) = 0.
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Eq. (6) and Lemma 1, and ¢ may be equal to any of values cosd, (n-v), (n-w):

LyY"(n) =1+ 1)Y"(n),  LyP(e) =1+ 1)P(e),

/dQ(n){/'lm(n)Y}m/ (n) = 01 6mm Z (214—;__ 1)Pl((n -v)) = da(n,v),
1=0
l m x _ (2l + 1) Iy m _ vm
Y YrmyY, (v) = o blmev), (=1)Y" @) =Y"(-n).
m=—1
v (es) = i om0, ¥Rm) = P = cos),
wherefrom
471'5[]‘
[ domA(y - m) Py (0 w) = ISP (v -w).
Pi(cos B)P(cos ) = / ! do Py(cos 8 cost + sin S sin ¥ cos(p — a))

and besides

l )5
Z 229 '

9:0

(A1)

(A.2)

(A.3)

(A7)

Macdonald and Bessel functions!* ™22 in definitions (17) and (18) are defined by the

relations, with |argu — 81 2| < 7/2, as

iB1

N G u 1
0=y [ T i)

mhr\? 1., . 0 .
Yrolkr) = <—> JH%(kr) = Z[Z Xi1(0 — ikr) — i'x (0 + ikr)],

2
with
| drvotnvatan = ata 1.

By making use of (18) and (A.7) for integer I and z = 0 — ikr, one finds
| deet-om-g = X2

The following well-known expressions for Wronskians®® V j, 1 are used

Ad

(Xj(ikR)gRXj(_ikR)) =2ik, or (x;(2)9:x;(=2)) = 2,
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nd
(xi(tkR) Orx;(—ikR)) . ﬂ oo @ ‘ "
2ik =1-gp | ek (=ikr). o (A13)
For the integral (A.13) with integer j,! Eq. (18) gives
I+ .
Ay [dr . _ An(l5)
L= 2k r2 A =1+4; ’ A4
2ik Jp TQXZ(Z]CT)X]( ikr)) + Jznz:% T D) (—2ikR) T ( )
min(n,l) ]
- (C1)* (+8)(+ns)
Anlh) = . : Al
- Z slin =) (1= )1 (j —n+s)! (A.15)

s=max(0,n—j)
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