
13 � £­¨â­ë¥ á¢®©áâ¢  í«¥ªâà®­­®£® £ § 

13.1 � £­¥â¨§¬ { ª¢ ­â®¢®¥ ï¢«¥­¨¥

�à¨ ¯®á«¥¤®¢ â¥«ì­® ª« áá¨ç¥áª®¬ ®¯¨á ­¨¨ á¨áâ¥¬ § àï¦¥­­ëå ç -
áâ¨æ ï¢«¥­¨¥ ¬ £­¥â¨§¬  ®âáãâáâ¢ã¥â, å®âï § àï¦¥­­ë¥ ç áâ¨æë, ¤¢¨¦ã-
é¨¥áï ¢ ¬ £­¨â­®¬ ¯®«¥ ¯® § ¬ª­ãâë¬ âà ¥ªâ®à¨ï¬ ¨ á®§¤ îâ ¬ £­¨â­ë©

¬®¬¥­â. �â® ãâ¢¥à¦¤¥­¨¥ ¤®ª § ­® ¢ â¥®à¥¬¥ �®à  { ¢ ­ �¥¥¢¥­ (1911;
1919): ¬ £­¨â­ë© ¬®¬¥­â ª« áá¨ç¥áª®© á¨áâ¥¬ë § àï¦¥­­ëå ç áâ¨æ ¢ á®-
áâ®ï­¨¨ â¥à¬®¤¨­ ¬¨ç¥áª®£® à ¢­®¢¥á¨ï à ¢¥­ ­ã«î.

�®ª § â¥«ìáâ¢® ®á­®¢ ­® ­  à áá¬®âà¥­¨¨ ª« áá¨ç¥áª®£® áâ â¨áâ¨ç¥-
áª®£® ¨­â¥£à « 

ZN =
Z
exp (��H(f~pi; ~rig))

NY
i=1

d~pid~ri;

£¤¥ H(f~pi; ~rig) { äã­ªæ¨ï � ¬¨«ìâ®­  á¨áâ¥¬ë ç áâ¨æ á § àï¤®¬ e: �®¬¥-
áâ¨¬ á¨áâ¥¬ã ¢ áâ æ¨®­ à­®¥ ¬ £­¨â­®¥ ¯®«¥, ª®â®à®¥ § ¤ ¥âáï ¢¥ªâ®à­ë¬

¯®â¥­æ¨ «®¬ ~A(~ri). �®£¤  (~pi; ~ri)!
�
~Pi; ~ri

�
£¤¥ ~Pi = ~pi+(e=c) ~A { ®¡®¡é¥­-

­ë© ¨¬¯ã«ìá ç áâ¨æë, ¨

ZN ( ~A) =
Z
exp

�
��H

�
f ~Pi � (e=c) ~Ai; ~rig

�� NY
i=1

d ~Pid~ri: (1)

�¥à¥©¤¥¬ ¢ (1) ®â ¨­â¥£à¨à®¢ ­¨ï ¯® ~Pi ª ¨­â¥£à¨à®¢ ­¨î ¯® ~pi :

d ~Pid~ri =
@( ~Pi; ~ri)

@(~pi; ~ri)
d~pid~ri =

@ ~Pi

@~pi
d~pid~ri = d~pid~ri;

¯®íâ®¬ã

ZN ( ~A) =
1

N !

Z NY
i=1

d~pid~ri exp [��H1 (~pi; ~ri)] = ZN (0);

â. ¥. áâ â¨áâ¨ç¥áª¨© ¨­â¥£à « ­¥ § ¢¨á¨â ®â ~A,   á«¥¤®¢ â¥«ì­®, ¨ ®â
~H = rot ~A. � ª¨¬ ®¡à §®¬, ¬ £­¨â­ë© ¬®¬¥­â ¥¤¨­¨æë ®¡ê¥¬  (­ ¬ £­¨-
ç¥­­®áâì) á¨áâ¥¬ë à ¢¥­ ­ã«î:

~M =
kT

V

@ lnZN ( ~A)

@ ~H = 0:
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�¨§¨ç¥áª ï ¯à¨ç¨­  íâ®£® § ª«îç ¥âáï ¢ â®¬, çâ® ¬ £­¨â­®¥ ¯®«¥ ­¥
¬¥­ï¥â í­¥à£¨î ®à¡¨â «ì­®£® ¤¢¨¦¥­¨ï § àï¦¥­­ëå ç áâ¨æ ¨ ­¥ ­ àãè ¥â

®¤­®à®¤­®áâ¨ ¯à®áâà ­áâ¢¥­­®£® à á¯à¥¤¥«¥­¨ï { ç¥à¥§ ª ¦¤ãî â®çªã ¯à®-
å®¤ïâ âà ¥ªâ®à¨¨ á® ¢á¥¬¨ ¢®§¬®¦­ë¬¨ ¨¬¯ã«ìá ¬¨ ¨ áà¥¤­¨© áã¬¬ à­ë©

â®ª à ¢¥­ ­ã«î (á ãç¥â®¬ â®ª®¢, ¢®§­¨ª îé¨å ¢¡«¨§¨ ¯®¢¥àå­®áâ¨, ®£à -
­¨ç¨¢ îé¥© ®¡ê¥¬ á¨áâ¥¬ë).

