
6 �¤¥ «ì­ë¥ á¨áâ¥¬ë ¢ ¡®«ìæ¬ ­®¢áª®¬ ¯à¨¡«¨¦¥-

­¨¨

�à¨¬¥­¨¬ â¥¯¥àì ®¡éãî áå¥¬ã áâ â¨áâ¨ç¥áª®£® ®¯¨á ­¨ï ª ®¯à¥¤¥-
«¥­­®¬ã ª« ááã á¨áâ¥¬, ª®â®àë¥ ­ §ë¢ îâ ¨¤¥ «ì­ë¬¨. �â® á¨áâ¥¬ë, ¢ ª®-
â®àëå ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¬¥¦¤ã á®áâ ¢«ïîé¨¬¨ á¨áâ¥¬ã ¬®¦­® ¯à¥­¥¡à¥çì.
� ¬¨«ìâ®­¨ ­ ¨¤¥ «ì­®© á¨áâ¥¬ë ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ Ĥ =

P
j
Ĥj ; £¤¥

j { ­ ¡®à ª¢ ­â®¢ëå ç¨á¥« ª®­¥ç­®£® ç¨á«  áâ¥¯¥­¥© á¢®¡®¤ë, ®¯¨áë¢ î-
é¨å áâàãªâãà­ãî ¥¤¨­¨æã á¨áâ¥¬ë. � ª®© ¥¤¨­¨æ¥© ¬®¦¥â ¡ëâì  â®¬,
¬®«¥ªã«  ¨«¨ ª¢ §¨ç áâ¨æ . � «î¡®¬ á«ãç ¥ ­ §®¢¥¬ ­ ¡®à j ç áâ¨æ¥©.
�á­®¢­®¥ á¢®©áâ¢® ¨¤¥ «ì­®© á¨áâ¥¬ë {  ¤¤¨â¨¢­®áâì £ ¬¨«ìâ®­¨ ­  {
¯à¨¢®¤¨â ª â®¬ã, çâ® í¢®«îæ¨ï N-ç áâ¨ç­®© á¨áâ¥¬ë ¬®¦¥â ¡ëâì á¢¥¤¥­ 

ª N ­¥§ ¢¨á¨¬ë¬ ®¤­®ç áâ¨ç­ë¬ í¢®«îæ¨ï¬.
�âà®£® £®¢®àï, ¨¤¥ «ì­ ï á¨áâ¥¬  ­¨ª®£¤  ­¥ á¬®¦¥â ¤®áâ¨çì à ¢­®-

¢¥á­®£® á®áâ®ï­¨ï, â ª ª ª ¤«ï íâ®£® ­¥®¡å®¤¨¬® ¢§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã

ç áâ¨æ ¬¨. �ã¤¥¬ áç¨â âì, ®¤­ ª®, çâ® ¢ à ¢­®¢¥á­®¬ á®áâ®ï­¨¨ ¬ «ë¬

¢ª« ¤®¬ íâ®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¢ í­¥à£¨î á¨áâ¥¬ë ¬®¦­® ¯à¥­¥¡à¥çì.

6.1 �â â¨áâ¨ç¥áª ï áã¬¬  á¨áâ¥¬ë ­¥¢§ ¨¬®¤¥©áâ¢ãîé¨å ç -

áâ¨æ

�ãáâì á¨áâ¥¬ã ®¡à §ãîâ N ­¥¢§ ¨¬®¤¥©áâ¢ãîé¨å ¨¤¥­â¨ç­ëå ç -
áâ¨æ. �¯¥ªâà í­¥à£¨¨ íâ®© á¨áâ¥¬ë ¥áâì áã¬¬  á¯¥ªâà®¢ í­¥à£¨¨ ®â¤¥«ì-
­ëå ç áâ¨æ:

Em � Em1m2���mN
=

NX
j=1

"mj
;

£¤¥ mj { ­ ¡®à ª¢ ­â®¢ëå ç¨á¥«, å à ªâ¥à¨§ãîé¨å á®áâ®ï­¨¥ (í­¥à£¥â¨ç¥-
áª¨© ãà®¢¥­ì) j{© ç áâ¨æë.

