
5 �®«ìè®© ª ­®­¨ç¥áª¨©  ­á ¬¡«ì

�¡®¡é¨¬ áå¥¬ã, ª®â®à ï ¯à¨¢¥«  ª ª ­®­¨ç¥áª®¬ã à á¯à¥¤¥«¥­¨î

�¨¡¡á , ­  á«ãç © á¨áâ¥¬ë S, ®¡¬¥­¨¢ îé¥©áï á ¢­¥è­¨¬ ¬¨à®¬ W ­¥

â®«ìª® í­¥à£¨¥©, ­® ¨ ¢¥é¥áâ¢®¬: â. ¥. ç¨á«® ç áâ¨æ N ­ è¥© á¨áâ¥¬ë

â¥¯¥àì { ¯¥à¥¬¥­­ ï ¢¥«¨ç¨­ . � ª®¢  ¢¥à®ïâ­®áâì ­ å®¦¤¥­¨ï á¨áâ¥¬ë
S ¢ ª¢ ­â®¢®¬ á®áâ®ï­¨¨ m á í­¥à£¨¥© EmN ¨ ç¨á«®¬ ç áâ¨æ N?

5.1 �®«ìè ï áâ â¨áâ¨ç¥áª ï áã¬¬ 

� ááã¦¤ ï â ª ¦¥ ª ª ¨ ¢ ¯à¥¤ë¤ãé¥© «¥ªæ¨¨, ¢ á¨«ã ¯à¨­æ¨¯  à ¢-
­ëå  ¯à¨®à­ëå ¢¥à®ïâ­®áâ¥© ­ ¯¨è¥¬

PmN =

W (EU � EmN ; NU �N)


U (EU ; NU )
(1)

¨

lnPmN = ln
W (EU � EmN ; NU �N) � ln
U (EU ; NU ): (2)

� á¨«ã EmN � EU ; N � NU ¢ à §«®¦¥­¨¨ ln
W ¬®¦­® ®£à ­¨ç¨âìáï

á« £ ¥¬ë¬¨ � (EU � EW ) = EmN ¨ � (NU �NW ) = N :

ln
W (EW ; NW ) = ln
W (EU ; NU ) +
@ ln
W

@E
(�EmN )�

@ ln
W

@N
N: (3)

�¡®§­ ç¨¬:

� =
 
@ ln
W

@E

!
E=EU ; N=NU

; 
 = �
 
@ ln
W

@N

!
E=EU ; N=NU

(4)

¨ ¯®¤áâ ¢¨¬ (3) ¢ (2) ¨ § â¥¬ ¢ (1). �ª®­ç â¥«ì­® ¨áª®¬®¥ à á¯à¥¤¥«¥­¨¥
¢¥à®ïâ­®áâ¥© § ¯¨è¥¬ ¢ ¢¨¤¥

PmN =
exp(��EmN + 
N)

~Z
; (5)

£¤¥ ~Z { ¡®«ìè ï áâ â¨áâ¨ç¥áª ï áã¬¬ :

~Z =
1X
N=0

X
m

exp(��EmN + 
N): (6)
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�¥«¨ç¨­  ~Z ï¢«ï¥âáï äã­ªæ¨¥© ¯ à ¬¥âà®¢ �, 
 ¨ V { ~Z = ~Z(�; 
; V )
¨ ¨£à ¥â â ªãî ¦¥ ¢ ¦­ãî à®«ì, çâ® ¨ ZN ¢ ª ­®­¨ç¥áª®¬  ­á ¬¡«¥.

� ¯à®¨§¢®«ì­®¬ (­¥¤¨ £®­ «ì­®¬) ¯à¥¤áâ ¢«¥­¨¨ ¬ âà¨æ  ¯«®â­®áâ¨
¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥

%̂ =
exp(��Ĥ + 
N̂ )

~Z
; £¤¥ ~Z = Tr exp(��Ĥ + 
N̂ ):

� ª¢ §¨ª« áá¨ç¥áª®¬ ¯à¨¡«¨¦¥­¨¨ PmN ! %dX=(2��h)�N , £¤¥

% =
1

N !(2��h)�N
exp(��H(X) + 
N)

~Z
�

áâ â¨áâ¨ç¥áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¡®«ìè®£® ª ­®­¨ç¥áª®£®  ­á ¬¡«ï,
 

~Z =
1X
N=0

1

N !

