
7 �­ãâà¥­­¨¥ áâ¥¯¥­¨ á¢®¡®¤ë

7.1 �¯¨­ ç áâ¨æë

�¥®¡å®¤¨¬® á¤¥« âì ®¤­® ãâ®ç­¥­¨¥, á¢ï§ ­­®¥ á áãé¥áâ¢®¢ ­¨¥¬ â -
ª®© å à ªâ¥à¨áâ¨ª¨ ç áâ¨æë, ª ª á¯¨­. �«®â­®áâì á®áâ®ï­¨© ¯®áâã¯ â¥«ì-
­ëå áâ¥¯¥­¥© á¢®¡®¤ë ¡ë«  ­ ¬¨ § ¯¨á ­  ¤«ï ¡¥áá¯¨­®¢ëå ç áâ¨æ. �à¨
®âáãâáâ¢¨¨ í«¥ªâà®¬ £­¨â­®£® ¯®«ï í­¥à£¨ï ç áâ¨æë ­¥ § ¢¨á¨â ®â á¯¨­ ,
â.¥. á®áâ®ï­¨¥ ¢ëà®¦¤¥­® ¯® ¯à®¥ªæ¨¨ á¯¨­ , ¯à¨ç¥¬ ªà â­®áâì ¢ëà®¦¤¥-
­¨ï ¤«ï ç áâ¨æ á m 6= 0 ¥áâì gs = 2s+1, £¤¥ s { á¯¨­®¢®¥ ª¢ ­â®¢®¥ ç¨á«®,
¯à¨­¨¬ îé¥¥ æ¥«ë¥ ¨«¨ ¯®«ãæ¥«ë¥ §­ ç¥­¨ï. � ãç¥â®¬ íâ®£® â¨¯  ¢­ã-
âà¥­­¨å áâ¥¯¥­¥© á¢®¡®¤ë ç¨á«® á®áâ®ï­¨© ç áâ¨æë á ¨¬¯ã«ìá ¬¨ p0 < p
¥áâì
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â. ¥. ®â«¨ç ¥âáï ¬­®¦¨â¥«¥¬ gs ®â á«ãç ï, à áá¬®âà¥­­®£® ¢ «¥ªæ¨¨ 6, ¨
¯«®â­®áâì á®áâ®ï­¨© à ¢­ :
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:

�á«¨ á¨áâ¥¬  ¯®¬¥é¥­  ¢® ¢­¥è­¥¥ ¯®«¥ u(~r), ­¥ á­¨¬ îé¥¥ á¯¨­®¢®£®
¢ëà®¦¤¥­¨ï, ¨ u(~r) ¤®áâ â®ç­® á« ¡® § ¢¨á¨â ®â r, â ª çâ® jr�j � 1 (§¤¥áì
� = h=

q
2m ["� u(~r)]), â® á¯à ¢¥¤«¨¢® ª¢ §¨ª« áá¨ç¥áª®¥ ¯à¨¡«¨¦¥­¨¥ ¨
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£¤¥ "(~r; ~p) = "p + u(~r) { ®¤­®ç áâ¨ç­ ï äã­ªæ¨ï � ¬¨«ìâ®­ ; ¨«¨
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£¤¥ v = @"=@p { áª®à®áâì ç áâ¨æë. �«ï "p = p2=2m
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�¥âàã¤­® ã¢¨¤¥âì, çâ® ¯®ï¢«¥­¨¥ ¬­®¦¨â¥«ï gs ¢ D(") ­¥ áª ¦¥âáï
­  ãà ¢­¥­¨ïå á®áâ®ï­¨ï £ § , ­® ¨§¬¥­¨â í­âà®¯¨©­ãî ª®­áâ ­âã S0:
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7.2 �¥¬¯¥à âãà­ ï § ¢¨á¨¬®áâì â¥¯«®¥¬ª®áâ¨ £ §  ¬­®£® â®¬-
­ëå ¬®«¥ªã« (ª ç¥áâ¢¥­­ë© ¢§£«ï¤)