� ¡«î¤ ¥¬ë© ¬ £­¥â¨§¬ ¨¬¥¥â ª¢ ­â®¢ãî ¯à¨à®¤ã, ¨ ¢ ª ç¥áâ¢¥ ¨á-
â®ç­¨ª®¢ ¬ £­¥â¨§¬  ­¥®¡å®¤¨¬® ­ §¢ âì ¤¢  ®á­®¢­ëå ä ªâ®à :
1) áãé¥áâ¢®¢ ­¨¥ á®¡áâ¢¥­­®£® ¬ £­¨â­®£® ¬®¬¥­â  § àï¦¥­­®© ç áâ¨æë,
á¢ï§ ­­®£® á® á¯¨­®¬, ¢§ ¨¬®¤¥©áâ¢¨¥ ª®â®à®£® á ¬ £­¨â­ë¬ ¯®«¥¬ ¯à¨¢®-
¤¨â ª ã¬¥­ìè¥­¨î í­¥à£¨¨ á¨áâ¥¬ë ¨ ¯ à ¬ £­¨â­®¬ã íää¥ªâã;
2) ª¢ ­â®¢ ­¨¥ ãà®¢­¥©, á¢ï§ ­­®¥ á ä¨­¨â­ë¬ å à ªâ¥à®¬ ®à¡¨â «ì­®£®

¤¢¨¦¥­¨ï § àï¦¥­­®© ç áâ¨æë ¢ ¬ £­¨â­®¬ ¯®«¥ ¨ ¯à¨¢®¤ïé¥¥ ª ã¢¥«¨ç¥-
­¨î í­¥à£¨¨ ¨ ¤¨ ¬ £­¨â­®¬ã íää¥ªâã.

13.2 � à ¬ £­¥â¨§¬ � ã«¨

�« áá¨ç¥áª ï â¥®à¨ï �. � ­¦¥¢¥­  (1905) ¤«ï ¯ à ¬ £­¨â­ëå ¢¥-
é¥áâ¢ ¤ ¥â ¬ £­¨â­ãî ¢®á¯à¨¨¬ç¨¢®áâì ¢ á«ãç ¥ á« ¡ëå ¬ £­¨â­ëå ¯®«¥©

¢ ¢¨¤¥ � = A=T { íâ  ä®à¬ã«  ¨§¢¥áâ­  ª ª § ª®­ �îà¨ (1895). �¤­ ª®

¤«ï àï¤  ¬¥â ««®¢ ¡ë«® ®¡­ àã¦¥­® ¯®¢¥¤¥­¨¥, ­¥ á®£« áãîé¥¥áï á § ª®­®¬
�îà¨ � � @M=@H ' const ¢ è¨à®ª®¬ ¨­â¥à¢ «¥ â¥¬¯¥à âãà. �¡êïá­¥­¨¥
íâ®£® íää¥ªâ  ¡ë«® ¤ ­® �. � ã«¨ (1927), ª®â®àë© ¯à¥¤¯®«®¦¨«, çâ® ¯ à -
¬ £­¥â¨§¬ ¬¥â ««®¢ ®¡ãá«®¢«¥­ ­¥ ¬ £­¨â­ë¬¨ ¬®¬¥­â ¬¨ ¨®­®¢ à¥è¥âª¨,
  á¢®©áâ¢ ¬¨ í«¥ªâà®­­®£® £ § .

� áá¬®âà¨¬ á¨áâ¥¬ã N ç áâ¨æ á® á¯¨­®¬ 1/2, ¯®¬¥é¥­­ãî ¢ ¬ £­¨â-
­®¥ ¯®«¥ ~H: �¤­®ç áâ¨ç­ë© ®¯¥à â®à � ¬¨«ìâ®­  ¨¬¥¥â ¢¨¤

Ĥ1 =
p̂2

2m
� ~� ~H;

£¤¥ ~� = (e=mc)~s { ®¯¥à â®à á®¡áâ¢¥­­®£® ¬ £­¨â­®£® ¬®¬¥­â ; ~s = �h~�=2 {
®¯¥à â®à á¯¨­ ; ~� { ¬ âà¨æë � ã«¨. �¢®¤ï ¬ £­¥â®­ �®à  �B = e�h=2mc ¨

