
14 �« ¡®­¥¨¤¥ «ì­ë© £ §. �«ãªâã æ¨¨ â¥à¬®¤¨­ -

¬¨ç¥áª¨å ¢¥«¨ç¨­

14.1 �« áá¨ç¥áª¨© £ § ¯®¯ à­® ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ

�® ¬­®£¨å á«ãç ïå ¯à¨¡«¨¦¥­¨ï ¨¤¥ «ì­®£® £ §  ®ª §ë¢ ¥âáï ­¥¤®-
áâ â®ç­® ¨ ¢®§­¨ª ¥â ­¥®¡å®¤¨¬®áâì ãç¥â  ¢§ ¨¬®¤¥©áâ¢¨ï ¬¥¦¤ã ¬®«¥-
ªã« ¬¨. �â® ®¤­  ¨§ æ¥­âà «ì­ëå ¯à®¡«¥¬ áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨, ¨
§¤¥áì, ¢ ¢¨¤ã çà¥§¢ëç ©­®© á«®¦­®áâ¨ ãç¥â  ¢§ ¨¬®¤¥©áâ¢¨ï, ¬®¦­® £®¢®-
à¨âì â®«ìª® ® ¯à¨¡«¨¦¥­­ëå ¬¥â®¤ å à¥è¥­¨ï â ª¨å § ¤ ç. �áâ ­®¢¨¬áï
­  ªà ©­¥ ã¯à®é¥­­®© ¬®¤¥«¨ £ §  á ¯ à­ë¬ ¯®â¥­æ¨ «®¬ ¢§ ¨¬®¤¥©áâ¢¨ï

ç áâ¨æ.
�ãáâì äã­ªæ¨ï � ¬¨«ìâ®­  á¨áâ¥¬ë N ç áâ¨æ ¨¬¥¥â ¢¨¤

H =
NX
i=1

~p2i
2m

+ U ;

£¤¥ ¯®â¥­æ¨ «ì­ ï í­¥à£¨ï ¢§ ¨¬®¤¥©áâ¢¨ï ç áâ¨æ U ¥áâì áã¬¬  ¯ à­ëå

¯®â¥­æ¨ «®¢ �(~ri; ~rj) : U =
P
i<j

�(~ri; ~rj): �â â¨áâ¨ç¥áª¨© ¨­â¥£à « ¢ ¡®«ìæ-

¬ ­®¢áª®¬ ¯à¨¡«¨¦¥­¨¨ ¯à¨­¨¬ ¥â ¢¨¤

ZN =
1

N !

1

h3N

Z
d3r1d

3p1 � � �d3rNd3pN exp

2
4� 1

kT

NX
i=1

~p2i
2m

+
U
kT

3
5 = Z(¨¤)

N QN :

(1)
�¤¥áì

Z(¨¤)
N =

1

N !

V N (2�mkT )3N=2

h3N
�

áâ â¨áâ¨ç¥áª¨© ¨­â¥£à « ¨¤¥ «ì­®© á¨áâ¥¬ë,  

QN =
1

V N

Z
d3r1 � � � d3rN exp

2
4� 1

kT

X
i<j

�(~ri; ~rj)

3
5 � (2)

ª®­ä¨£ãà æ¨®­­ë© ¨­â¥£à «, ¢ ª®â®à®¬ ¨ § ª«îç¥­  ¢áï ¨­ä®à¬ æ¨ï ®

¢§ ¨¬®¤¥©áâ¢¨¨ ¢ á¨áâ¥¬¥. � è  § ¤ ç  á¢®¤¨âáï ª ¯à¨¡«¨¦¥­­®¬ã ¢ëç¨-
á«¥­¨î QN :
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�¢¥¤¥¬ â ª ­ §ë¢ ¥¬ë¥ äã­ªæ¨¨ � ©¥à  á®®â­®è¥­¨¥¬

fij = exp

2
4��(~ri; ~rj)

kT

3
5� 1: (3)

�®£¤ 

exp
 
� U
kT

!
= exp

2
4� 1

kT

X
i<j

�(~ri; ~rj)

3
5 =

Y
i<j

(1 + fij) : (4)

�à®¨§¢¥¤¥­¨¥ ¢ (4) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ à §«®¦¥­¨ï ¯® áâ¥¯¥­ï¬ fij :

exp
 
� U
kT

!
= 1 +

X
i<j

fij +
X
i<j

X
k<l

fijfkl + : : : (5)

