
3 �¨ªà®ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥

�¥à¥©¤¥¬ ª ¨§ãç¥­¨î à ¢­®¢¥á­ëå áâ â¨áâ¨ç¥áª¨å á¨áâ¥¬. �â â¨-
áâ¨ç¥áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï % ª« áá¨ç¥áª®© á¨áâ¥¬ë ¯à¨ íâ®¬ ¤®«¦­ 
ã¤®¢«¥â¢®àïâì áâ æ¨®­ à­®¬ã ãà ¢­¥­¨î �¨ã¢¨««ï

@%

@t
= 0; â: ¥: fH; %g = 0: (1)

�à ¢­¥­¨î (1) ã¤®¢«¥â¢®àï¥â «î¡ ï äã­ªæ¨ï £ ¬¨«ìâ®­¨ ­  á¨áâ¥¬ë

%(X) = %(H(X)): �® ¦¥ á ¬®¥ ¬®¦­® áª § âì ¨ ® ª¢ ­â®¢®© á¨áâ¥¬¥

%̂ = �̂(Ĥ): �® ­ á ¨­â¥à¥áãîâ ­¥ «î¡ë¥ ¨­â¥£à «ë ãà ¢­¥­¨ï (1),   â®«ìª®
 ¤¤¨â¨¢­ë¥. � ¬¥å ­¨ª¥ ¬ë §­ ¥¬ á¥¬ì  ¤¤¨â¨¢­ëå ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï

E, ~P , ~M . �á«¨ à áá¬ âà¨¢ âì ­¥¯®¤¢¨¦­ãî á¨áâ¥¬ã, â® ¬®¦­® ¨áª«îç¨âì
¨§ à áá¬®âà¥­¨ï ¨¬¯ã«ìá ~P ¨ ¬®¬¥­â ¨¬¯ã«ìá  ~M . �®£¤  à¥è¥­¨¥ (1)
¥áâì %(X) = %(H(X) = E). �¤­ ª® íâ® ¯à ªâ¨ç¥áª¨ ­¥ ®¡«¥£ç ¥â § ¤ çã

­ å®¦¤¥­¨ï %(X), â ª ª ª ¯à®¨§¢®« ¢ ¢ë¡®à¥ äã­ªæ¨¨ ®áâ ¥âáï. �®âï, á
¤àã£®© áâ®à®­ë, ¨¬¥­­® íâ®â ¯à®¨§¢®« ­ â «ª¨¢ ¥â ­  í¢à¨áâ¨ç¥áª¨¥ á®-
®¡à ¦¥­¨ï, ª®â®àë¥ ­¥ï¢­® ¨á¯®«ì§®¢ « �¨¡¡á,   ï¢­®, ¢ ¢¨¤¥ ¯à¨­æ¨¯ ,
áä®à¬ã«¨à®¢ « �. �®«¬¥­ (1938).