­ ¯à ¢«ïï ®áì Z ¢¤®«ì ~H; ¯®«ãç¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  Ĥ1 {
í­¥à£¥â¨ç¥áª¨© á¯¥ªâà ç áâ¨æë "p� = p2=2m � ��BH; £¤¥ � = +1 ®â¢¥ç ¥â
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®à¨¥­â æ¨¨ á¯¨­  ¢¤®«ì ­ ¯à ¢«¥­¨ï ¬ £­¨â­®£® ¯®«ï ¨ � = �1 { ®à¨¥­â -
æ¨¨ ¯à®â¨¢ ¯®«ï ~H: (�ë §¤¥áì ¯à¥­¥¡à¥£ ¥¬ ¢«¨ï­¨¥¬ ~H ­  ®à¡¨â «ì­®¥

¤¢¨¦¥­¨¥ ç áâ¨æ.) � ª¨¬ ®¡à §®¬, ¢­¥è­¥¥ ¬ £­¨â­®¥ ¯®«¥ á­¨¬ ¥â ¢ëà®-
¦¤¥­¨¥ ¯® á¯¨­ã, ¨ ª ¦¤®¬ã §­ ç¥­¨î p â¥¯¥àì ®â¢¥ç îâ ¤¢  í­¥à£¥â¨ç¥-
áª¨å ãà®¢­ï: "p;�=+1 = p2=2m��BH; "p;�=�1 = p2=2m+�BH: �®®â¢¥âáâ¢ãî-
é¨¥ ç¨á«  § ¯®«­¥­¨ï ®¡®§­ ç¨¬ n+p ¨ n�p : �®¡áâ¢¥­­ë¥ §­ ç¥­¨ï í­¥à£¨¨
á¨áâ¥¬ë N ç áâ¨æ ¢ ¯à¥¤áâ ¢«¥­¨¨ ç¨á¥« § ¯®«­¥­¨ï ¤ îâáï ä®à¬ã«®©

Efn+p ;n�p g =
X
p;�

"p�np�
=
X
p

h
("p ��"H)n

+
p + ("p +�"H)n

�
p

i
; (2)

  ¡®«ìè ï áâ â¨áâ¨ç¥áª ï áã¬¬  { à ¢¥­áâ¢®¬

~Z =
X

fn+p ;n�p g
exp

8<
:��

X
p

h
("p ��"H � �)n+p + ("p +�"H � �)n�p

i9=
; =

=
X

fn+p ;n�p g;
exp

8<
:��

X
p

h�
"p � �+

�
n+p +

�
"p � ��

�
n�p

i9=
; = ~Z(+) ~Z(�); (3)

£¤¥ "p = p2=2m; �"H = �BH; ¨
~Z(�) =

X
fn�p g

exp

2
4��X

p

�
"p � ��

�
n�p

3
5 =

Y
p
Z(�)
p � (4)

áâ âáã¬¬ë ¯®¤á¨áâ¥¬ ç áâ¨æ, ®à¨¥­â¨à®¢ ­­ëå á®®â¢¥âáâ¢¥­­® ¢¤®«ì (+)
¨ ¯à®â¨¢ ¯®«ï (�). �¨¬¨ç¥áª¨¥ ¯®â¥­æ¨ «ë íâ¨å ¯®¤á¨áâ¥¬ ¥áâì

�+=� +�"H; �
�=� ��"H;

 

Z(�)
p =

X
n�p

exp
h�� �"p � ��

�
n�p

i �
áâ âáã¬¬ë ®â¤¥«ì­ëå á®áâ®ï­¨© (p; � = +1) ¨ (p; � = �1) :

�®ª ¦¥¬ â¥¯¥àì, çâ® áà¥¤­¨© ¬ £­¨â­ë© ¬®¬¥­â ¥¤¨­¨æë ®¡ê¥¬  á¨-
áâ¥¬ë M ¬®¦­® ­ ©â¨ ¯® ä®à¬ã«¥ M = (kT=V )@ ln ~Z=@H (çâ® ®â¢¥ç ¥â
â¥à¬®¤¨­ ¬¨ç¥áª®¬ãM = �(1=V )@J=@H). � ª ª ª

1

�

@ ln ~Z

@H =
1

�

0
@@ ln ~Z(+)

@H +
@ ln ~Z(�)

@H
1
A =
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=
X
p

2
64 1

Z
(+)
p

X
n+p

�Bn
+
p e

��("p��+)n+p � 1

Z
(�)
p

X
n�p

�Bn
�
p e

��("p���)n�p

3
75 =

=
X
p

2
64X
n+p

�Bn
+
p Pn+p +

X
n�p

���Bn�p
�
Pn�p

3
75 ; (5)

â®
1

�V

@ ln ~Z

@H =
1

V

X
p
�B

hhn+p i � hn�p i
i
=

1

V

hhN+i � hN�ii�B: (6)