�£à ­¨ç¨¬áï à áá¬®âà¥­¨¥¬ ¨§®«¨à®¢ ­­ëå ¯ à­ëå ¢§ ¨¬®¤¥©áâ¢¨©

á ¯®â¥­æ¨ «®¬, § ¢¨áïé¨¬ â®«ìª® ®â à ááâ®ï­¨ï ¬¥¦¤ã ¢§ ¨¬®¤¥©áâ¢ãî-
é¨¬¨ ç áâ¨æ ¬¨ r = j~ri � ~rjj : �â® ®§­ ç ¥â, çâ® ¬ë áç¨â ¥¬ £ § ­ áâ®«ìª®

à §à¥¦¥­­ë¬, çâ® ®¤­®¢à¥¬¥­­® ¢§ ¨¬®¤¥©áâ¢ã¥â â®«ìª® ®¤­  ¯ à  ç áâ¨æ.
�àã£¨¬¨ á«®¢ ¬¨, fij { ¬ «ë¥ ¢¥«¨ç¨­ë ¨ ¬®¦­® ¯à¥­¥¡à¥çì ¢ (5) f2ij ; f

3
ij

¨ â. ¤. :

exp
 
� U
kT

!
� 1 +

X
i<j

fij : (6)

�®¤áâ ¢«ïï (6) ¢ (2), ¯®«ãç¨¬:

QN � 1 +
1

V N

Z
d3r1 � � �d3rN

0
@X
i<j

fij

1
A : (7)

�­â¥£à « ¢ (7) á®¤¥à¦¨â N(N � 1)=2 ®¤¨­ ª®¢ëå á« £ ¥¬ëå (ç¨á«® á¯®á®-
¡®¢, ª®â®àë¬¨ ¬®¦­® ¢ë¡à âì ¯ àã ¨§ N ç áâ¨æ), ¯®íâ®¬ã

QN � 1 +
N(N � 1)

2V N

Z
d3r3 � � �d3rNd3r1d3r2f12(j~r1 � ~r2j ; T ) =

= 1 +
N(N � 1)

2V 2

Z
d3r1d

3r2f12(j~r1 � ~r2j ; T ):
(�«ï ®¯à¥¤¥«¥­­®áâ¨ ¢§ ¨¬®¤¥©áâ¢ãîé ï ¯ à  ­ã¬¥àã¥âáï æ¨äà ¬¨ 1 ¨ 2.)
�¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­ëå ~r = ~r2 � ~r1 ¨ ~x = (~r1 + ~r2)=2: � ª ª ª

@(~r1; ~r2)

@(~r; ~x)
= 1;
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â®

QN � 1 +
N(N � 1)

2V 2

1Z
0

d3rd3xf12(r; T ) � 1 +
N(N � 1)

2V
4�

1Z
0

f12(r; T )r
2dr: (8)

�¡®§­ ç¨¬ ç¥à¥§

B(T ) = �2�
1Z
0

f12(r; T )r
2dr

2-© ¢¨à¨ «ì­ë© ª®íää¨æ¨¥­â. � ¬¥­ïï N(N�1) ­  N2 (N � 1), ¯®«ãç¨¬:

QN � 1� N2

V
B(T ): (9)

�¢®¡®¤­ ï í­¥à£¨ï £ §  à ¢­ :

F = F (¨¤) � kT lnQN = F (¨¤) � kT ln

2
41� N2

V
B(T )

3
5 ; (10)

£¤¥ F (¨¤) = �kT lnZ(¨¤)
N { á¢®¡®¤­ ï í­¥à£¨ï ¨¤¥ «ì­®£® £ § . � ¤ãå¥ ¢á¥å

á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨© áç¨â âì ¢¥«¨ç¨­ã N2B(T )=V ¬ «®© ¯® áà ¢­¥-
­¨î á ¥¤¨­¨æ¥©: ln

h
1�N2B(T )=V

i � �N2B(T )=V ¨

F = F (¨¤) + kT
N2

V
B(T ): (11)

�à ¢­¥­¨¥ á®áâ®ï­¨ï ¯®«ãç¨¬ ¨§ P = �@F=@V :

P =
NkT

V
+ kT

N2

V 2
B(T ) =

NkT

V

"
1 +

N

V
B(T )