�á«¨ â¥¯¥àì § ¯¨á âì áâ âáã¬¬ã ¢ ¢¨¤¥

ZN =
X
m1

X
m2

� � �X
mN

exp

0
@�� NX

j=1
"mj

1
A ;

â® ¬ë ¯®«ãç¨¬ ­¥¯à ¢¨«ì­ë© à¥§ã«ìâ â, ¯®áª®«ìªã § ¤ ­­®¥ à á¯à¥¤¥«¥-
­¨¥ ¯® à §«¨ç­ë¬ ®¤­®ç áâ¨ç­ë¬ á®áâ®ï­¨ï¬, å à ªâ¥à¨§ã¥¬®¥ ç¨á« ¬¨
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§ ¯®«­¥­¨ï nk (ç¨á«® ç áâ¨æ ¢ ª{¬ á®áâ®ï­¨¨), ¬®¦­® ¯®«ãç¨âì N !=
Q
k nk!

¯¥à¥áâ ­®¢ª ¬¨ ç áâ¨æ ¬¥¦¤ã á®¡®©, ¨ ¢á¥ ®­¨ ¢ á¨«ã â®¦¤¥áâ¢¥­­®áâ¨

(­¥à §«¨ç¨¬®áâ¨) ç áâ¨æ ¯à¥¤áâ ¢«ïîâ ®¤­® á®áâ®ï­¨¥. �®íâ®¬ã ¯®¤ §­ -
ª®¬ áã¬¬ ¢ ZN ¤®«¦¥­ áâ®ïâì ¬­®¦¨â¥«ì

Q
k nk!=N !. �á«¨ â¥¬¯¥à âãà 

â¥à¬®áâ â  ¤®áâ â®ç­® ¢ëá®ª  ¤«ï â®£®, çâ®¡ë ç¨á«® ¤®¯ãáâ¨¬ëå í­¥à£¥-
â¨ç¥áª¨å ãà®¢­¥© ¡ë«® ®ç¥­ì ¡®«ìè¨¬,   ¯«®â­®áâì ç¨á«  ç áâ¨æ ¤®áâ -
â®ç­® ­¨§ª , çâ®¡ë áà¥¤­¨¥ § á¥«¥­­®áâ¨ ãà®¢­¥© ¡ë«¨ ¬ «ë¬¨, â® ¬®¦­®
¯à¨­ïâì, çâ® nk! = 1. � íâ®¬ ¯à¨¡«¨¦¥­¨¨, ª®â®à®¥ ­ §ë¢ îâ ¢ëá®ª®-
â¥¬¯¥à âãà­ë¬ ¨«¨ ¡®«ìæ¬ ­®¢áª¨¬, ª ­®­¨ç¥áª ï áâ âáã¬¬  ¯à¨­¨¬ ¥â
¢¨¤

ZN =
1

N !

X
m1

X
m2

� � �X
mN

exp

0
@�� NX

j=1
"mj

1
A =

1

N !

NY
j=1

X
mj

exp(��"mj
): (1)

(�ë ¢®§¢à â¨¬áï ¥é¥ ª á¬ëá«ã íâ®£® ¯à¨¡«¨¦¥­¨ï ¯à¨ ¡®«¥¥ áâà®£®¬ ãç¥â¥

á¢®©áâ¢ á¨¬¬¥âà¨¨ ¢®«­®¢ëå äã­ªæ¨© ¬­®£®ç áâ¨ç­ëå á¨áâ¥¬.)
�á¥ á®¬­®¦¨â¥«¨ ¢ (1) à ¢­ë, â ª ª ª ¢ëà ¦¥­¨¥, áâ®ïé¥¥ ¯®¤ §­ ª®¬

¯à®¨§¢¥¤¥­¨ï, ­¥ § ¢¨á¨â ®â ¨­¤¥ªá  j ¤«ï ®¤¨­ ª®¢ëå ç áâ¨æ, ¯®íâ®¬ã

ZN =
1

N !
(Z1)