� (5) ¨ (6) ¬ë ¨á¯®«ì§®¢ «¨ ®¯à¥¤¥«¥­¨¥

Pn�p =
1

Z(�)
p

exp
h�� �"p � ��

�
n�p

i

¢¥à®ïâ­®áâ¨ § á¥«¥­¨ï ãà®¢­ï p n�p ç áâ¨æ ¬¨. �à ¢ ï ç áâì à ¢¥­áâ¢ 

(6) ¨ ¥áâì áà¥¤­ïï ¯à®¥ªæ¨ï ¬ £­¨â­®£® ¬®¬¥­â  ¥¤¨­¨æë ®¡ê¥¬  á¨áâ¥¬ë

­  ­ ¯à ¢«¥­¨¥ ¢­¥è­¥£® ¯®«ï.
�®«ìè®© ¯®â¥­æ¨ « JH = �kT ln ~Z á¨áâ¥¬ë ¥áâì áã¬¬  ¤¢ãå á« £ -

¥¬ëå, ª ¦¤®¥ ¨§ ª®â®àëå ®â­®á¨âáï ª ®¯à¥¤¥«¥­­®© ®à¨¥­â æ¨¨ á¯¨­  ¨

ä®à¬ «ì­® ¬®¦¥â ¡ëâì § ¯¨á ­® ª ª ¤«ï á«ãç ï H = 0; ­® á ¯¥à¥®¯à¥¤¥-
«¥­­ë¬ å¨¬¨ç¥áª¨¬ ¯®â¥­æ¨ «®¬:

JH =
1

2

h
J0(�

+) + J0(�
�)
i
; (7)

£¤¥ ¬­®¦¨â¥«ì 1=2 ãç¨âë¢ ¥â, çâ® ¢ ®¯à¥¤¥«¥­¨¥ J0 ¢å®¤¨« ä ªâ®à gs =
2, ª®â®àë© ®âáãâáâ¢ã¥â §¤¥áì ¨§{§  á­ïâ¨ï ¢ëà®¦¤¥­¨ï. �á¥ ¯à®¤¥« ­­®¥
®§­ ç ¥â, çâ® ¬ë à áá¬ âà¨¢ ¥¬ á¨áâ¥¬ã, á®áâ®ïéãî ¨§ ¤¢ãå ¯®¤á¨áâ¥¬:
á hN+i ç áâ¨æ ¬¨ á ¯à®¥ªæ¨¥© á¯¨­  +1/2 ¨ å¨¬¨ç¥áª¨¬ ¯®â¥­æ¨ «®¬

�+ = �+�BH ¨ á hN�i ç áâ¨æ ¬¨ á ¯à®¥ªæ¨¥© á¯¨­  �1=2 ¨ å¨¬¨ç¥áª¨¬
¯®â¥­æ¨ «®¬ �� = �� �BH:

� «ì­¥©è¨¥ ¢ëç¨á«¥­¨ï ¯à®¤¥« ¥¬ ¢ ¯à¨¡«¨¦¥­¨¨ á« ¡®£® ¯®«ï

�BH � kT; à §« £ ï J0 ¢ àï¤ ¯® áâ¥¯¥­ï¬ (�� � �) ¨ ®£à ­¨ç¨¢ ïáì

ª¢ ¤à â¨ç­ë¬¨ ¯® íâ®© à §­®áâ¨ ç«¥­ ¬¨:

J0(�
�) � J0(�) +

@J0(�)

@�
(�� � �) +

1

2

@2J0(�)

@�2
(�� � �)2 =
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= J0(�)� @J0(�)

@�
�BH +

1

2

@2J0(�)

@�2
(�BH)2: (8)

�®¤áâ ¢«ïï (8) ¢ (7), ­ ©¤¥¬:

JH � J0(�) +
1

2

@2J0(�)

@�2
(�BH)2: (9)

� ¬ £­¨â­ ï ¢®á¯à¨¨¬ç¨¢®áâì ¥áâì

� = � 1

V

@2JH
@H2

= � 1

V

@2J0(�)

@�2
�2B: (10)

� ª ª ª

n = � 1

V

@J0(�)

@�
;

â®

� =
@n

@�
�2B : (11)

�ëç¨á«¨¬ @n=@�; áç¨â ï ä¥à¬¨{£ § ¢ëà®¦¤¥­­ë¬: T � TF : �§
(12.20) ­ å®¤¨¬

@n

@�
� 4�

h3
(2m)3=2�1=2

2
41 � �2

24

 
kT

�

!235 :
�á¯®«ì§ãï (12.22) ¨ ¯à¥­¥¡à¥£ ï ç«¥­a¬¨ o((kT="F )2), ­ ©¤¥¬:

� � 3

2

n

"F
�2B

2
41� �2

12

 
kT

"F

!235 : (12)

�â ª, ¬ë ¯®ª § «¨, çâ® � ' const > 0 ¤«ï ¢ëà®¦¤¥­­®£® £ § , â. ¥. á¯¨­
ç áâ¨æë ®¡¥á¯¥ç¨¢ ¥â ¯ à ¬ £­¥â¨§¬.