#
: (12)

�ë ­ è«¨ ãà ¢­¥­¨¥ á®áâ®ï­¨ï ¢ ¢¨¤¥ à §«®¦¥­¨ï ¯® áâ¥¯¥­ï¬ ¯«®â-
­®áâ¨ n = N=V á â®ç­®áâìî ¤® ç«¥­®¢ � n2, çâ® ®â¢¥ç ¥â á¤¥« ­­ë¬

¯à¥¤¯®«®¦¥­¨ï¬. �á«¨ ¡ë ãç«¨ ¢ (6) á« £ ¥¬ë¥ � fijfkl; â® ¯®«ãç¨«¨ ¡ë

¥é¥ ®¤¨­ ç«¥­ ¢¨à¨ «ì­®£® à §«®¦¥­¨ï

P = nkT
h
1 + nB(T ) + n2C(T ) + : : :

i
:
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�¤¥áì C(T ) { 3{© ¢¨à¨ «ì­ë© ª®íää¨æ¨¥­â. � áâ® ãà ¢­¥­¨¥ á®áâ®ï­¨ï

¯à¥¤áâ ¢«ïîâ ¢ ¢¨¤¥ à §«®¦¥­¨ï ¯® áâ¥¯¥­ï¬  ªâ¨¢­®áâ¨: P = kT
P
l
blz

l;

£¤¥ bl { £àã¯¯®¢ë¥ ¨­â¥£à «ë (¨­â¥£à «ë ®â ª®¬¡¨­ æ¨© äã­ªæ¨© � ©-
¥à ). � ç áâ­®áâ¨, B = �b2; C = �2b3 + 4b22: �«ï ¢ëç¨á«¥­¨ï £àã¯¯®¢ëå

¨­â¥£à «®¢ � ©¥à®¬ (1939) ¡ë«  à §à ¡®â ­  ¤¨ £à ¬¬­ ï â¥å­¨ª  (ä¥©-
­¬ ­®¢áª¨¥ ¤¨ £à ¬¬ë ¢ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï ¡ë«¨ ¢¢¥¤¥­ë ¯®§¤­¥¥).

�ëç¨á«¨¬ â¥¯¥àì ¯à¨¡«¨¦¥­­® B(T ); áç¨â ï, çâ® ­  à ááâ®ï­¨ïå

r � 2r0 ¯®â¥­æ¨ « ¢§ ¨¬®¤¥©áâ¢¨ï ¢¥«¨ª ¨ exp(��(r)=kT ) � 0;   ¯à¨

r > 2r0 j�j =kT � j�0j =kT � 1 ¨ exp(��=kT ) ' 1 + j�j =kT :

B(T ) � 2�
2r0Z
0

2
41 � exp

0
@��(r)

kT

1
A
3
5 r2dr + 2�

1Z
2r0

2
41� exp

0
@��(r)

kT

1
A
3
5 r2dr �

� 2�(2r0)3

3
� 2�

kT

1Z
2r0

j�(r)j r2dr = a1 � a2
kT

; (13)

£¤¥ a1 { ¢ª« ¤ á¨« ®ââ «ª¨¢ ­¨ï ­  ¬ «ëå à ááâ®ï­¨ïå; a2=kT { ¢ª« ¤ á¨«
¯à¨âï¦¥­¨ï ­  ¡®«ìè¨å à ááâ®ï­¨ïå. �®¤áâ ¢¨¬ (13) ¢ (12):

P =
NkT

V
+ kT

N2

V 2
(a1 � a2

kT
) =

NkT

V
� N2a2

V 2
+ kT

N2a1
V 2

;

¨«¨ 0
@P +

N2a2
V 2

1
A V

1 +Na1=V
= NkT:

�ç¨â ï Na1=V � 1; ¯®«ãç¨¬:
0
@P +

N2a2
V 2

1
A (V �Na1) = NkT: (14)

� ¢¥­áâ¢® (14) ¯à¥¤áâ ¢«ï¥â ¢ ­{¤¥à{¢  «ìá®¢® ãà ¢­¥­¨¥ á®áâ®ï­¨ï á ¯ -
à ¬¥âà ¬¨ a = N2a2; b = Na1: � ­ è¥¬ à áç¥â¥ { íâ® ®¤­® ¨§ ¢®§¬®¦­ëå
â¥à¬®¤¨­ ¬¨ç¥áª¨å ãà ¢­¥­¨© á®áâ®ï­¨ï £ §  á® á« ¡ë¬ ¯®¯ à­ë¬ ¢§ ¨-
¬®¤¥©áâ¢¨¥¬ ¬¥¦¤ã ç áâ¨æ ¬¨.