� áá¬®âà¨¬ â¥¯¥àì á¢®©áâ¢  £ § , ç áâ¨æ ¬¨ ª®â®à®£® ï¢«ïîâáï ¬®-
«¥ªã«ë, ¨, á«¥¤®¢ â¥«ì­®, ­¥®¡å®¤¨¬® ãç¥áâì ¢ª« ¤, ®¡ãá«®¢«¥­­ë© ¢à é¥-
­¨¥¬ ¬®«¥ªã« ¢ ¯à®áâà ­áâ¢¥ ¨ ª®«¥¡ ­¨ï¬¨  â®¬®¢ ¢ ¬®«¥ªã«¥. � ¯¥à¢®¬

¯à¨¡«¨¦¥­¨¨ ¬®¦­® áç¨â âì, çâ® ª®«¥¡ â¥«ì­ë¥ ¨ ¢à é â¥«ì­ë¥ áâ¥¯¥­¨
á¢®¡®¤ë ï¢«ïîâáï ­¥§ ¢¨á¨¬ë¬¨: "fi=j�vg = "j+"v; ("j; "v ; { ¢à é â¥«ì­ë©
¨ ª®«¥¡ â¥«ì­ë© á¯¥ªâàë ¬®«¥ªã« á®®â¢¥âáâ¢¥­­®). �®£¤  ¬®¦­® ¯à®¤®«-
¦¨âì ä ªâ®à¨§ æ¨î áâ âáã¬¬ë: Zin

1 = Zr
1 �Z

v
1 : �«¥¤®¢ â¥«ì­®, ¢ª« ¤ë ¢à -

é¥­¨© ¨ ª®«¥¡ ­¨© ¢ á¢®¡®¤­ãî í­¥à£¨î (¢ í­âà®¯¨î, ¢­ãâà¥­­îî í­¥à-
£¨î ¨ â.¯.)  ¤¤¨â¨¢­ë:

F (¢­) = �NkT (lnZr
1 + lnZv

1 ) = F (r) + F (v) (1)

�¯¥ªâàë "j , "v ¢ íâ®¬ ¯à¨¡«¨¦¥­¨¨ § ¢¨áïâ â®«ìª® ®â ¬®«¥ªã«ïà-
­ëå ¯ à ¬¥âà®¢, â ª¨å, ª ª â¥­§®à ¬®¬¥­â  ¨­¥àæ¨¨, å à ªâ¥à¨áâ¨ç¥áª¨¥
ç áâ®âë, ¨ á«¥¤ã¥â ®¦¨¤ âì, çâ® F (r) ¨ F (v) ¢ (1) ï¢«ïîâáï äã­ªæ¨ï¬¨

â®«ìª® â¥¬¯¥à âãàë ¨ ­¥ § ¢¨áïâ ®â ®¡ê¥¬ , § ­¨¬ ¥¬®£® £ §®¬. �®íâ®¬ã
â¥à¬¨ç¥áª®¥ ãà ¢­¥­¨¥ á®áâ®ï­¨ï P = nkT ®áâ ¥âáï ¡¥§ ¨§¬¥­¥­¨ï, ­® â¥-
¯«®¥¬ª®áâì áâ ­®¢¨âáï, ¢®®¡é¥ £®¢®àï, § ¢¨áïé¥© ®â â¥¬¯¥à âãàë ¢ á¨«ã

â®£®, çâ® F (r) = F (r)(T ) ¨ F (v) = F (v)(T ): �à¨ç¨­®© ¯®ï¢«¥­¨ï â¥¬¯¥à âãà-
­®© § ¢¨á¨¬®áâ¨ ï¢«ï¥âáï ¤¨áªà¥â­ë© å à ªâ¥à í­¥à£¥â¨ç¥áª®£® á¯¥ªâà 