3.1 �à¨­æ¨¯ à ¢­ëå  ¯à¨®à­ëå ¢¥à®ïâ­®áâ¥©

� áá¬®âà¨¬ ¨§®«¨à®¢ ­­ãî á¨áâ¥¬ã, § ª«îç¥­­ãî ¢ á®áã¤ ®¡ê¥¬®¬

V � V¬®« � 10�24á¬3, á ç¨á«®¬ ç áâ¨æ N � 1. �¨áâ¥¬  ¬ ªà®áª®-
¯¨ç¥áª¨ å à ªâ¥à¨§ã¥âáï ¯®áâ®ï­­®© í­¥à£¨¥© E; ¯®á«¥¤­¥¥ ¯à ªâ¨ç¥áª¨
®§­ ç ¥â, çâ® ­¥®¯à¥¤¥«¥­­®áâì í­¥à£¨¨E ¬ ªà®áª®¯¨ç¥áª¨ ­¥­ ¡«î¤ ¥¬ :
�E � E. �® ã á¨áâ¥¬ë á ®£à®¬­ë¬ ç¨á«®¬ áâ¥¯¥­¥© á¢®¡®¤ë ç¨á«® á®áâ®-
ï­¨© ­  ¥¤¨­¨ç­®¬ í­¥à£¥â¨ç¥áª®¬ ¨­â¥à¢ «¥ (í­¥à£¥â¨ç¥áª ï ¯«®â­®áâì
á®áâ®ï­¨©) ®ç¥­ì ¢¥«¨ª®, ¯®íâ®¬ã ¬ ªà®áª®¯¨ç¥áª¨ ¬ «ë© ¨­â¥à¢ « í­¥à-
£¨¨ § ª«îç ¥â ¢ á¥¡¥ ¬­®¦¥áâ¢® à §«¨ç­ëå á®áâ®ï­¨© á¨áâ¥¬ë á® á¯¥ªâà®¬

Em: E < Em < E+�E, £¤¥ m { ­ ¡®à ª¢ ­â®¢ëå ç¨á¥«, å à ªâ¥à¨§ãîé¨å
ª ¦¤®¥ ¨§ íâ¨å á®áâ®ï­¨©. �¨ ®¤­® á®áâ®ï­¨¥ Em ¬ ªà®áª®¯¨ç¥áª¨ ­¨ª ª

­¥ ¢ë¤¥«¥­®, ¨ ã ­ á ­¥â ®á­®¢ ­¨© áç¨â âì, çâ® ¢ª« ¤ íâ¨å á®áâ®ï­¨©

¢  ­á ¬¡«ì à §«¨ç¥­. �®íâ®¬ã ¢á¥¬ á®áâ®ï­¨ï¬, á®¢¬¥áâ¨¬ë¬ á ¤ ­­ë¬¨
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¬ ªà®áª®¯¨ç¥áª¨¬¨ ãá«®¢¨ï¬¨, ¥áâ¥áâ¢¥­­® ¯à¨¯¨á âì à ¢­ë© ¢¥á (à ¢­ë¥
¢¥à®ïâ­®áâ¨). �â® ¨ ¥áâì ¯à¨­æ¨¯ à ¢­ëå  ¯à¨®à­ëå ¢¥à®ïâ­®áâ¥©, ¨«¨
¯à¨­æ¨¯ �®«¬¥­ . �®à¬ «ì­® ¥£® ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

am =

8<
: 1; E < Em < E +�E
0; Em < E; Em > E +�E

9=
; :

�¥¯¥àì ¬ë ¬®¦¥¬ § ¯¨á âì à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© â®£® ¨«¨

¨­®£® á®áâ®ï­¨ï (¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ¬ âà¨æë ¯«®â­®áâ¨) ¨§®«¨à®-
¢ ­­®© á¨áâ¥¬ë:

Pm =
1



am; (2)

£¤¥ 
 { ¯®áâ®ï­­ ï, ª®â®àãî ­ ©¤¥¬ ¨§ ãá«®¢¨ï ­®à¬¨à®¢ª¨
P
m
Pm = 1:


 =
X
m

am:

�¥«¨ç¨­ 
 ­ §ë¢ ¥âáï áâ â¨áâ¨ç¥áª¨¬ ¢¥á®¬ ¨ à ¢­  ç¨á«ã ¬¨ªà®á®-
áâ®ï­¨© ­ è¥© á¨áâ¥¬ë, á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï í­¥à£¨© ª®â®àëå ¯®¯ ¤ îâ
¢ ¨­â¥à¢ « (E;E +�E): �â â¨áâ¨ç¥áª¨© ¢¥á § ¢¨á¨â ®â ¬ ªà®áª®¯¨ç¥-
áª¨å ¯ à ¬¥âà®¢: 
 = 
(E;N; V ), ¨ ï¢«ï¥âáï ®á­®¢­®© å à ªâ¥à¨áâ¨ª®©,
®¯à¥¤¥«ïîé¥© â¥à¬®¤¨­ ¬¨ç¥áª¨¥ á¢®©áâ¢  ¨§®«¨à®¢ ­­®© á¨áâ¥¬ë.