Z
exp(��H(X) + 
N)

dX

(2��h)�N
�

á®®â¢¥âáâ¢ãîé ï ¡®«ìè ï áâ âáã¬¬ ; ¥¥ ¬®¦­® § ¯¨á âì ¥é¥ ¨ ¢ â ª®¬

¢¨¤¥:

~Z =
1X
N=0

zNZN ; (7)

£¤¥ z = exp(
) {  ªâ¨¢­®áâì á¨áâ¥¬ë,   ZN { ª ­®­¨ç¥áª ï áâ âáã¬¬ .
�§ (7) ¢¨¤­®, çâ® ¡®«ìèãî áâ â¨áâ¨ç¥áªãî áã¬¬ã ~Z ¬®¦­® à áá¬ -

âà¨¢ âì ª ª ¯à®¨§¢®¤ïéãî äã­ªæ¨î ¯® ®â­®è¥­¨î ª ª ­®­¨ç¥áª®© áâ â-
áã¬¬¥ ZN , â. ¥.

ZN =
1

N !

0
@@N ~Z

@zN

1
A
z=0

:

�á«¨ ~Z ï¢«ï¥âáï à¥£ã«ïà­®© äã­ªæ¨¥© ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ z, â® ¢

á¨«ã ¨­â¥£à «ì­®© ä®à¬ã«ë �®è¨ ¤«ï ¯à®¨§¢®¤­®©

ZN =
1

2�i

I
C

~Z

zN+1
dz;

£¤¥ § ¬ª­ãâë© ª®­âãà � ®å¢ âë¢ ¥â â®çªã z = 0:
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5.2 �ëç¨á«¥­¨¥ â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­

�ëïá­¨¬ ¯à¥¦¤¥ ¢á¥£® á¬ëá« ¯ à ¬¥âà®¢ � ¨ 
, ¢¢¥¤¥­­ëå á®®â­®è¥-
­¨ï¬¨ (4). �«ï � ¨¬¥¥¬ â® ¦¥ ®¯à¥¤¥«¥­¨¥, çâ® ¨ ¢ á«ãç ¥ ª ­®­¨ç¥áª®£®
 ­á ¬¡«ï, â.¥. � = 1=kT . �¯à¥¤¥«¥­¨¥ ¦¥ 
 ­ ¢®¤¨â ­  ¬ëá«ì ® á¢ï§¨ íâ®©
¢¥«¨ç¨­ë á å¨¬¨ç¥áª¨¬ ¯®â¥­æ¨ «®¬, ¯®áª®«ìªã ¯ à ¬¥âà å à ªâ¥à¨§ã¥â,
¢ ­¥ª®â®à®¬ á¬ëá«¥, ¨­â¥­á¨¢­®áâì ®¡¬¥­  ç áâ¨æ ¬¨ ­ è¥© á¨áâ¥¬ë á

¢­¥è­¨¬ ¬¨à®¬ (®â­®á¨â¥«ì­ãî áª®à®áâì ¨§¬¥­¥­¨ï áâ â¨áâ¨ç¥áª®£® ¢¥á 


W á ¨§¬¥­¥­¨¥¬ N).
� áá¬®âà¨¬ ¤¢¥ ¯®¤á¨áâ¥¬ë { S1 ¨ S2 { ­ è¥© á¨áâ¥¬ë, ­ å®¤ïé¨¥áï

¢ á®áâ®ï­¨¨ à ¢­®¢¥á¨ï ¤àã£ á ¤àã£®¬ ¨ á â¥à¬®áâ â®¬{à¥§¥à¢ã à®¬ W .
� á¨«ã áâ â¨áâ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨ PmN = P S1

m1N1
� P S2

m2N2
. �à¥­¥¡à¥£ ï

í­¥à£¨¥© ¢§ ¨¬®¤¥©áâ¢¨ï ¯®¤á¨áâ¥¬ S1 ¨ S2, ¨¬¥¥¬: EmN = Em1N1
+Em2N2

,
£¤¥ N = N1 +N2. �®¤áâ ¢«ïï íâ¨ á®®â­®è¥­¨ï ¢ (5), ¯®«ãç¨¬

1
~Z
exp(��EmN+
N) =

1
~ZS1

exp(��1Em1N1
+
1N1)�

1
~ZS2

exp(��2Em2N2
+
2N2):

