
2 �¢ ­â®¢ë©  ­á ¬¡«ì. � âà¨æ  ¯«®â­®áâ¨

� ª¢ ­â®¢®© ¬¥å ­¨ª¥ á®áâ®ï­¨¥ ç áâ¨æë § ¤ ¥âáï ¢®«­®¢®© äã­ª-
æ¨¥©, ã¤®¢«¥â¢®àïîé¥© ãà ¢­¥­¨î�à¥¤¨­£¥à , ­® ¤«ï á¨áâ¥¬ë ¬­®£¨å ç -
áâ¨æ § ¤ ç  ­ å®¦¤¥­¨ï ¢®«­®¢®© äã­ªæ¨¨ ­¥¢¥à®ïâ­® á«®¦­ . �®«¥¥ â®£®,
¥á«¨ § ¤ ­ë ¬ ªà®áª®¯¨ç¥áª¨¥ ­ ç «ì­ë¥ ãá«®¢¨ï, â® ­ ©¤¥âáï ®£à®¬­®¥
ç¨á«® ¢®«­®¢ëå äã­ªæ¨© á¨áâ¥¬ë, á®¢¬¥áâ¨¬ëå á íâ¨¬¨ ãá«®¢¨ï¬¨, ª -
¦¤®© ¨§ ª®â®àëå ®â¢¥ç îâ á¢®¨ ª¢ ­â®¢®¬¥å ­¨ç¥áª¨¥ áà¥¤­¨¥, ª®â®àë¥,
¢®®¡é¥ £®¢®àï, ®â«¨ç îâáï ¤àã£ ®â ¤àã£ . � ª¨¬ ®¡à §®¬, §¤¥áì ¬ë á­®¢ 

®ª §ë¢ ¥¬áï ¢ â®© á¨âã æ¨¨, çâ® ¨ ¢ ª« áá¨ç¥áª®¬ á«ãç ¥, â. ¥. ç¨áâëå á®-
áâ®ï­¨© ­¥¤®áâ â®ç­® ¤«ï ®¯¨á ­¨ï áâ â¨áâ¨ç¥áª®© á¨áâ¥¬ë ¨ ­¥®¡å®¤¨¬®

¢¢¥¤¥­¨¥ á¬¥è ­­ëå á®áâ®ï­¨©.

2.1 �â â¨áâ¨ç¥áª¨© ®¯¥à â®à

�ãáâì á®áâ®ï­¨¥ ª¢ ­â®¢®© á¨áâ¥¬ë § ¤ ­® ¢¥ªâ®à®¬ j i. � §«®¦¨¬
¥£® ¯® ¯®«­®¬ã ­ ¡®àã ¢¥ªâ®à®¢ ­ è¥© á¨áâ¥¬ë j'ii ¨ ­ ¡®àã ¢¥ªâ®à®¢

®ªàã¦¥­¨ï ­ è¥© á¨áâ¥¬ë (¢­¥è­¥£® ¬¨à ) j�ji:

j i =X
i;j
cijj'iij�ji; (1)

£¤¥ cij -  ¬¯«¨âã¤  ¢¥à®ïâ­®áâ¨ â®£®, çâ® ­ è  á¨áâ¥¬  ­ å®¤¨âáï ¢ i-¬
á®áâ®ï­¨¨, ¯à¨ ãá«®¢¨¨, çâ® ®ªàã¦¥­¨¥ { ¢ j-¬ á®áâ®ï­¨¨. � ©¤¥¬ áà¥¤­¥¥

®¯¥à â®à  b̂, ®â¢¥ç îé¥£® ¤¨­ ¬¨ç¥áª®© äã­ªæ¨¨ b ­ è¥© á¨áâ¥¬ë:

hb̂i � h jb̂j i =X
i;j

X
k;l

c�lkcijh�kjh'ljb̂j'iij�ji =

=
X
i;j

X
k;l

c�lkcijh'ljb̂j'iih�kj�ji =X
i;j

X
k;l

c�lkcijbli�kj =
X
i;k

X
l

c�lkcikbli; (2)

£¤¥ bli = h'ljb̂j'ii { ¬ âà¨ç­ë© í«¥¬¥­â ®¯¥à â®à  b̂.
�¡®§­ ç¨¬ ç¥à¥§

%il =
X
k

c�lkcik (3)