111



14.2 �«ãªâã æ¨¨ â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­

�à¨ à §«¨ç­ëå áâ â¨áâ¨ç¥áª¨å  ­á ¬¡«ï, ¬¨ªà®ª ­®­¨ç¥áª¨©, ª ­®-
­¨ç¥áª¨© ¨ ¡®«ìè®© ª ­®­¨ç¥áª¨©, á®®â¢¥âáâ¢ãîâ ®¯à¥¤¥«¥­­ë¬ ¬ ªà®-
áª®¯¨ç¥áª¨¬ ãá«®¢¨ï¬ { § ¤ ­­ë¬ ­ ¡®à ¬ ¯ à ¬¥âà®¢ (E; V;N), (T; V;N)
«¨¡® (T; V; �): �®ª ¦¥¬ â¥¯¥àì, çâ® ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨ ¬®¦­® § ¡ëâì ®¡
íâ¨å ®£à ­¨ç¥­¨ïå, ¯®áª®«ìªã à¥§ã«ìâ âë à áç¥â  â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥-
«¨ç¨­ ¯à¨ ¨á¯®«ì§®¢ ­¨¨ ª ¦¤®£® ¨§ âà¥å ¬¥â®¤®¢ ®ª §ë¢ îâáï ¡«¨§ª¨¬¨,
¨ ¢ë¡¨à âì â®â ¨«¨ ¨­®©  ­á ¬¡«ì ­ ¤®, àãª®¢®¤áâ¢ãïáì â®«ìª® ã¤®¡áâ¢®¬
¯à ªâ¨ç¥áª¨å ¢ëç¨á«¥­¨©.

�à¨ç¨­  íª¢¨¢ «¥­â­®áâ¨  ­á ¬¡«¥© { ¢ ¬ «®áâ¨ ®âª«®­¥­¨© ¢¥«¨-
ç¨­ ®â ¨å áà¥¤­¨å §­ ç¥­¨©, â. ¥. ¬ «®áâ¨ ä«ãªâã æ¨© ¢ à ¢­®¢¥á­®¬

á®áâ®ï­¨¨. � ª, ¢ ¬¨ªà®ª ­®­¨ç¥áª®¬  ­á ¬¡«¥ í­¥à£¨ï á¨áâ¥¬ë ä¨ªá¨à®-
¢ ­ , ¢ ª ­®­¨ç¥áª®¬ ®­  ¬®¦¥â ¡ëâì «î¡®©,   ¬ ªà®áª®¯¨ç¥áª¨ á¨áâ¥¬ 
å à ªâ¥à¨§ã¥âáï áà¥¤­¨¬ §­ ç¥­¨¥¬ hEi: �¤­ ª® ¤«ï ¤®áâ â®ç­® ¡®«ìè®©
á¨áâ¥¬ë ¢¥à®ïâ­®áâì â®£®, çâ® íª§¥¬¯«ïà  ­á ¬¡«ï ­ å®¤¨âáï ¢ á®áâ®ï­¨¨
á í­¥à£¨¥© ¢¤ «¨ ®â hEi; { ¯à¥­¥¡à¥¦¨¬® ¬ « . �­ë¬¨ á«®¢ ¬¨, ¯®¤ ¢«ï-
îé¥¥ ¡®«ìè¨­áâ¢® íª§¥¬¯«ïà®¢ ª ­®­¨ç¥áª®£® (¡®«ìè®£® ª ­®­¨ç¥áª®£®)
 ­á ¬¡«ï £àã¯¯¨àã¥âáï ¯® í­¥à£¨¨ ¢ ®ªà¥áâ­®áâ¨ áà¥¤­¥£® §­ ç¥­¨ï hEi:

�«ãªâã æ¨¨ ¯®«­®£® ç¨á«  ç áâ¨æ. �®ª ¦¥¬, çâ® ¬¥â®¤ ¡®«ì-
è®£®  ­á ¬¡«ï ¬®¦­® ¯à¨¬¥­¨âì ª á¨áâ¥¬ ¬ á ®¯à¥¤¥«¥­­ë¬ ç¨á«®¬ ç -
áâ¨æ. � íâ®¬ á«ãç ¥ hNi ¤®«¦­® á®¢¯ ¤ âì á § ¤ ­­ë¬ ¯®«­ë¬ ç¨á«®¬