N ;

£¤¥ Z1 { ®¤­®ç áâ¨ç­ ï áâ â¨áâ¨ç¥áª ï áã¬¬ :

Z1 =
X
m

exp(��"m) (2)

(¨­¤¥ªá j ®¯ãé¥­ ª ª ¨§«¨è­¨©).
�­¤¥ªá m ï¢«ï¥âáï á«®¦­ë¬, á®áâ ¢«¥­­ë¬ ¨§ ª¢ ­â®¢ëå ç¨á¥« n,

®â¢¥ç îé¨å ¯®áâã¯ â¥«ì­ë¬ áâ¥¯¥­ï¬ á¢®¡®¤ë (¤¢¨¦¥­¨¥ ç áâ¨æë ª ª

æ¥«®£®), ¨ ª¢ ­â®¢ëå ç¨á¥« ¢­ãâà¥­­¨å áâ¥¯¥­¥© á¢®¡®¤ë fig : fmg =
fng � fig: �®£¤  (2) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï âà ­á«ïæ¨®­­®©
áâ âáã¬¬ë Zt

1 ¨ áâ âáã¬¬ë ¢­ãâà¥­­¨å áâ¥¯¥­¥© á¢®¡®¤ë Zin
1 : Z1 = Zt

1Z
in
1 ,

£¤¥

Zt
1 =

X
n
exp(��"n); Zin

1 =
X
fig

exp(��"fig):
�«ï £ §  ¡¥ááâàãªâãà­ëå ç áâ¨æ áâ â¨áâ¨ç¥áª ï áã¬¬  ¥áâì

ZN =
1

N !

�
Zt
1

�N
:
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6.2 �¢ §¨ª« áá¨ç¥áª®¥ ¯à¨¡«¨¦¥­¨¥ ¤«ï ¯®áâã¯ â¥«ì­ëå áâ¥¯¥-

­¥© á¢®¡®¤ë

�à¨ ®âáãâáâ¢¨¨ ¢­¥è­¨å ¯®«¥© ¢ ­¥à¥«ïâ¨¢¨áâáª®¬ á«ãç ¥ {
"p = p2=2m; £¤¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ª®¬¯®­¥­â ¨¬¯ã«ìá  ç áâ¨æë ®¯à¥-
¤¥«¥­ë á®®â­®è¥­¨ï¬¨ pnx(y;z) = (h=Lx(y;z))nx(y;z) (ª¢ ­â®¢ ­¨¥ ¢ ïé¨ª¥

V = LxLyLz). �®£¤ 

Zt
1 =

X
nx

X
ny

X
nz

exp

2
4�� h2

2m

0
@n2x
L2
x

+
n2y
L2
y

+
n2z
L2
z

1
A
3
5 ; (3)

£¤¥ nx(y;z) = 0;�1;�2; : : :
� ¬ ªà®áª®¯¨ç¥áª®© á¨áâ¥¬¥ �p = h=L ï¢«ï¥âáï ®ç¥­ì ¬ «®© ¢¥«¨ç¨-

­®©. �á«¨ ¢¢¥áâ¨ ¢ ª ç¥áâ¢¥ ¬ áèâ ¡  "â¥¯«®¢®©" ¨¬¯ã«ìá pT =
p
2�mkT ;

â® ¬ «®áâì �p ®§­ ç ¥â:

�p=pT = h=(L
p
2�mkT )� 1: (4)

�¢¥¤¥¬ ¯ à ¬¥âà, ¨¬¥îé¨© à §¬¥à­®áâì â¥¬¯¥à âãàë Tp = h2=(2�mkL2);
{ å à ªâ¥à¨áâ¨ç¥áªãî â¥¬¯¥à âãàã ¤«ï ¯®áâã¯ â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë.
�®£¤  ãá«®¢¨¥ (4) ¯à¨¬¥â ¢¨¤ T � Tp. � ª ª ª Tp � 10�10K, â® (4) ¯à ªâ¨-
ç¥áª¨ ¢á¥£¤  ¢ë¯®«­ï¥âáï, â. ¥. í­¥à£¥â¨ç¥áª¨© á¯¥ªâà ç áâ¨æë ï¢«ï¥âáï