�âáî¤  �1 = �2 = � , 
1 = 
2 = 
 ¨ ~Z = ~ZS1 � ~ZS2 , â. ¥. 
 ª ª ¨ � ï¢«ï¥âáï

¨­â¥­á¨¢­ë¬ ¯ à ¬¥âà®¬,   ln ~Z {  ¤¤¨â¨¢­®© ¢¥«¨ç¨­®©:

ln ~Z = ln ~ZS1 + ln ~ZS2 :

�®ª ¦¥¬, çâ® �1=� ln ~Z ¯à¥¤áâ ¢«ï¥â ¡®«ìè®© ¯®â¥­æ¨ « á¨áâ¥¬ë,  

 = ��. � ª ª ª

S = �k
1X
N=0

X
m
PmN lnPmN = �k

1X
N=0

X
m
PmN (��EmN + 
N � ln ~Z) =

= �k
hNi + k�hEi + k ln ~Z;

â®

�
1

�
ln ~Z = hEi �

1

k�
S �




�
hNi; (8)

£¤¥

hEi =
1X
N=0

X
m
EmNPmN � áà¥¤­ïï í­¥à£¨ï á¨áâ¥¬ë;
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hNi =
1X
N=0

X
m
NPmN � áà¥¤­¥¥ ç¨á«® ç áâ¨æ ¢ á¨áâ¥¬¥:

�® ®á­®¢­®¬ã ¯®áâã« âã áâ â¨áâ¨ç¥áª®© ä¨§¨ª¨ U � hEi ¨ (ç¨á«®
¬®«¥©�NA) � hNi ¨«¨ hNi=V � n { ¯«®â­®áâì ç¨á«  ç áâ¨æ. �¥à¢ë¥

¤¢  á« £ ¥¬ë¥ ¢ (8) ¤ îâ á¢®¡®¤­ãî í­¥à£¨î: hEi � S=k� = U � TS =
F; ¥á«¨ � = 1=kT; â. ¥. (8) ¯à¥¤áâ ¢«ï¥â ¢ëà ¦¥­¨¥ ¤«ï ¡®«ìè®£®

â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯®â¥­æ¨ «  J = F � �hNi, £¤¥ J = � ln ~Z=� ¨ 
 =
�=kT .

�¡¥¤¨¬áï, çâ® d(� 1

�
ln ~Z) ï¢«ï¥âáï ¤¨ää¥à¥­æ¨ «®¬ ¡®«ìè®£® ¯®â¥­-

æ¨ « , à áá¬ âà¨¢ ï ~Z = ~Z(z; �; V ) =
1P
N=0

zNZN (�; V ):

d(�
1

�
ln ~Z) = �

1

�
d ln ~Z +

1

�2
ln ~Zd�; (9)

d ln ~Z =
@ ln ~Z

@z
dz +

@ ln ~Z

@�
d� +

@ ln ~Z

@V
dV =

P
N
NzN�1ZNP
N
zNZN

dz +

+

P
N

P
m
(�EmNzN exp(��EmN )P

N
zNZN

d� + �

P
N

P
m
zN exp(��EmN )(�@EmN=@V )

P
N
zNZN

dV =

=
X
N

X
m
NPmN

dz

z
�
X
N

X
m
EmNPmNd� + �

X
N

X
m
(�@EmN=@V )PmNdV =

= hNi
dz

z
� hEid� + �PdV: (10)

�¤¥áì

P = h�
@E

@V
i �

1X
N=0

X
m
(�@EmN=@V )PmN � ¤ ¢«¥­¨¥ á¨áâ¥¬ë:

�®¤áâ ¢¨¢ (10) ¨ (8) ¢ (9), ¯®«ãç¨¬:

d(� ln ~Z=�) = �hNid ln z=�+hEid�=��PdV +(�hEi=�+S=k�2+
hNi=�)d� =

= (�hNid ln z=� � PdV + Sd�=k�2 + 
hNi=�)d�:
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� ª ª ª d ln z = d(��) = �d� + �d� ¨ d� = �k�2dT , â®

d(� ln ~Z=�) = �hNid� � PdV � SdT: (11)

�¯à ¢  ¢ (11) { ¨§¢¥áâ­®¥ ¨§ â¥à¬®¤¨­ ¬¨ª¨ ¢ëà ¦¥­¨¥ ¤«ï ¤¨ää¥-
à¥­æ¨ «  ¡®«ìè®£® ¯®â¥­æ¨ «  J = J(T; V; �), ¯®íâ®¬ã, ¤¥©áâ¢¨â¥«ì­®,

J = �kT ln ~Z:

5.3 �¥â®¤ ­ ¨¡®«¥¥ ¢¥à®ïâ­®£® à á¯à¥¤¥«¥­¨ï

�®«ìè®¥ ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ (â ª ¦¥, ª ª ¨ ª ­®­¨ç¥áª®¥)
¬®¦­® ¯®áâà®¨âì, ¨á¯®«ì§ãï ¡®«¥¥ ï¢­® ¯®­ïâ¨¥  ­á ¬¡«ï ¨ ¯à¥¤¯®«®¦¥­¨¥
® â®¬, çâ® à ¢­®¢¥á­®¬ã á®áâ®ï­¨î á¨áâ¥¬ë ®â¢¥ç ¥â ­ ¨¡®«¥¥ ¢¥à®ïâ­ ï

ª®­ä¨£ãà æ¨ï  ­á ¬¡«ï ¨«¨ ¬ ªá¨¬ã¬ ç¨á«  á¯®á®¡®¢ à á¯à¥¤¥«¥­¨ï ¯®«-
­®© í­¥à£¨¨  ­á ¬¡«ï ~E = const ¨ ¯®«­®£® ç¨á«  ç áâ¨æ ~N = const áà¥¤¨
ª®¯¨© ­ è¥© á¨áâ¥¬ë. �®á«¥¤­¨¥ ¬®¦­® à §¡¨âì ­  £àã¯¯ë ¯® �mN á¨-
áâ¥¬ ¢ ª ¦¤®©, £¤¥ ¤¢®©­®© ¨­¤¥ªá ®§­ ç ¥â, çâ® íª§¥¬¯«ïà (ª®¯¨ï) ­ è¥©
á¨áâ¥¬ë ­ å®¤¨âáï ¢ á®áâ®ï­¨¨ á í­¥à£¨¥© EmN ¨ ç¨á«®¬ N .

� ª ª ª

~N =
1X
N=0

X
m
�mN �N ; ~E =

1X
N=0

X
m
�mN �EmN ; � =

1X
N=0

X
m
�mN ; (12)

â® ®¡é¥¥ ç¨á«® â ª¨å à §«¨ç¨¬ëå ª®­ä¨£ãà æ¨© à ¢­® ç¨á«ã à §¡¨¥­¨©

¯®«­®£® ç¨á«  íª§¥¬¯«ïà®¢ á¨áâ¥¬ë ¢  ­á ¬¡«¥ � (� ! 1) ­  £àã¯¯ë ¯®

�mN íª§¥¬¯«ïà®¢ ¢ ª ¦¤®©:

~
 =
�!Q

m;N
�mN !

:

�à¥¤¯®« £ ï �mN � 1 ¨ ¨á¯®«ì§ãï ä®à¬ã«ã �â¨à«¨­£  ln�! ' � ln(�=e),
¤«ï ln ~
 ¯®«ãç¨¬

ln ~
 = � ln(�=e)�
1X
N=0

X
m
�mN ln(�mN=e): (13)