¬®«¥ªã«ë.
�á«¨ â¥¬¯¥à âãà  â ª®¢ , çâ® kT � �"i = "i�"i�1; â® ¯¥à¥å®¤ë ¬®«¥-

ªã«ë ¢ ¢®§¡ã¦¤¥­­®¥ á®áâ®ï­¨¥ ¯à®¨áå®¤ïâ ªà ©­¥ à¥¤ª® ¨ á®®â¢¥âáâ¢ãî-
é¨¥ áâ¥¯¥­¨ á¢®¡®¤ë ­¥ ¤ îâ ¢ª« ¤  ¢ á¢®¡®¤­ãî í­¥à£¨î ¨ â¥¯«®¥¬ª®áâì

CV . � íâ®¬ á«ãç ¥ £®¢®àïâ ® "§ ¬®à®¦¥­­ëå" áâ¥¯¥­ïå á¢®¡®¤ë. �® ¬¥à¥
ã¢¥«¨ç¥­¨ï â¥¬¯¥à âãàë ¢á¥ ¡®«ìè¥¥ ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë "à §¬®à ¦¨-
¢ ¥âáï" ¨ ¤ ¥â ¢á¥ ¡®«¥¥ § ¬¥â­ë© ¢ª« ¤ ¢ CV . �à¨ kT � �"i á®ã¤ à¥­¨ï
¬®«¥ªã« á® áâ¥­ª ¬¨ ¨«¨ ¤àã£ á ¤àã£®¬ ¢ë§ë¢ îâ ¨­â¥­á¨¢­ë¥ ¯¥à¥å®¤ë ¢

¢®§¡ã¦¤¥­­®¥ á®áâ®ï­¨¥,   á¯¥ªâà ¢®§¡ã¦¤¥­¨© ¬®¦­® áç¨â âì ª¢ §¨­¥¯à¥-
àë¢­ë¬ ¢ á¨«ã ¬ «®áâ¨ í­¥à£¥â¨ç¥áª®£® "§ §®à " , ¨ CV ¡ã¤¥â áâà¥¬¨âìáï ª

­¥ª®â®à®¬ã ¯®áâ®ï­­®¬ã §­ ç¥­¨î (ª« áá¨ç¥áª®¬ã ¯à¥¤¥«ã), ¥á«¨ ¯à¨ íâ®¬
­¥ ¯®ï¢¨âáï ¢ª« ¤ ¤àã£¨å, à §¬®à ¦¨¢ îé¨åáï, áâ¥¯¥­¥© á¢®¡®¤ë.
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�¤®¡­® ¢¢¥áâ¨ å à ªâ¥à¨áâ¨ç¥áªãî "â¥¬¯¥à âãàã" �� = �"�=k ¤«ï

ª ¦¤®£® â¨¯  � ¢­ãâà¥­­¨å áâ¥¯¥­¥© á¢®¡®¤ë; áà ¢­¥­¨¥ T á íâ¨¬ ¯ à -
¬¥âà®¬ ¨ ¯®§¢®«ï¥â áã¤¨âì ® áâ¥¯¥­¨ § ¬®à®¦¥­­®áâ¨ á®®â¢¥âáâ¢ãîé¨å

¯¥à¥å®¤®¢: T � �� { ¯¥à¥å®¤ë § ¬®à®¦¥­ë; T � �� { ª« áá¨ç¥áª¨© à¥¦¨¬.

7.3 �à é â¥«ì­ë¥ áâ¥¯¥­¨ á¢®¡®¤ë

�ª« ¤ ¢à é â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë à áá¬®âà¨¬ ­  ¯à¨¬¥à¥ ¯«®á-
ª®£® ¦¥áâª®£® à®â â®à  { ¬®¤¥«¨ ¤¢ãx â®¬­®© £¥â¥à®ï¤¥à­®© ¬®«¥ªã«ë á

¦¥áâª®© á¢ï§ìî.
�¥è¥­¨¥ ãà ¢­¥­¨ï �à¥¤¨­£¥à 

Ĥ jj; jzi =
�h2j(j + 1)

2I
jj; jzi

¤ ¥â ¢à é â¥«ì­ë© á¯¥ªâà ¬®«¥ªã«ë:

"j =
�h2

2I
j(j + 1);