ç áâ¨æ N ¢ á¨áâ¥¬¥. � ©¤¥¬ ä«ãªâã æ¨¨ N , ¨á¯®«ì§ãï ¡®«ìè®¥ ª ­®­¨ç¥-
áª®¥ à á¯à¥¤¥«¥­¨¥

PmN =
1
~Z
exp (��EmN + 
N) :

�«ãªâã æ¨¥© N ¡ã¤¥¬ ­ §ë¢ âì ¤¨á¯¥àá¨î { áà¥¤­¥ª¢ ¤à â¨ç­®¥ ®âª«®-
­¥­¨¥ N ®â ¥¥ áà¥¤­¥£® §­ ç¥­¨ï ¨«¨

D2(N) =
D
(N � hNi)2E =

D
N2

E � hNi2 : (15)

�¥£ª® ã¢¨¤¥âì, çâ®

hNi = @ ln ~Z

@

=

1

�

@ ln ~Z

@�
; (16)
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¨

D2(N) =
@2 ln ~Z

@
2
=

1

�2
@2 ln ~Z

@�2
=

1

�

@ hNi
@�

= kTV
@n

@�
: (17)

�¢¥¤¥¬ â ª¦¥ ®â­®á¨â¥«ì­ãî ä«ãªâã æ¨î

�2(N) �
vuuutD2(N)

hNi2 ;

ª®â®àãî ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

�2(N) =

2
64@2 ln ~Z

@�2
=

0
@@ ln ~Z

@�

1
A
2375

1=2

:

� ª ª ª
@n

@�
=
@n

@p

@p

@�
= n2bT ;

£¤¥ bT = (1=n) (@n=@p)T { ª®íää¨æ¨¥­â ¨§®â¥à¬¨ç¥áª®© á¦¨¬ ¥¬®áâ¨, â®

D2(N) = kTV n2bT :

�â­®á¨â¥«ì­ ï ä«ãªâã æ¨ï áâà¥¬¨âáï ª ­ã«î ¯à¨ V !1 :

�2(N) =

vuuutD2(N)

hNi2 =

vuutkTbT
V

� 1p
V
! 0: (18)

�«ãªâã æ¨¨ N ­¥ ¢á¥£¤  ¡ë¢ îâ ¬ «ë¬¨. � ª, ¢¡«¨§¨ ªà¨â¨ç¥áª®©
â®çª¨ ä §®¢®£® ¯¥à¥å®¤  ¦¨¤ª®áâì { £ § á¦¨¬ ¥¬®áâì ­¥®£à ­¨ç¥­­® ¢®§-
à áâ ¥â, á«¥¤®¢ â¥«ì­®, ­¥®£à ­¨ç¥­­® à áâãâ ¨ ä«ãªâã æ¨¨ ç¨á«  ç áâ¨æ.

� «®áâì �2(N) ¤ ¥â ®á­®¢ ­¨¥ ¯à¥¤¯®«®¦¨âì, çâ® àï¤, ®¯à¥¤¥«ïî-
é¨© ¡®«ìèãî áâ â¨áâ¨ç¥áªãî áã¬¬ã ~Z =

P
N
zNZN ; á®¤¥à¦¨â ¬ ªá¨¬ «ì-

­ë© ç«¥­, ª®â®àë© á®®â¢¥âáâ¢ã¥â ­ ¨¡®«¥¥ ¢¥à®ïâ­®¬ã ç¨á«ã ç áâ¨æ, ¨
¤ ¥â ¢ áâ âáã¬¬ã ¢ª« ¤, áãé¥áâ¢¥­­® ¯à¥¢ëè îé¨© ¢ª« ¤ ®áâ «ì­ëå ç«¥-
­®¢.