�¥£ª® ã¡¥¤¨âìáï, çâ® ¥á«¨ ¡ë ¬®¦­® ¡ë«® à¥ «¨§®¢ âì ãá«®¢¨ï ¯à¨¬¥-
­¨¬®áâ¨ ¡®«ìæ¬ ­®¢áª®£® ¯à¨¡«¨¦¥­¨ï T � TF , ¢ ª®â®à®¬ @n=@� = n=kT;
â® ¤«ï ¯ à ¬ £­¨â­®© ¢®á¯à¨¨¬ç¨¢®áâ¨ ¯®«ãç¨«¨ ¡ë § ª®­ �îà¨

� =
n�2B
kT

: (13)

[�®ª ¦¨â¥ (13)].
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13.3 �¨ ¬ £­¥â¨§¬ � ­¤ ã

�â¢¥à¦¤¥­¨¥ �®à  { ¢ ­ �¥¥¢¥­ ®áâ ¥âáï ¢ á¨«¥ ¨ ¯à¨ ¯¥à¥å®¤¥ ª

à á¯à¥¤¥«¥­¨î �¥à¬¨, ¥á«¨ ­¥ ¯à¨­¨¬ âì ¢® ¢­¨¬ ­¨¥ ª¢ ­â®¢ ­¨ï ®à¡¨-
â «ì­®£® ¤¢¨¦¥­¨ï í«¥ªâà®­®¢. �® ¯à¨ ­ «¨ç¨¨ ¬ £­¨â­®£® ¯®«ï ¤¢¨¦¥­¨¥
í«¥ªâà®­®¢ ¢ ¯«®áª®áâ¨, ¯¥à¯¥­¤¨ªã«ïà­®© ¯®«î, ï¢«ï¥âáï ä¨­¨â­ë¬, çâ®
¯à¨¢®¤¨â ª ¤¨áªà¥â­®¬ã í­¥à£¥â¨ç¥áª®¬ã á¯¥ªâàã ¤«ï ¯®¯¥à¥ç­ëå áâ¥¯¥-
­¥© á¢®¡®¤ë.

�ãáâì ç áâ¨æ  á § àï¤®¬ e ¤¢¨¦¥âáï ¢ ¯®áâ®ï­­®¬ ®¤­®à®¤­®¬ ¬ £-
­¨â­®¬ ¯®«¥, ­ ¯à ¢«¥­­®¬ ¯® ®á¨ Z. �¥ªâ®à­ë© ¯®â¥­æ¨ « ¬®¦­® ¢ë-
¡à âì ¢ ¢¨¤¥ ~A = (0;Hx; 0) (¢ íâ®¬ á«ãç ¥ ~H = rot ~A = H~nz; ~nz { ¥¤¨-
­¨ç­ë© ¢¥ªâ®à, ­ ¯à ¢«¥­­ë© ¯® ®á¨ Z). �ã­ªæ¨ï � ¬¨«ìâ®­  ç áâ¨æë

¨¬¥¥â ¢¨¤

H1 =
1

2m

hP2
x + (Py � eHx=c)2 + P2

z

i
; (14)

£¤¥ Pi = mvi +
e
cAi { ®¡®¡é¥­­ë¥ ¨¬¯ã«ìáë (i = x; y; z). � ¤ ­­®¬ á«ãç ¥

Px = px; Pz = pz: � ª ª ª H1 ­¥ § ¢¨á¨â ®â y ¨ z, â® _Py = 0; _Pz = 0; â.
¥. Py = const; Pz = const: �®¤áâ ¢¨¢ íâ¨ ¨­â¥£à «ë ¢ (14), ­ ©¤¥¬:

H1 =
p2x
2m

+
m!2

o(x� x0)2

2
+

p2z
2m

; (15)

£¤¥ !o = eH=mc { æ¨ª«®âà®­­ ï ç áâ®â , x0 = cPy=eH = Py=(m!o) ¨

0 � Py � m!oLx: �¤¢¨£ ï H1 ­  ª®­áâ ­âã: ~H1 = H1 � P2
z =2m, ¯®«ãç¨¬

äã­ªæ¨î � ¬¨«ìâ®­  ®¤­®¬¥à­®£® ®áæ¨««ïâ®à 

~H1 =
p2x
2m

+
m!2

o(x� x0)2

2
: (16)

(�à ¥ªâ®à¨ï ç áâ¨æë á £ ¬¨«ìâ®­¨ ­®¬ (15) ¥áâì ¢¨­â®¢ ï «¨­¨ï { à ¢­®-
¬¥à­®¥ ¤¢¨¦¥­¨¥ ¢¤®«ì ®á¨ Z ¨ ¢à é â¥«ì­®¥ ¢ ¯«®áª®áâ¨ XY á ç áâ®â®©

!o; ¢¥«¨ç¨­  Py ®¯à¥¤¥«ï¥â à ááâ®ï­¨¥ x0 ®â ®á¨ ¢¨­â®¢®© «¨­¨¨ ¤® ¯«®á-
ª®áâ¨ ZY .)