¬ âà¨ç­ë¥ í«¥¬¥­âë ­¥ª®â®à®£® ®¯¥à â®à  %̂ , ¤¥©áâ¢ãîé¥£® ¢ ­ è¥© á¨-
áâ¥¬¥ (¨­¤¥ªáë i; l), ­® ãç¨âë¢ îé¥£® ¢«¨ï­¨¥ ®ªàã¦¥­¨ï (áã¬¬¨à®¢ ­¨¥
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¯® k). �ëà ¦¥­¨¥ ¤«ï áà¥¤­¥£® ®â b̂ â¥¯¥àì ¨¬¥¥â ¢¨¤

hb̂i =X
i;l

%̂ilbli: (4)

�á«¨ ®¯à¥¤¥«¨âì %̂ â ª, çâ®¡ë %il = h'ij%̂j'li, â® (4) ¬®¦­® ¯¥à¥¯¨á âì:

hb̂i =X
i;l

h'ij%̂j'lih'ljb̂j'ii =
X
i
h'ij%̂b̂j'ii = Tr(%̂b̂): (5)

(�ë ¨á¯®«ì§®¢ «¨ á¢®©áâ¢® ¯®«­®âë á®áâ®ï­¨©
P
l
j'lih'lj = I:) �ëà ¦¥­¨¥

Tr(%̂b̂) ¢ (5) ®§­ ç ¥â áã¬¬ã ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ (á«¥¤) ¬ âà¨ç­®£®
¯à¥¤áâ ¢«¥­¨ï ®¯¥à â®à  %̂b̂.

� ª®¢ë á¢®©áâ¢  %̂ ? �§ (3) ¢¨¤­®, çâ® (%�ik)
T = %ik ¨«¨ %�ki = %ik, â.

¥. %̂ { á ¬®á®¯àï¦¥­­ë© (íà¬¨â®¢) ®¯¥à â®à, ¨ ¥£® ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë
¢¥é¥áâ¢¥­­ë:

Pi � %ii =
X
k

jcikj2 � 0: (6)

�ë¡à ¢ b̂ = I , ­ ©¤¥¬
Tr%̂ =

X
i
Pi = 1: (7)

�¢®©áâ¢  (6), (7) ¯®§¢®«ïîâ ¨­â¥à¯à¥â¨à®¢ âì ¤¨ £®­ «ì­ë© í«¥¬¥­â Pi

®¯¥à â®à  %̂ ª ª ¢¥à®ïâ­®áâì â®£®, çâ® ­ è  á¨áâ¥¬  ­ å®¤¨âáï ¢ á®áâ®ï­¨¨
á ¢®«­®¢®© äã­ªæ¨¥© 'i(x) = hxj'ii. �¯¥à â®à %̂ á® á¢®©áâ¢ ¬¨ (5) { (7)
­ §ë¢ îâ áâ â¨áâ¨ç¥áª¨¬ ®¯¥à â®à®¬ ¨«¨ ¬ âà¨æ¥© ¯«®â­®áâ¨.

�á«¨ ¢§ïâì ¯®«­ë© ­ ¡®à á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ j ki ®¯¥à â®à  %̂, â -
ª®©, çâ®

%̂j ki = Pkj ki; (8)

â® áâ â¨áâ¨ç¥áª¨© ®¯¥à â®à ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

%̂ =
X
k

Pkj kih kj: (9)

�á«¨ ¢á¥ Pk, ªà®¬¥ ®¤­®£®, à ¢­ë ­ã«î, â® á¨áâ¥¬  ­ å®¤¨âáï ¢ ç¨áâ®¬
á®áâ®ï­¨¨ (¤¨­ ¬¨ç¥áª®¥ ®¯¨á ­¨¥), ¢ ¯à®â¨¢­®¬ á«ãç ¥ £®¢®àïâ ® á¬¥-
è ­­®¬ á®áâ®ï­¨¨ á¨áâ¥¬ë.
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� ¯¨è¥¬ ¢ëà ¦¥­¨¥ ¤«ï áà¥¤­¥£® §­ ç¥­¨ï ®¯¥à â®à  b̂, ¨á¯®«ì§ãï
¯à¥¤áâ ¢«¥­¨¥ (8):

hbi = Tr(%̂b̂) =
X
k

h kj%̂b̂j ki =
X
k;i

h kj%̂j iih iijb̂j ki =

=
X
k;i

Pi�kih ijb̂j ki =
X
k

Pkh kjb̂j ki =
X
k

Pk b(k): (10)