ª¢ §¨­¥¯à¥àë¢­ë¬, ¨ ¯®áâã¯ â¥«ì­®¥ ¤¢¨¦¥­¨¥ ç áâ¨æë ¬®¦­® áç¨â âì

ª¢ §¨ª« áá¨ç¥áª¨¬.
� ª¨¬ ®¡à §®¬, áã¬¬¨à®¢ ­¨¥ ¢ (3) ¬®¦­® § ¬¥­¨âì ¨­â¥£à¨à®¢ ­¨¥¬

¯® ®¤­®ç áâ¨ç­®¬ã ä §®¢®¬ã ¯à®áâà ­áâ¢ã:
X
nx

X
ny

X
nz
!

Z
dxdydzdpxdpydpz=(2��h)

3;

¨

Zt
1 =

V

(2��h)3

Z
d3p exp

0
@� p2

2mkT

1
A : (5)

�¤®¡­® ¢ (5) ¯¥à¥©â¨ ª ¨­â¥£à¨à®¢ ­¨î ¯® í­¥à£¨¨. �¢¥¤¥¬ ¤«ï íâ®£®

í­¥à£¥â¨ç¥áªãî ¯«®â­®áâì á®áâ®ï­¨©

D(") =
d
(p("))

d"
=
d
(p)

dp

dp

d"
=

V

(2��h)3
4�p2

dp

d"
; (6)
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£¤¥ 
(p) = V
(2��h)3

R
p0<p

d3p0 { ç¨á«® á®áâ®ï­¨© ç áâ¨æë á ¨¬¯ã«ìá ¬¨ p0 < p.

�â® ®¡é¥¥ ¢ëà ¦¥­¨¥ ¤«ï í­¥à£¥â¨ç¥áª®© ¯«®â­®áâ¨ á®áâ®ï­¨© ç -
áâ¨æë (ª¢ §¨ç áâ¨æë) ¯à®áâà ­áâ¢¥­­® ®¤­®à®¤­®© á¨áâ¥¬ë (®âáãâáâ¢¨¥
¢­¥è­¨å ¯®«¥©). �«ï à áá¬ âà¨¢ ¥¬®£® á«ãç ï "p = p2=2m (6) ¬®¦­® § -
¯¨á âì ª ª

D(") =
2�V (2m)3=2

(2��h)3
p
": (7)

�¥¯¥àì ¢ëà ¦¥­¨¥ (5) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

Zt
1 =

1Z
0

exp (��")D(")d": (8)

�®¤áâ ¢¨¢ (7) ¢ (8) ¨ ¯à®¨§¢¥¤ï ¨­â¥£à¨à®¢ ­¨¥, ¯®«ãç¨¬:

Zt
1 = V (2�mkT=h2)3=2:

�á«¨ ¢¢¥áâ¨ � = h=pT = h=
p
2�mkT { ¤«¨­ã "â¥¯«®¢®©" ¢®«­ë ¤¥ �à®©«ï,

â® Zt
1 = V=�3:

6.3 �à ¢­¥­¨ï á®áâ®ï­¨ï ¡®«ìæ¬ ­®¢áª®£® £ § 

�ëç¨á«¨¬ â¥¯¥àì ¢ª« ¤ ¢ á¢®¡®¤­ãî í­¥à£¨î ¯®áâã¯ â¥«ì­ëå áâ¥¯¥-
­¥© á¢®¡®¤ë

F = �kT lnZN = �kT ln
h
(1=N !)(V=�3)N

i
;

¨ ­ ©¤¥¬ ¤ ¢«¥­¨¥

P = �(@F=@V )T = NkT=V:

�â® ­e çâ® ¨­®¥, ª ª ãà ¢­¥­¨¥ �« ¯¥©à®­  { �¥­¤¥«¥¥¢  ¨«¨ â¥à¬¨ç¥áª®¥
ãà ¢­¥­¨¥ á®áâ®ï­¨ï ¨¤¥ «ì­®£® £ § .