�¢ ­â®¢ ­¨¥ (16) ¯à¨¢®¤¨â ª ¤¨áªà¥â­®¬ã á¯¥ªâàã "¯®¯¥à¥ç­®©"
í­¥à£¨¨

"n? = (n+
1

2
)�h!o = (2n + 1)��H; �� =

1

2

e�h

mc
; �"? = �h!o =

e�h

mc
H;
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£¤¥ e�h=(mc) = 2�� { ¬ £­¨â­ë© ¬®¬¥­â ®à¡¨â «ì­®£® ¤¢¨¦¥­¨ï § àï¤ .
�¯¥ªâà £ ¬¨«ìâ®­¨ ­  (15) ¤ ¥âáï ä®à¬ã«®© � ­¤ ã

"n(pz) = (n+
1

2
)�h!o +

p2z
2m

:

�¢¨¦¥­¨¥ ¢¤®«ì ®á¨ Z áç¨â ¥¬ ª¢ §¨ª« áá¨ç¥áª¨¬ ¤«ï ¬ ªà®áª®¯¨ç¥áª¨å

à §¬¥à®¢ ïé¨ª , ¢ ª®â®àë© ¯®¬¥áâ¨«¨ ç áâ¨æë.
� ©¤¥¬ ç¨á«® á®áâ®ï­¨© ç áâ¨æë á ¨¬¯ã«ìá ¬¨ ¢¡«¨§¨ pz ¤«ï ïé¨ª 

®¡ê¥¬®¬ V = LxLyLz: �¡®§­ ç¨¬ ª¢ ¤à â "¯®¯¥à¥ç­®£®" ¨¬¯ã«ìá  ª ª

p2n? = (p2x + P2
y )n = 2m(n + 1

2)�h!o = 2m(2n + 1)��H. �«ï ¤ ­­®£® pz ç¨á«®
à §«¨ç­ëå "¯®¯¥à¥ç­ëå" á®áâ®ï­¨©, ®â¢¥ç îé¨å ¤¢ã¬ á®á¥¤­¨¬ ãà®¢­ï¬

� ­¤ ã, ®¯à¥¤¥«ï¥âáï ¯«®é ¤ìî ª®«ìæ  ­  ¯«®áª®áâ¨ (px;Py) á à ¤¨ãá ¬¨
pn�1? ¨ pn? :

��xy(H) =
LxLy

h2

Z Z
dpxdPy =

2�LxLy

h2

pn?Z
pn�1?

p?dp? =
2�mLxLy

h2
�h!o =

LxLy

hc
eH:

�¥«¨ç¨­  ��xy ¥áâì ªà â­®áâì ¢ëà®¦¤¥­¨ï á®áâ®ï­¨ï á ¤ ­­ë¬ n, ¯®ª §ë-
¢ îé ï, áª®«ìª® ãà®¢­¥© ª¢ §¨­¥¯à¥àë¢­®£® á¯¥ªâà  ¯à¨ H = 0 á®¡¥à¥âáï
¢ ®¤¨­ ãà®¢¥­ì � ­¤ ã. �¨á«® á®áâ®ï­¨© á ¨¬¯ã«ìá ¬¨ ¢¡«¨§¨ pz á ãç¥â®¬
ªà â­®áâ¨ ¢ëà®¦¤¥­¨ï ¯® á¯¨­ã à ¢­®:

Dn(pz)dpz = gs
Lz

h
��xy(H)dpz =

4�V m

h3
�h!odpz :

�ç¨âë¢ ï
dpz
d"

=
mq

2m[" � �h!o(n+ 1=2)]
;

­ å®¤¨¬ ¯«®â­®áâì ç¨á«  á®áâ®ï­¨© á í­¥à£¨ï¬¨ ¢¡«¨§¨ "

D(") =
X
n
2
�����dpzd"

�����Dn(pz) =
�V (2m)3=2�h!o

h3
X
n

1q
"� (n+ 1

2)�h!o
:

(�¤¥áì ¬ë ­¥ ãç¨âë¢ ¥¬ à áé¥¯«¥­¨ï ª ¦¤®£® ãà®¢­ï á ¤ ­­ë¬ pz ­  ¤¢ 
¨ ¢ëâ¥ª îé¨© ®âáî¤  ¯ à ¬ £­¥â¨§¬, à áá¬®âà¥­­ë© ¢ ¯. 2.)
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�®¦­® â ª¦¥ ¢ëç¨á«¨âì D("); ¨áå®¤ï ¨§ ®¯à¥¤¥«¥­¨ï