3.2 �ëç¨á«¥­¨¥ â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­

� áá¬®âà¨¬ ¨§®«¨à®¢ ­­ãî á¨áâ¥¬ã, á®áâ®ïéãî ¨§ ¤¢ãå ¯®¤á¨áâ¥¬ ¢

á®áâ®ï­¨¨ à ¢­®¢¥á¨ï. �à¥¤¯®« £ ¥âáï, çâ® ¯®á«¥ ãáâ ­®¢«¥­¨ï à ¢­®¢¥á¨ï
í­¥à£¥â¨ç¥áª¨¥ á¯¥ªâàë ¯®¤á¨áâ¥¬ ­¥ ¢«¨ïîâ ¤àã£ ­  ¤àã£  ¨ áâ â¨áâ¨ç¥-
áª¨© ¢¥á á¨áâ¥¬ë à ¢¥­ ¯à®¨§¢¥¤¥­¨î áâ â¨áâ¨ç¥áª¨å ¢¥á®¢ ¯®¤á¨áâ¥¬:


 = 
(1) � 
(2) (3)

¨«¨, íª¢¨¢ «¥­â­®, Pm = Pm1
� Pm2

, çâ® ï¢«ï¥âáï ãá«®¢¨¥¬ áâ â¨áâ¨ç¥áª®©

­¥§ ¢¨á¨¬®áâ¨ ¯®¤á¨áâ¥¬. �§ (3) á«¥¤ã¥â, çâ® ln
 ï¢«ï¥âáï  ¤¤¨â¨¢­®©

äã­ªæ¨¥©: ln
 = ln
(1) + ln
(2). �ëç¨á«¨¬ d ln
, áç¨â ï ­¥§ ¢¨á¨¬ë¬¨
¯ à ¬¥âàë E ¨ V :

d ln
 =
 
@ ln


@E

!
V

dE +
 
@ ln


@V

!
E

dV =
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=
 
@ ln


@E

!
V

"
dE +

 
@ ln


@V

!
E

=
 
@ ln


@E

!
V

dV
#
:

� ª ª ª  
@ ln


@V

!
E

=
 
@ ln


@E

!
V

=
@ (ln
; E)

@ (V;E)
�

2
4@ (ln
; V )

@ (E; V )

3
5�1 =

=
@ (ln
; E)

@ (V;E)
�
@ (E; V )

@ (ln
; V )
= �

@ (ln
; E)

@ (ln
; V )
= �

 
@E

@V

!
ln


;

â®
1

(@ ln
=@E)V
d ln
 = dE �

 
@E

@V

!
ln


dV: (4)

� (4) ¬ë ã§­ ¥¬ ®á­®¢­®¥ ãà ¢­¥­¨¥ â¥à¬®¤¨­ ¬¨ª¨, ¥á«¨ ¯®«®¦¨¬

S = k ln
; T =
"
k
 
@ ln


@E

!
V

#�1
; P = �

 
@E

@V

!
ln


=
 
@ ln


@V

!
E

=
 
@ ln


@E

!
V

:

(5)
�®®â­®è¥­¨ï (5) ¤ îâ á¢ï§ì ¬¨ªà®ª ­®­¨ç¥áª®£®  ­á ¬¡«ï ¨ â¥à¬®-

¤¨­ ¬¨ª¨ ¨§®«¨à®¢ ­­®© á¨áâ¥¬ë. �®áâ®ï­­ ï �®«ìæ¬ ­  k = 1; 38 �
�10�23�¦=� ¢¢¥¤¥­  ¤«ï â®£®, çâ®¡ë ®¡¥á¯¥ç¨âì â¥à¬®¤¨­ ¬¨ç¥áªãî à §-
¬¥à­®áâì í­âà®¯¨¨ { �¦=�: (�®¦­® í­âà®¯¨î áç¨â âì ¡¥§à §¬¥à­®© ¢¥«¨-
ç¨­®©, â®£¤  â¥¬¯¥à âãà  ¨¬¥¥â à §¬¥à­®áâì í­¥à£¨¨.) �¥à¢®¥ ¨§ à ¢¥­áâ¢
(5) ¥áâì ¨§¢¥áâ­ ï ä®à¬ã«  �®«ìæ¬ ­  { áâ â¨áâ¨ç¥áª®¥ ®¯à¥¤¥«¥­¨¥ í­-
âà®¯¨¨.