£¤¥ I { ¬®¬¥­â ¨­¥àæ¨¨ à®â â®à ; j = 0; 1; 2; ::: { ª¢ ­â®¢®¥ ç¨á«®, ®â¢¥ç -
îé¥¥ ®¯¥à â®àã ª¢ ¤à â  ã£«®¢®£® ¬®¬¥­â  ĵ2 : ĵ2 jj; jzi = j(j + 1) jj; jzi :
�®áâ®ï­¨¥ á ®¯à¥¤¥«¥­­ë¬ j ï¢«ï¥âáï ¢ëà®¦¤¥­­ë¬ ¯® z-¯à®¥ªæ¨¨ jz ã£«®-
¢®£® ¬®¬¥­â  á ªà â­®áâìî ¢ëà®¦¤¥­¨ï gj = 2j + 1: �®íâ®¬ã áâ â¨áâ¨ç¥-
áª ï áã¬¬  § ¯¨è¥âáï ª ª

Zr
1 =

1X
j=0

jX
jz=�j

exp (��"j) =
1X
j=0

(2j + 1) exp
"
�
�r
T
j(j + 1)

#
; (2)

£¤¥ �r = �h2=2Ik { å à ªâ¥à¨áâ¨ç¥áª ï â¥¬¯¥à âãà  ¢à é â¥«ì­ëå áâ¥¯¥­¥©
á¢®¡®¤ë.

�ëç¨á«¨¬ Zr
1 ¢ ¤¢ãå ¯à¥¤¥«ì­ëå á«ãç ïå: T � �r ¨ T � �r. �à¨

­¨§ª¨å â¥¬¯¥à âãà å (T � �r) ®á­®¢­®© ¢ª« ¤ ¢ áâ âáã¬¬ã ¤ îâ ¯¥à¢ë¥

¤¢  ç«¥­ , â ª ª ª íªá¯®­¥­â  ¢ íâ®¬ á«ãç ¥ ¬ « :

Zr
1 ' 1 + 3 exp
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�r
T
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:
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�à¥¤­ïï í­¥à£¨ï ¢à é â¥«ì­®£® ¤¢¨¦¥­¨ï ¬®«¥ªã«ë ¥áâì

h"ri ' kT 2@ lnZr
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' 6k�r exp
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;

  ¢ª« ¤ ¢ â¥¯«®¥¬ª®áâì ¢ ¯¥à¥áç¥â¥ ­  ®¤­ã ¬®«¥ªã«ã à ¢¥­:

~Cr
V =

d h"ri

dT
' 12k
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!2
exp
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:

(�à¨ T ! 0 ~Cr
V ! 0; â. ¥. ¢ë¯®«­ï¥âáï § ª®­ �¥à­áâ .)

�à¨ ¢ëá®ª¨å â¥¬¯¥à âãà å (T � �r) áã¬¬¨à®¢ ­¨¥ ¢ (2) ¢ë¯®«­¨¬ á

¯®¬®éìî ä®à¬ã«ë �©«¥à  { � ª«®à¥­ 
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720
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ª®â®à ï ¤ ¥â å®à®è¥¥ ¯à¨¡«¨¦¥­¨¥ ¤«ï àï¤ , ¥á«¨ f(j) ¬ «® ¨§¬¥­ï¥âáï ­ 
®¤­®¬ è £¥ j ! j + 1 :
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� ª¨¬ ®¡à §®¬, ¢ª« ¤ ¢à é â¥«ì­ëå áâ¥¯¥­¥© ¢® ¢­ãâà¥­­îî í­¥à£¨î

£ §  N ¤¢ãå â®¬­ëå ¬®«¥ªã« ¯à¨ ¢ëá®ª¨å â¥¬¯¥à âãà å à ¢¥­:
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¨ ¢ ¯à¥¤¥«¥ T !1

U r ' NkT �
1

3
Nk�r:

�®áâ®ï­­ ï U r
0 = �1

3Nk�r ®â«¨ç ¥â íâ®â à¥§ã«ìâ â ®â à áç¥â  ¢ à ¬ª å

ª« áá¨ç¥áª®£® áâ â¨áâ¨ç¥áª®£® ®¯¨á ­¨ï, ¢ ª®â®à®¬ U¢à

ª« = NkT ¯à¨ «î¡ëå

T . �«ï â¥¯«®¥¬ª®áâ¨ Cr
V ¨§ (4) ­ ©¤¥¬
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2
41 +