� ª¨¬ ®¡à §®¬, hbi ¥áâì áà¥¤­¥¥ (¯®  ­á ¬¡«î) ®â ª¢ ­â®¢®¬¥å ­¨ç¥áª®£®
áà¥¤­¥£® b(k) { áà¥¤­¥£® ®â ®¯¥à â®à  b̂ ¢ á®áâ®ï­¨¨ j ki; ¯à¨ç¥¬ á ¬® j ki-
¥ á®áâ®ï­¨¥ ­ è¥© á¨áâ¥¬ë à¥ «¨§ã¥âáï á ¢¥à®ïâ­®áâìî Pk. �® ¦¥ á ¬®¥
¬®¦­® ã¢¨¤¥âì, ¥á«¨ ¢®á¯®«ì§®¢ âìáï ­ ¡®à®¬ á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ ®¯¥-
à â®à  b̂. �®¤áâ ¢¨¬ (9) ¢ (5):

hbi =X
i
h'ij%̂b̂j'ii =

X
i;k

Pkh'ij kih kjb̂j'ii:

� ª ª ª b̂j'ii = bij'ii, â®
hbi =X

i;k

Pkbi'
�(k)
i '(k)

i =
X
k

Pk b(k);

£¤¥ b(k) =
P
i
bij'(k)

i j2; '(k)
i � h kj'ii:

� á«ãç ¥ ç¨áâ®£® á®áâ®ï­¨ï (Pk 6=1 = 0; P1 = 1) ¨¬¥¥¬ hbi = b(1) {
à¥§ã«ìâ â ¤¨­ ¬¨ç¥áª®£® ®¯¨á ­¨ï. �á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ (9) ¬®¦­®
¯®ª § âì, çâ® ¤«ï ç¨áâ®£® á®áâ®ï­¨ï %̂2 = %̂.

2.2 �à¨¬¥àë ¬ âà¨æë ¯«®â­®áâ¨

�à¨¢¥¤¥¬ ¢ ª ç¥áâ¢¥ ¯à¨¬¥à  ¬ âà¨æã ¯«®â­®áâ¨ ¤«ï ¯®«ïà¨§®¢ ­-
­®£® á¢¥â . �¢¥¤¥¬ ¤«ï ¯ãçª , à á¯à®áâà ­ïîé¥£®áï ¢¤®«ì ®á¨ Z, ¢¥ªâ®àë

á®áâ®ï­¨© j'1i =

0
@ 1

0

1
A { ¤«ï ¯®«ïà¨§ æ¨¨ ¢¤®«ì ®á¨ X ¨ j'2i =

0
@ 0

1

1
A {

¢¤®«ì ®á¨ Y . �î¡®¥ ç¨áâ®¥ á®áâ®ï­¨¥ ¥áâì áã¯¥à¯®§¨æ¨ï j'1i ¨ j'2i ( j'1i
¨ j'1i ®àâ®£®­ «ì­ë, â. ¥. h'ij'ji = �ij):

j'i = c1j'1i + c2j'2i =
0
@ c1
c2

1
A ;
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£¤¥ c1 = h'1j'i, c2 = h'2j'i ¨ jc1j2 + jc2j2 = 1.
1. � ©¤¥¬ ¬ âà¨ç­ë¥ í«¥¬¥­âë ¢ ç¨áâ®¬ á®áâ®ï­¨¨ %̂ = j'ih'j:

%il = h'ij%̂j'li = h'ij'ih'j'li; â. ¥.

%̂ =

0
@ c1c

�
1 c1c�2

c2c�1 c2c�2

1
A :

�¢¥âã, ¯®«ïà¨§®¢ ­­®¬ã ¢¤®«ì ®á¨ X (c1 = 1; c2 = 0), ®â¢¥ç ¥â ¬ -
âà¨æ  ¯«®â­®áâ¨

%̂x =

0
@ 1 0

0 0

1
A ;

á®áâ®ï­¨î ¯®«ïà¨§ æ¨¨ ¢¤®«ì ®á¨ Y (c1 = 0; c2 = 1) {

%̂y =

0
@ 0 0

0 1

1
A ;

á®áâ®ï­¨î ¯®«ïà¨§ æ¨¨ ¯®¤ ã£«®¬ �=4 ª ®á¨ X (c1 = c2 = 1=
p
2) {

%̂�=4 =

0
@ 1=2 1=2

1=2 1=2

1
A ;

á®áâ®ï­¨î ¯®«ïà¨§ æ¨¨ ¯®¤ ã£«®¬ 3�=4 (c1 = �c2 = �1=
p
2) {

%̂3�=4 =

0
@ 1=2 �1=2
�1=2 1=2

1
A :

2. �¬¥è ­­ë¥ á®áâ®ï­¨ï ¬®¦¥¬ ¯à¨£®â®¢¨âì, ¢§ï¢ á á®®â¢¥âáâ¢ãî-
é¨¬¨ ¢¥á ¬¨ ç¨áâë¥ á®áâ®ï­¨ï (á¬. (9)):

%̂ =
X
k

Pk %̂
ç¨áâ

k ;
X
k

Pk = 1:

� ª, ¤«ï ¯ãçª , ï¢«ïîé¥£®áï á¬¥áìî á®áâ®ï­¨© 0; 5%x ¨ 0; 5%y, ¬ âà¨æ 
¯«®â­®áâ¨ ¥áâì:

%̂ = 0; 5%̂x + 0; 5%̂y =

0
@ 1=2 0

0 1=2

1
A :

�«ï á¬¥á¨ 0; 5%̂�=4 ¨ 0; 5%̂3�=4 ¨¬¥¥¬ âã ¦¥ á ¬ãî ¬ âà¨æã ¯«®â­®áâ¨, ¨ ¤¢ 
¯®á«¥¤­¨å á¬¥è ­­ëå á®áâ®ï­¨ï ä¨§¨ç¥áª¨ ­¥à §«¨ç¨¬ë: %̂ ¯à¥¤áâ ¢«ï¥â
á¬¥áì á®áâ®ï­¨© á ®â­®á¨â¥«ì­ë¬ ã£«®¬ á¬¥è¨¢ ­¨ï �=2 ¨ ¢¥á ¬¨ P1 =
= P2 = 1=2.
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2.3 �à ¢­¥­¨¥ ä®­ �¥©¬ ­ 

�«ï £ ¬¨«ìâ®­®¢®© á¨áâ¥¬ë § ¢¨á¨¬®áâì ¢¥ªâ®à  á®áâ®ï­¨ï § ¤ ¥âáï

ãà ¢­¥­¨¥¬ (íª¢¨¢ «¥­â­ë¬ ãà ¢­¥­¨î �à¥¤¨­£¥à )

j'i(t)i = exp(�iĤt=�h)j'i(0)i:
�á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ (9), ­ ©¤¥¬ %̂(t):

%̂(t) =
X
k

Pk exp(�iĤt=�h)j'k(0)ih'k(0)j exp(iĤt=�h);
â. ¥.

%̂(t) = exp(�iĤt=�h)%̂(0) exp(iĤt=�h): (11)

�à®¤¨ää¥à¥­æ¨àã¥¬ (11) ¯® t :

@%̂

@t
= �iĤ

�h
exp(�iĤt=�h)%̂(0) exp(iĤt=�h) +

+ exp(�iĤt=�h)%̂(0)iĤ
�h

exp(iĤt=�h) = � i

�h
[Ĥ%̂(t)� %̂(t)Ĥ]:

(�ë ¢®á¯®«ì§®¢ «¨áì ª®¬¬ãâ¨àã¥¬®áâìî Ĥ ¨ exp(iĤt=�h).) �¡®§­ ç¨¢ ª®¬-
¬ãâ â®à (Ĥ%̂� %̂Ĥ) ç¥à¥§ [Ĥ; %̂]; § ¯¨è¥¬ ãà ¢­¥­¨¥ í¢®«îæ¨¨ áâ â¨áâ¨ç¥-
áª®£® ®¯¥à â®à  (¬ âà¨æë ¯«®â­®áâ¨) ¢ ¢¨¤¥

i�h
@%̂

@t
= [Ĥ; %̂]: (12)

�« áá¨ç¥áª¨© ¯à¥¤¥« �h! 0 ãà ¢­¥­¨ï ä®­ �¥©¬ ­  (12) ¤ ¥â ãà ¢­¥-
­¨¥ �¨ã¢¨««ï (¯à ¢¨«® á®®â¢¥âáâ¢¨ï ¬¥¦¤ã ª®¬¬ãâ â®à®¬ ¨ áª®¡ª®© �ã á-
á®­  á«¥¤ãîé¥¥: (1=i�h)[Ĥ; %̂] ! fH; %g):

2.4 �á­®¢­®© ¯®áâã« â ª¢ ­â®¢®© áâ â¨áâ¨ç¥áª®© ä¨§¨ª¨

�®áâ®ï­¨¥ á¨áâ¥¬ë ¢ ¤ ­­ë© ¬®¬¥­â ¢à¥¬¥­¨ ¯®«­®áâìî ®¯à¥¤¥«ï-
¥âáï § ¤ ­¨¥¬ áâ â¨áâ¨ç¥áª®£® ®¯¥à â®à  (¬ âà¨æë ¯«®â­®áâ¨) %̂;   ­ ¡«î-
¤ ¥¬ ï B ¥áâì áà¥¤­¥¥ ®â ®¯¥à â®à  b̂; ®â¢¥ç îé¥£® ¤¨­ ¬¨ç¥áª®© äã­ªæ¨¨
b, ¨ ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

B � hbi = Tr(%̂b̂); T r%̂ = 1:
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