�¥ ¦¥ à¥§ã«ìâ âë ¯®«ãç¨¬, ¥á«¨ ¯à¨¬¥¬, çâ® í¢®«îæ¨ï á¨áâ¥¬ë ª

à ¢­®¢¥á­®¬ã á®áâ®ï­¨î á®¯à®¢®¦¤ ¥âáï ã¢¥«¨ç¥­¨¥¬ ç¨á«  ¢®§¬®¦­ëå

¬¨ªà®á®áâ®ï­¨© ¨ à ¢­®¢¥á­®¬ã á®áâ®ï­¨î ®â¢¥ç ¥â ¬ ªá¨¬ «ì­ë© áâ -
â¨áâ¨ç¥áª¨© ¢¥á, â. ¥. �
 = 0 :

�
 = �
h

(1) (E1; V1) �


(2) (E2; V2)
i
= 
(1)�
(2) +
(2)�
(1) = 0;

�
(i) =
@
(i)

@Ei

�Ei +
@
(i)

@Vi
�Vi; i = 1; 2:

� ª ª ª E = E1+E2 = const; V = V1+V2 = const, â® �E1 = ��E2; �V1 =
= ��V2: �®íâ®¬ã

�
 = 
(1)
(2)

2
4
0
@@ ln
(1)

@E1
�
@ ln
(2)

@E2

1
A �E1 +

0
@@ ln
(1)

@V1
�
@ ln
(2)

@V2

1
A �V1

3
5 = 0;
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@ ln
(1)

@E1
=
@ ln
(2)

@E2
; (6)

@ ln
(1)

@V1
=
@ ln
(2)

@V2
: (7)

� (6) ã§­ ¥¬ 1=T1 = 1=T2,   ¢ (7) P1=T1 = P2=T2 { ãá«®¢¨¥ à ¢­®¢¥á¨ï ¤¢ãå
®¤­®à®¤­ëå ç áâ¥© á¨áâ¥¬ë, ¥á«¨, ª ª ¨ ¯à¥¦¤¥,

S = k ln
;
1

kT
=
@ ln


@E
; P =

 
@ ln


@V

!
E

=
 
@ ln


@E

!
V

:

3.3 �¢ §¨ª« áá¨ç¥áª®¥ ¯à¨¡«¨¦¥­¨¥

� ª ã¦¥ ®â¬¥ç «®áì ¢ ¯.1, í­¥à£¥â¨ç¥áª¨© á¯¥ªâà ¬ ªà®áª®¯¨ç¥áª®©
á¨áâ¥¬ë ï¢«ï¥âáï ª¢ §¨­¥¯à¥àë¢­ë¬, â ª ª ª ¢ ¬ ªà®áª®¯¨ç¥áª¨ ¬ «ë©

¨­â¥à¢ « í­¥à£¨¨ �E ¯®¯ ¤ ¥â ®£à®¬­®¥ ç¨á«® ª¢ ­â®¢ëå á®áâ®ï­¨©.
�¢®¤ï í­¥à£¥â¨ç¥áªãî ¯«®â­®áâì á®áâ®ï­¨© D(E; V ) { ç¨á«® á®áâ®ï­¨© ­ 
¥¤¨­¨ç­ë© ¨­â¥à¢ « í­¥à£¨¨, áâ â¨áâ¨ç¥áª¨© ¢¥á á¨áâ¥¬ë ¬®¦­® § ¯¨á âì