D(") =
X
k

�("� "k) =
X
�;n
Py;pz

�

0
@"� p2z

2m
+ (n+

1

2
)�h!o

1
A :

D(") = 2
LyLz

(2��h)2

1X
n=0

1Z
�1

dpz�

0
@" � p2z

2m
+ (n+

1

2
)�h!o

1
A m!oLxZ

0

dPy =

=
2V m!o
(2��h)2

1X
n=0

2
1Z
0

dpz�

0
@"� p2z

2m
� (n+

1

2
)�h!o

1
A : (17)

� ãç¥â®¬ â®£®, çâ®

q
m=2

1Z
0

dxp
x
�
 
" � x� (n+

1

2
)�h!o

!
=

q
m=2q

"� (n+ 1
2)�h!o

;

£¤¥ x = p2z=2m; dpz =
q
m=2dx=

p
x, ­ ©¤¥¬:

D(") =
V m3=2!o
2
p
2�2�h2

X
n

1q
" � (n+ 1

2)�h!o
: (18)

�à¨ !o ! 0 ¯®«ãç ¥¬ ¨§¢¥áâ­ë© ­ ¬ à¥§ã«ìâ â ¤«ï á¢®¡®¤­®© á¨áâ¥¬ë:

X
n
�!

"=�h!o�1=2Z
�1=2

d�q
" � (� + 1

2)�h!o
=

2
p
"

�h!o
;

D(") �!
!o!0

2V m3=2p"p
2�2�h3

=
4�V (2m)3=2

p
"

(2��h)3
:

�ëç¨á«¨¬ â¥¯¥àì ¡®«ìè®© ¯®â¥­æ¨ « á¨áâ¥¬ë ¢ ¯à¨¡«¨¦¥­¨¨ á¨«ì-
­®£® ¢ëà®¦¤¥­¨ï ¨ á« ¡®£® ¬ £­¨â­®£® ¯®«ï { �h!o � kT � "F :

JH = �kT ln ~Z = �kT V m
3=2!op

2�2�h2
X
n

1Z
0

ln [1 + exp ((� � ")=kT )] d"q
" � (n+ 1

2)�h!o
: (19)

�­â¥£à¨àãï (19) ¯® ç áâï¬, ­ ©¤¥¬:

JH = �2
V m3=2!op

2�2�h2
X
n

1Z
0

q
" � (n+ 1

2)�h!o
exp ((" � �)=kT ) + 1

d": (20)
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�ã¬¬¨à®¢ ­¨¥ §¤¥áì ®£à ­¨ç¥­® ãá«®¢¨¥¬ n � n0 = "=�h!o � 1=2: �®á¯®«ì-
§®¢ ¢è¨áì ä®à¬ã«®© (12.18), ¢ ª®â®à®© ¬ë á®åà ­¨¬ â®«ìª® ¯¥à¢ë© ç«¥­,
¯®«ãç¨¬:

JH � �2V m3=2!op
2�2�h2

X
n

�Z
0

"
" � (n+

1

2
)�h!o

#1=2
d" =

= �4V m3=2!o
3
p
2�2�h2

X
n

"
�� (n+

1

2
)�h!o

#3=2
= ��h!o

X
n
f
 
n+

1

2

!
: (21)

�®áª®«ìªã ¤«ï á« ¡ëå ¯®«¥© (eH=mc� � ¨«¨ �h!o=�� 1) äã­ªæ¨ï

f
 
n+

1

2

!
=

4�V m3=2

3
p
2�2�h3

"
�� (n+

1

2
)�h!o

#3=2
=

2

3
A�3=2

"
1� (n+

1

2
)�h!o=�

#3=2

¬ «® ¬¥­ï¥âáï ­  ®¤­®¬ è £¥ n ! n + 1; â® ¤«ï áã¬¬¨à®¢ ­¨ï ¢ (21)
¬®¦­® ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®© �©«¥à  { � ª«®à¥­ , ª®â®àãî ¯à¥¤áâ -
¢¨¬ ¢ ¢¨¤¥

k0X
k=1=2

f(k) =
k0Z

1=2

f(x)dx +
1

2
f(1=2) � 1

12
f 0(1=2) + : : : ; (22)

£¤¥ k0 = �=�h!o; ¨ ¬ë ãç«¨, çâ® f(k0) = f 0(k0) = 0: �á¯®«ì§ãï à §«®¦¥­¨¥
f(x) � f(0) + xf 0(0) ­  ®âà¥§ª¥ [0; 1=2] ¨ á¤¥« ¢ § ¬¥­ã y = � � �h!ox;
¯¥à¥¯¨è¥¬ (22) ¢ ¢¨¤¥

k0X
k=1=2

f(k) �
k0Z
0

f(x)dx +
1

24
f 0(0) =

1

�h!o

�Z
0

f
 
�� y

�h!o

!
dy � 1

24
�h!o

@f

@y

�����
y=�

: (23)