� ©¤¥¬ í­âà®¯¨î £ § :

S = �
 
@F

@T

!
T
= Nk

(
ln
" 

2�mkT

h2
)3=2

V

N

!#
+

5

2

)
=

= Nk
(
3

2
lnT + ln(

V

N
) +

3

2
ln
 
2�mkT

h2

!
+

5

2

)
:
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�®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ­ §ë¢ îâ ä®à¬ã«®© � ªãà  { �¥âà®¤¥.
�­ãâà¥­­îî í­¥à£¨î ­ ©¤¥¬ «¨¡® ¨§ ãà ¢­¥­¨ï F = U �TS, «¨¡® ¨§

®¯à¥¤¥«¥­¨ï

U � hEi = �@ lnZN

@�
=

3NkT

2
:

� ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç¨«¨ ãà ¢­¥­¨ï á®áâ®ï­¨ï, ®¯¨áë¢ îé¨¥ â¥à¬®-
¤¨­ ¬¨ªã ¨¤¥ «ì­®£® £ §  ®¤­® â®¬­ëå ¬®«¥ªã«. U ¬®¦­® ­ ©â¨ â ª¦¥

¨áå®¤ï ¨§ à ¢¥­áâ¢  U = hEi = Nh"i,   áà¥¤­îî ª¨­¥â¨ç¥áªãî í­¥à£¨î

¬®«¥ªã«ë ¬®¦­® ¢ëç¨á«¨âì ¯® ä®à¬ã«¥

h"i =
1Z
0

"fM (")d";

£¤¥ fM(") = D(") exp(��")=Zt
1 { ¯«®â­®áâì ¢¥à®ïâ­®áâ¨ ç áâ¨æ¥ ¨¬¥âì í­¥à-

£¨î ¢¡«¨§¨ " (¬ ªá¢¥««®¢áª®¥ à á¯à¥¤¥«¥­¨¥ ¯® í­¥à£¨¨).

6.4 � á¯à¥¤¥«¥­¨¥ � ªá¢¥««  { �®«ìæ¬ ­ 

� ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ �¨¡¡á  ¤«ï ¨¤¥ «ì­®© á¨áâ¥¬ë ¬®¦¥â

¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï

Pm =
NY
j=1

exp(��"mj
)

Z1
;

ª ¦¤ë© á®¬­®¦¨â¥«ì ª®â®à®£® ¥áâì ¢¥à®ïâ­®áâì ­ å®¦¤¥­¨ï ®â¤¥«ì­®© ç -
áâ¨æë ¢ á®áâ®ï­¨¨ á í­¥à£¨¥© "mj

:

PMB
1 =

exp(��"mj
)

Z1
: (9)

�â® ¨ ¥áâì à á¯à¥¤¥«¥­¨¥ � ªá¢¥««  { �®«ìæ¬ ­  (ç é¥ ¥£® ­ §ë¢ îâ

à á¯à¥¤¥«¥­¨¥¬ �®«ìæ¬ ­  ¤«ï ¤¨áªà¥â­®£® á¯¥ªâà ). �¬¥ï ¢ ¢¨¤ã ª¢ §¨-
­¥¯à¥àë¢­®áâì á¯¥ªâà  í­¥à£¨¨ ¯®áâã¯ â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë ¨ ¯à¥¤-
¯®« £ ï ®âáãâáâ¢¨¥ ¢­¥è­¨å ¯®«¥© ("p = p2=2m), ¢ë¯®«­¨¬ ¯¥à¥å®¤

PMB
1 ! dwMB

1 =
exp(��"p)

Z1
d3rd3p=(2��h)3; (10)
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£¤¥ Zt
1 = V (2�mkT=h2)3=2 { ®¤­®ç áâ¨ç­ ï áâ âáã¬¬ .
�á«¨ â¥¯¥àì ¯à®¨­â¥£à¨à®¢ âì (10) ¯® ª®®à¤¨­ â ¬, â® ¯®«ãç¨¬ ¢ë-