1
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�r
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â. ¥. ¢ ¯à¥¤¥«¥ T !1 ¯®«ãç¨¬ à¥§ã«ìâ â ª« áá¨ç¥áª®© â¥®à¨¨ Cr
V = Nk:

�â®â à¥§ã«ìâ â ¬®¦­® áà §ã ¯®«ãç¨âì ­  ®á­®¢¥ â¥®à¥¬ë ® à ¢­®à á¯à¥¤¥-
«¥­¨¨ í­¥à£¨¨: ¤¢¥ ¢à é â¥«ì­ë¥ (ª¢ ¤à â¨ç­ë¥) áâ¥¯¥­¨ á¢®¡®¤ë ¤ îâ

¢ª« ¤ ¢ áà¥¤­îî í­¥à£¨î, à ¢­ë© 2kT=2 = kT .

7.4 �®«¥¡ ­¨ï ¬®«¥ªã«

�®«¥¡ ­¨ï ¢ ¬­®£® â®¬­ëå ¬®«¥ªã« å ¢ £ à¬®­¨ç¥áª®¬ ¯à¨¡«¨¦¥­¨¨

¬®¦­® ¯à¥¤áâ ¢¨âì ª ª áã¯¥à¯®§¨æ¨î ­®à¬ «ì­ëå ª®«¥¡ ­¨© á å à ªâ¥à¨-
áâ¨ç¥áª¨¬¨ ç áâ®â ¬¨ !�. �¨á«® ª®«¥¡ â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë d ¬®«¥-
ªã«ë, á®áâ®ïé¥© ¨§ `  â®¬®¢, à ¢­® ¯®«­®¬ã ç¨á«ã áâ¥¯¥­¥© á¢®¡®¤ë 3` § 
¢ëç¥â®¬ ¯®áâã¯ â¥«ì­ëå ¨ ¢à é â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë:

d =
(
3`� 6; ¯à®¨§¢®«ì­ ï ª®­ä¨£ãà æ¨ï  â®¬®¢;
3`� 5; «¨­¥©­ ï æ¥¯®çª   â®¬®¢.

�® ¢â®à®¬ á«ãç ¥ ¯®¤à §ã¬¥¢ ¥âáï, çâ® ¢à é â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë

â®«ìª® ¤¢¥: ¢à é¥­¨¥ ¢®ªàã£ ®á¨, ¯à®å®¤ïé¥© ç¥à¥§ æ¥­âàë  â®¬®¢, ¤ ¥â
¯à¥­¥¡à¥¦¨¬® ¬ «ë© ¢ª« ¤, â ª ª ª ¬ áá   â®¬  á®áà¥¤®â®ç¥­  ¢ ®¡« áâ¨
� 10�13 á¬, çâ® ¢ � 105 à § ¬¥­ìè¥ å à ªâ¥à­ëå ¬®«¥ªã«ïà­ëå à §¬¥à®¢.

�®¡áâ¢¥­­ë¥ §­ ç¥­¨ï í­¥à£¨¨ £ à¬®­¨ç¥áª®£® ®áæ¨««ïâ®à , ¯à¥¤áâ -
¢«ïîé¥£® ¢ª« ¤ ­®à¬ «ì­®£® ª®«¥¡ ­¨ï á ç áâ®â®© !�; ¤ îâáï ä®à¬ã«®©
"�v =

�
v + 1

2

�
�h!�; £¤¥ v = 0; 1; 2; : : : �â â¨áâ¨ç¥áª ï áã¬¬  ¤«ï â ª®£® ®á-

æ¨««ïâ®à  à ¢­ :

Z�
1 =

1X
v=0

exp (��"v) ;