�®¤áâ ¢«ïï (23) ¢ (21), ­ ©¤¥¬:

JH = ��h!o
X
k

f(k) � �
�Z
0

f
 
�� y

�h!o

!
dy +

1

24
(�h!o)

2@f(0)

@�
: (24)

�¥à¢®¥ á« £ ¥¬®¥ ¢ (24) ¥áâì ¡®«ìè®© ¯®â¥­æ¨ « ¢ëà®¦¤¥­­®© ä¥à¬¨{
á¨áâ¥¬ë ¯à¨ H = 0

J0(�) = �
�Z
0

f
 
�� y

�h!o

!
dy = �2

3
A

�Z
0

y3=2dy = � 4

15
A�5=2;
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f(0) = �@J0
@�

;
@f(0)

@�
= �@

2J0
@�2

;

¯®íâ®¬ã (24) ¥áâì

JH � J0(�)� 1

24
(�h!o)

2@
2J0
@�2

= J0(�)� 1

6
(��H)2

@2J0
@�2

: (25)

�à ¢­¨¢ ï (9) á (25), ¢¨¤¨¬, çâ® ¯®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ®â«¨ç ¥âáï ¬­®-
¦¨â¥«¥¬ �1=3. �«ï í«¥ªâà®­®¢ ¢­ãâà¨ ¬¥â ««  ¢«¨ï­¨¥ ¯¥à¨®¤¨ç¥áª®£®

¯®â¥­æ¨ «  ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥­¨¨ ¬®¦­® ãç¥áâì, § ¬¥­ïï m ! m�; â®£¤ 
�� = e�h=2m�c = �B(m=m�): �®íâ®¬ã

�¤¨ ¬ � �1

3

n��2

"F
= �1

3

 
m

m�

!2
�¯ p¬: (26)

� ª¨¬ ®¡à §®¬, ª¢ ­â®¢ ­¨¥ ®à¡¨â «ì­®£® ¤¢¨¦¥­¨ï í«¥ªâà®­®¢ ¯à¨-
¢®¤¨â ª ¤¨ ¬ £­¨â­®¬ã íää¥ªâã, ¨ ¤¨ ¬ £­¨â­ ï ¢®á¯à¨¨¬ç¨¢®áâì á¢®¡®¤-
­ëå í«¥ªâà®­®¢ à ¢­  ®¤­®© âà¥â¨ á¯¨­®¢®© ¯ à ¬ £­¨â­®© ¢®á¯à¨¨¬ç¨¢®-
áâ¨. �â®â à¥§ã«ìâ â ¡ë« ¢¯¥à¢ë¥ ¯®«ãç¥­ � ­¤ ã (1930). �¥§ã«ìâ¨àãîé ï
¢®á¯à¨¨¬ç¨¢®áâì ï¢«ï¥âáï ¯ à ¬ £­¨â­®©:

� = �¯ à¬ + �¤¨ ¬ =

2
41 � 1

3

 
m

m�

!235�¯ p¬:

�â­®è¥­¨¥ j �¤¨ ¬=�¯ p¬ j= (1=3)(m=m�)2 ¬®¦¥â ¯à¥¢®áå®¤¨âì ¥¤¨­¨æã ¤«ï
¬¥â ««®¢ á ¬ «ë¬¨ íää¥ªâ¨¢­ë¬¨ ¬ áá ¬¨ í«¥ªâà®­®¢m� < m=

p
3; ¢ íâ®¬

á«ãç ¥ ¯®«ãç¨¬ ¤¨ ¬ £­¨â­®¥ ¢¥é¥áâ¢®, ¯®¤®¡­®¥, ­ ¯à¨¬¥à, ¢¨á¬ãâã ¨«¨
áãàì¬¥.

� á¨«ì­ëå ¯®«ïå �h!o > kT , â. ¥. â¥¯«®¢®¥ "à §¬ëâ¨¥" ãà®¢­ï �¥à¬¨
áâ ­®¢¨âáï ¬¥­ìè¥ à ááâ®ï­¨ï ¬¥¦¤ã ãà®¢­ï¬¨ � ­¤ ã. � íâ®¬ á«ãç ¥

í­¥à£¨ï í«¥ªâà®­­®£® £ §  ¯¥à¥áâ ¥â ¡ëâì ¬®­®â®­­®© äã­ªæ¨¥© H : ¢®§-
­¨ª îâ ®áæ¨««ïæ¨¨ ¬ £­¨â­®© ¢®á¯à¨¨¬ç¨¢®áâ¨ { íää¥ªâ ¤¥ �  § {¢ ­
�«ìä¥­ .
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