à ¦¥­¨¥ ¤«ï ¢¥à®ïâ­®áâ¨ â®£®, çâ® ç áâ¨æ  ¨¬¥¥â ¨¬¯ã«ìá ¢ ¨­â¥à¢ «¥

(~p; ~p + d~p) : dwM
1 (~p) = fM (~p)d3p, £¤¥

fM (~p) =
exp(�~p2=2mkT )

(2�mkT )3=2
�

à á¯à¥¤¥«¥­¨¥ � ªá¢¥««  ¯® ª®¬¯®­¥­â ¬ ¨¬¯ã«ìá  ~p � (px; py; pz): �á«¨
¢ (10) ¯¥à¥©â¨ ª áä¥à¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨­ â d3p = p2dp sin#d#d' ¨

¯à®¨­â¥£à¨à®¢ âì ¯® ã£«®¢ë¬ ¯¥à¥¬¥­­ë¬, â® ¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬ à á-
¯à¥¤¥«¥­¨¥ � ªá¢¥««  ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥ ¨¬¯ã«ìá 

~fM(p) =
4�

(2�mkT )3=2
p2 exp

0
@� p2

2mkT

1
A :

�§ ¯®á«¥¤­¥£® «¥£ª® ¯®«ãç¨âì äã­ªæ¨î à á¯à¥¤¥«¥­¨ï � ªá¢¥««  ¯®  ¡á®-
«îâ­®© ¢¥«¨ç¨­¥ áª®à®áâ¨

f(v) = 4�
 

m

2�kT

!3=2
v2 exp

0
@�mv2

2kT

1
A :

[� ª ¡ã¤¥â ¢ë£«ï¤¥âì à á¯à¥¤¥«¥­¨¥ � ªá¢¥««  ¯® í­¥à£¨¨ ~fM (")? � ©¤¨â¥ á ¯®-

¬®éìî à á¯à¥¤¥«¥­¨ï � ªá¢¥««  hvi; h"i ¨ ­ ¨¡®«¥¥ ¢¥à®ïâ­ë¥ áª®à®áâì vm ¨ í­¥à£¨î "m

ç áâ¨æë £ § .]

�ãáâì £ § ¯®¬¥é¥­ ¢® ¢­¥è­¥¥ ¯®«¥ u(~r). �®¤áâ ¢¨¬

"(~p; ~r) = p2=2m + u(~r)

¢ (10) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® ¨¬¯ã«ìá­®© ç áâ¨ ä §®¢®£® ®¡ê¥¬ :

d ~wB
1 =

Z
(p)

dwMB
1 =

exp (�u(~r)=kT ) d3r=(2��h)3
R
exp(�p2=2mkT )d3p

(2�mkT=h2)3=2
R
exp (�u(~r)=kT ) d3r

= fB(~r)d
3r;

£¤¥ fB(~r) { ¯«®â­®áâì ¢¥à®ïâ­®áâ¨ ¤«ï ç áâ¨æë ¨¬¥âì ª®®à¤¨­ âë ~r ¨«¨ {
á®¡áâ¢¥­­® à á¯à¥¤¥«¥­¨¥ �®«ìæ¬ ­ :

fB(~r) =
exp (�u(~r)=kT )R

exp (�u(~r)=kT ) d3r
: (11)
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6.5 �¥®à¥¬  ® à á¯à¥¤¥«¥­¨¨ í­¥à£¨¨ ¯® áâ¥¯¥­ï¬ á¢®¡®¤ë

� ª« áá¨ç¥áª®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¥ à á¯à¥¤¥«¥­¨¥ �¨¡¡á  ¨¬¥¥â

¢¨¤

%N (X) =
1

ZN
exp (��H (X)) ;

£¤¥ ZN { áâ â¨áâ¨ç¥áª¨© ¨­â¥£à «:

ZN =
Z
exp (��H (X)) dX =

Z
exp (��H (x1; : : : ; x2s)) dx1 � � �dx2s =

=
Z
exp (��H (q1; : : : qs; p1; : : : ; ps)) dq1 � � �dqsdp1 � � �dps:

�®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥, çâ® ¥á«¨ ¯à¨ xi ! �1; H ! +1 (xi �
(qi; pi);
i = 1; s; s { ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë), â®*

xi
@H

@xi

+
= kT: (12)

�®§ì¬¥¬ ¨­â¥£à « ¯® ®¤­®© ¨§ ¯¥à¥¬¥­­ëå xi ¯® ç áâï¬ ¢ ãá«®¢¨¨ ­®à¬¨-
à®¢ª¨

1

ZN

Z
exp (��H) dx1 � � �dx2s = 1 :

1

ZN

Z
[xi exp (��H)]+1�1 dx1 � � �dxi�1dxi+1 � � �dx2s +

+ �
Z
xi
@H

@xi

exp (��H)

ZN
dx1 � � �dxi � � �dx2s = 1: (13)

�¥à¢®¥ á« £ ¥¬®¥ ¢ (13) ®¡à é ¥âáï ¢ ­ã«ì ­  ¢¥àå­¥¬ ¨ ­¨¦­¥¬ ¯à¥¤¥« å

¨­â¥£à¨à®¢ ­¨ï, ¯®íâ®¬ã ¨¬¥¥â ¬¥áâ® (12):
Z
xi
@H

@xi
%Ndx1 � � �dxi � � �dx2s = kT (14)

�á«¨ xi = qi, â® ¨¬¥¥¬ â¥®à¥¬ã ® áà¥¤­¥¬ ¢¨à¨ «¥*
qi
@H

@qi

+
= kT: (15)
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�«ï xj = pj { â¥®à¥¬ã ® áà¥¤­¥© ª¨­¥â¨ç¥áª®© í­¥à£¨¨
*
pj
@H

@pj

+
= kT: (16)

� áá¬®âà¨¬ ¢ ª ç¥áâ¢¥ äã­ªæ¨¨ � ¬¨«ìâ®­  áã¬¬ã ®¤­®à®¤­ëå ä®à¬

áâ¥¯¥­¥© r1 ¨ r2

H = H (1) +H (2); H (1) =
spX
i=1

aip
r1
i ; H (2) =

sqX
j=1

bjq
r2
j :

�ëç¨á«¨¬ áà¥¤­¥¥ ®â H :

hHi = D
H (1)

E
+
D
H (2)

E
:

�® â¥®à¥¬¥ �©«¥à  ®¡ ®¤­®à®¤­ëå ä®à¬ å

X
i
pi
@H (1)

@pi
= r1H

(1);
X
j
qj
@H (2)

@qj
= r2H

(2):

� ¤àã£®© áâ®à®­ë, ¯® â¥®à¥¬¥ ® à á¯à¥¤¥«¥­¨¨ í­¥à£¨¨

spX
i=1

*
pi
@H (1)

@pi

+
= spkT;

sqX
j=1

*
qj
@H (2)

@qj

+
= sqkT;

¯®íâ®¬ã

hHi = sp
kT

r1
+ sq

kT

r2
: (17)

� ª¨¬ ®¡à §®¬, ª ¦¤ ï ä®à¬  áâ¥¯¥­¨ n, ¢å®¤ïé ï ¢ äã­ªæ¨î� ¬¨«ìâ®­ ,
¤ ¥â ¢ª« ¤ ¢® ¢­ãâà¥­­îî í­¥à£¨î, à ¢­ë© kT=n.

[�æ¥­¨â¥: 1) â¥¯«®¥¬ª®áâì á¨áâ¥¬ë N ã«ìâà à¥«ïâ¨¢¨áâáª¨å ç áâ¨æ; 2) â¥¯«®¥¬-
ª®áâì á¨áâ¥¬ë N ­¥à¥«ïâ¨¢¨áâáª¨å ç áâ¨æ, ­ å®¤ïé¨åáï ¢ ¯®«¥ âï£®â¥­¨ï ¢¡«¨§¨ ¯®¢¥àå-
­®áâ¨ �¥¬«¨.]
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