  ª®«¥¡ â¥«ì­ ï áâ âáã¬¬  ¬®«¥ªã«ë ¥áâì

Zv
1 =

dY
�=1

Z�
1 =

dY
�=1

1X
v=0

exp
"
�
��
T
(v +

1

2
)
#
;

£¤¥ �� = �h!�=k { å à ªâ¥à¨áâ¨ç¥áª ï â¥¬¯¥à âãà  ¤«ï �-¬®¤ë ª®«¥¡ ­¨©.
� ©¤¥¬ â¥¯¥àì ¢ª« ¤ ª®«¥¡ â¥«ì­ëå áâ¥¯¥­¥© ¢ â¥¯«®¥¬ª®áâì. � ª ª ª

Z�
1 =

exp (���=2T )

1� exp (���=T )
=

1

2sh (��=2T )
;
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â®

h"vi =
dX

�=1
h"v�i = �kT 2

dX
�=1

@

@T
ln
 
2sh

��
2T

!
=

dX
�=1

k��
2

cth
��
2T

:

�à¥¤­îî í­¥à£¨î ®¤­®£® ®áæ¨««ïâ®à  ¬®¦­® § ¯¨á âì ¨ ¢ ¤àã£®¬ ¢¨¤¥:

h"v�i =
1

2
k�� +

k��
exp (��=T ) � 1

;

¨

~C� = k
 
��
T

!2 exp (��=T )

[exp (��=T ) � 1]2
= kE

 
��
2T

!
; (5)

£¤¥ E (x) � x2=sh2x { äã­ªæ¨ï �©­èâ¥©­ .
�à¨ ­¨§ª¨å â¥¬¯¥à âãà å (T � ��) ¨§ (5) ­ å®¤¨¬

~C� ' k
 
��
T

!2
exp

 
�
��
T

!
�!
T!0

0:

�à¨ ¢ëá®ª¨å â¥¬¯¥à âãà å ¢®á¯®«ì§ã¥¬áï à §«®¦¥­¨¥¬ cthx ' 1=x + x=3
¤«ï x� 1:

h"v�i ' kT

2
41 +

1

12

 
��
T

!235 �!
T!1

kT:

�®£¤ 

~C� ' k

2
41� 1

12

 
��
T

!235 �!
T!1

k;

â. ¥. â¥¯«®¥¬ª®áâì áâà¥¬¨âáï ª á¢®¥¬ã ª« áá¨ç¥áª®¬ã §­ ç¥­¨î k, â ª ª ª
®¤­®© ®áæ¨««ïâ®à­®© ¬®¤¥ ®â¢¥ç îâ ¤¢  ª¢ ¤à â¨ç­ëå á« £ ¥¬ëå

"(p; q) = p2=2m + �q2=2:

�§¬¥à¥­­ë¥ ­  ®¯ëâ¥ §­ ç¥­¨ï �� � 103K. � ¯à¨¬¥à, �CCl4
� = 1116K,

�H2

� = 6100K, â. ¥. ª®«¥¡ â¥«ì­ë¥ áâ¥¯¥­¨ ¯à¨ ª®¬­ â­ëå â¥¬¯¥à âã-
à å ¯à ªâ¨ç¥áª¨ § ¬®à®¦¥­ë. �«ï ¢à é â¥«ì­ëå ¦¥ áâ¥¯¥­¥© �r � 100K,
¨ ®­¨ ¯à¨ ­®à¬ «ì­ëå ãá«®¢¨ïå ã¦¥ ­ å®¤ïâáï ¢ ª« áá¨ç¥áª®© ®¡« áâ¨

(�H2

r = 85; 4K, �N2

r = 2; 86K). �â® ¨ ®¡êïá­ï¥â § £ ¤ªã "5R=2" â¥¯«®¥¬-
ª®áâ¨ CV £ §  ¤¢ãå â®¬­ëå ¬®«¥ªã«, ª®â®àãî ­¥ ¬®£«¨ ¯®­ïâì ¢ à ¬ª å

ª« áá¨ç¥áª®£® áâ â¨áâ¨ç¥áª®£® ®¯¨á ­¨ï.
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