�ëç¨á«¨¬ ª®­âãà­ë© ¨­â¥£à «, ®¯à¥¤¥«ïîé¨© ª ­®­¨ç¥áªãî áâ â-
áã¬¬ã

ZN =
1

2�i

I ~Z

zN+1
dz;
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¨á¯®«ì§ãï ¬¥â®¤ ¯¥à¥¢ « . �®áª®«ìªã ~Z = exp(��J); z = exp(��); â®

ZN =
1

2�i

I exp [��(J +N�)]

z
dz: (19)

�¥¤«®¢ ï â®çª  ®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨ï ®¡à é¥­¨ï ¢ ­ã«ì ¯¥à¢®© ¯à®¨§-
¢®¤­®© ®â äã­ªæ¨¨, áâ®ïé¥© ¢ ¯®ª § â¥«¥ íªá¯®­¥­âë ¯®¤ë­â¥£à «ì­®£®

¢ëà ¦¥­¨ï ¢ (19) { @(J +N�)=@z = 0; ®âªã¤  N = �@J=@�: �à ¢­¨¢ ï ¯®-
á«¥¤­¥¥ á ®¯à¥¤¥«¥­¨¥¬ hNi = �@J=@�; ¢¨¤¨¬, çâ® ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥­¨¨

hNi ' N ¨ ZN = exp [��(J + hNi�)] = exp(��F ); £¤¥ F = J + hNi�:
�«ãªâã æ¨¨ í­¥à£¨¨. �á¯®«ì§ãï ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥,

¬®¦­® ­ ©â¨:

hEi = � 1

�

@ lnZN

@�
; D2(E) =

@2 lnZN

@�2
= �@ hEi

@�
:

� ª ª ª @=@� = �kT 2@=@T; â®

D2(E) = kT 2CV : (20)

�®à¬ã«  (20) á¢ï§ë¢ ¥â ä«ãªâã æ¨¨ í­¥à£¨¨ á «¥£ª® ¨§¬¥àï¥¬®© ¢¥«¨ç¨­®©
{ â¥¯«®¥¬ª®áâìî. �â­®á¨â¥«ì­ ï ä«ãªâã æ¨ï ¬ «  ¤«ï á¨áâ¥¬ á N � 1 :
¯®áª®«ìªã hEi � N; CV � N; â® �2(E) � 1=

p
N ! 0; ¯à¨ N !1:

�«ãªâã æ¨¨ ç¨á¥« § ¯®«­¥­¨ï ¢ ä¥à¬¨{ ¨ ¡®§¥{á¨áâ¥¬ å. �¥-
à®ïâ­®áâì â®£®, çâ® ­  ãà®¢­¥ f ­ å®¤¨âáï nf ç áâ¨æ, ¥áâì

Pnf =
1

Zf
exp [��("f � �)nf ] :

�«ãªâã æ¨î nf ¬®¦­® ¢ëà §¨âì ç¥à¥§ ¯à®¨§¢®¤­ãî ®â lnZf :

D2(nf) =
D
nf

2
E � hnfi2 = @2 lnZf

@(��)2
:

� ª ª ª @ lnZf=@(��) = hnfi ; â®

D2(nf ) =
@ hnfi
@(��)

= hnfi (1 + � hnf i) ; (� = �1):
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� ®â­®á¨â¥«ì­ë¥ ä«ãªâã æ¨¨ à ¢­ë:

��
2 (nf ) =

r
1 + hnfi�1; ��

2 (nf) =
r
hnf i�1 � 1:

�à¨ T ! 0 ¯®¢¥¤¥­¨¥ ä«ãªâã æ¨© ¢ ä¥à¬¨{ ¨ ¡®§¥{á¨áâ¥¬ å ¯à¨­æ¨-
¯¨ «ì­® à §«¨ç­®. � ä¥à¬¨{á¨áâ¥¬ å hnf i ! 1; ¯®íâ®¬ã ä«ãªâã æ¨¨

®âáãâáâ¢ãîâ: ��
2 (nf) ! 0: � ¡®§¥{á¨áâ¥¬ å ä«ãªâã æ¨¨ ­¥®£à ­¨ç¥­­®

¢®§à áâ îâ: D�
2 (nf ) � hNi2 ¨ ��

2 (nf) ! 1; çâ® ï¢«ï¥âáï ¯à¨§­ ª®¬

ä §®¢®£® ¯¥à¥å®¤  { ¡®§¥{ª®­¤¥­á æ¨¨, ¯à¨ ª®â®à®© § á¥«¥­­®áâì ®á­®¢­®£®
á®áâ®ï­¨ï áâ ­®¢¨âáï ¬ ªà®áª®¯¨ç¥áª®©.
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