�â®¡ë ­ ©â¨ ­ ¨¡®«¥¥ ¢¥à®ïâ­ãî ª®­ä¨£ãà æ¨î  ­á ¬¡«ï, ­ã¦­®
®âëáª âì ¬ ªá¨¬ã¬ ln ~
 ¯à¨ ãá«®¢¨ïå (ãà ¢­¥­¨ïå á¢ï§¨) (12). � ¤ ç 
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¨áá«¥¤®¢ ­¨ï ­  ãá«®¢­ë© íªáâà¥¬ã¬ á¢®¤¨âáï ª § ¤ ç¥ ­ å®¦¤¥­¨ï ¡¥§-
ãá«®¢­®£® íªáâà¥¬ã¬  ¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¨ � = ln ~
 + �� � � ~E + 
 ~N
(�; �; 
 { ­¥®¯à¥¤¥«¥­­ë¥ ¬­®¦¨â¥«¨ � £à ­¦ , ª®â®àë¥ ¤®«¦­ë ®¡¥á¯¥-
ç¨¢ âì ®¡à é¥­¨¥ ¢ ­ã«ì ª®íää¨æ¨¥­â®¢ ¯à¨ ¢ à¨ æ¨ïå § ¢¨á¨¬ëå ¯¥à¥-
¬¥­­ëå):

�� = � ln ~
 +
1X
N=0

X
m

(� � �EmN + 
N) ��mN = 0; (14)

� ln ~
 =
X
N

X
m

@ ln ~


@�mN
��mN = �

X
N

X
m

ln �mN��mN : (15)

�®¤áâ ¢«ïï (15) ¢ (14) ¨ ¯à¨à ¢­¨¢ ï ª ­ã«î ª®íää¨æ¨¥­âë ¯à¨ ��mN ,
¯®«ãç¨¬ ­ ¡®à �mN , ®¡¥á¯¥ç¨¢ îé¨© ¬ ªá¨¬ã¬ ln ~
:

�mN = exp (� � �EmN + 
N)

�®¤ ¢¥à®ïâ­®áâìî â®£®, çâ® ­ è  á¨áâ¥¬  ­ å®¤¨âáï ¢ (m;N){á®áâ®ï­¨¨,
¡ã¤¥¬ ¯®­¨¬ âì ®â­®á¨â¥«ì­®¥ ç¨á«® â ª¨å íª§¥¬¯«ïà®¢ ¢  ­á ¬¡«¥:

PmN =
�mN
�

=
1

�
exp (� � �EmN + 
N) :

�á¯®«ì§ãï ãá«®¢¨¥ ­®à¬¨à®¢ª¨
P
m;N

PmN = 1; ¨§¡ ¢¨¬áï ®â � ¨ ¯®«ãç¨¬

¡®«ìè®¥ ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¢ ã¦¥ ¨§¢¥áâ­®© ­ ¬ ä®à¬¥ (5):

PmN =
1
~Z
exp (��EmN + 
N) :

5.4 �¥®à¥¬  �¥à­áâ 

�¯à¥¤¥«¨¬ í­âà®¯¨î á¨áâ¥¬ë ª ª «®£ à¨ä¬ "áâ â¨áâ¨ç¥áª®£® ¢¥á "
 ­á ¬¡«ï (ª ª ¨§®«¨à®¢ ­­®£® ®¡ê¥ªâ ), ®â­¥á¥­­ë© ª ®¤­®¬ã íª§¥¬¯«ïàã

S =
k ln

�



�

:
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�®¤áâ ¢¨¢ áî¤  ln
�


 ¨§ (13), ¯®«ãç¨¬ ã¦¥ ¨§¢¥áâ­®¥ ­ ¬ ¢ëà ¦¥­¨¥ ¤«ï

í­âà®¯¨¨

S = �k
X
N

X
m

�mN
�

ln
��mN

�

�
= �k

X
N

X
m
PmN lnPmN :

�á«¨ ¯à¨ T ! 0 ¢á¥ íª§¥¬¯«ïàë ¯¥à¥å®¤ïâ ¢ ®á­®¢­®¥ á®áâ®ï­¨¥, ªà â-
­®áâì ¢ëà®¦¤¥­¨ï ª®â®à®£® g; (â. ¥. g�0 = �;   ¢á¥ ®áâ «ì­ë¥ �mN = 0), â®
lim
T!0

S = k lng: � ª¨¬ ®¡à §®¬, lim
T!0

S = 0 ¤«ï g = 1 ¨ lim
T!0

S = const ¯à¨ g <
1:
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