ª ª 
 = D(E; V )�E.
� ª¢ §¨ª« áá¨ç¥áª®¬ ¯à¨¡«¨¦¥­¨¨ ª ¦¤®¬ã ª¢ ­â®¢®¬ã á®áâ®ï­¨î

¬®¦­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ïç¥©ªã ä §®¢®£® ¯à®áâà ­áâ¢  ®¡ê¥¬®¬

(2��h)s (á®£« á­® á®®â­®è¥­¨î ­¥®¯à¥¤¥«¥­­®áâ¥© �q�p � h), ¯®íâ®¬ã ç¨-
á«® ª¢ ­â®¢ëå á®áâ®ï­¨©, ®â¢¥ç îé¨å í«¥¬¥­âã ®¡ê¥¬  ª« áá¨ç¥áª®£® ä -

§®¢®£® ¯à®áâà ­áâ¢  dX =
sQ
i=1

dqidpi; ¥áâì d� = dX=(2��h)s. � ¯«®â­®áâì

á®áâ®ï­¨© D(E; V ) ¬®¦­® ­ ©â¨ ¯® ä®à¬ã«¥

D(E; V ) =
@�

@E
;

£¤¥ � =
R

E�E0

dX=(2��h)s { ç¨á«® á®áâ®ï­¨© ¯®¤ ¯®¢¥àå­®áâìî ¯®áâ®ï­-

­®© í­¥à£¨¨ (¨§®«¨à®¢ ­­ ï á¨áâ¥¬ ), ª®â®à®¬ã ®â¢¥ç ¥â á®®â¢¥âáâ¢ãî-
é¨© ®¡ê¥¬ ä §®¢®£® ¯à®áâà ­áâ¢ , § ­¨¬ ¥¬ë©  ­á ¬¡«¥¬ �X =

R
E�E0

dX .

�¥¯¥àì ¢¬¥áâ® (2) ¬ë ¤®«¦­ë ­ ¯¨á âì ¤¨ää¥à¥­æ¨ «ì­ãî ¢¥à®ïâ­®áâì

â®£®, çâ® á¨áâ¥¬  ­ å®¤¨âáï ¢ á®áâ®ï­¨¨ á ä §®¢ë¬¨ ª®®à¤¨­ â ¬¨ ¢¡«¨§¨
(q1; � � � ; qs; p1; � � � ; ps):

dw = %(X)d� = %(X)dX=(2��h)s: (8)
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�¤¥áì %(X) { áâ â¨áâ¨ç¥áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï (ä §®¢ ï ¯«®â­®áâì
¢¥à®ïâ­®áâ¨) ¢ ª¢ §¨ª« áá¨ç¥áª®¬ ¯à¨¡«¨¦¥­¨¨. �®áª®«ìªã ¢á¥ á®áâ®ï­¨ï
á®áà¥¤®â®ç¥­ë ­  ¯®¢¥àå­®áâ¨ E0 = const (â. ¥. ­  ¬­®£®®¡à §¨¨ á ç¨-
á«®¬ ¨§¬¥à¥­¨© 2s � 1 { ­  ¥¤¨­¨æã ¬¥­ìè¥¬, ç¥¬ à §¬¥à­®áâì ä §®¢®£®

¯à®áâà ­áâ¢ ), â® ¤«ï ¢ë¯®«­¥­¨ï ãá«®¢¨ï ­®à¬¨à®¢ª¨
R
%(X)d� = 1 ­¥®¡-

å®¤¨¬® ®¡à é¥­¨¥ äã­ªæ¨¨ ¢ ¡¥áª®­¥ç­®áâì ­  íâ®© (£¨¯¥à)¯®¢¥àå­®áâ¨, â.
¥. %(X) = C� (E(X)� E0) : �®áâ®ï­­ãî C ­ ©¤¥¬ ¨§ ãá«®¢¨ï

Z
%(X)d� =

Z
%(X)

@�

@E
dE = C

Z
�(E � E0)D(E; V )dE = 1 :

C = 1=D(E0; V ): �â ª,

%(X) =
1

D(E0; V )
�(E(X)� E0): (9)

�®«ì§ãïáì (8), ¬®¦­® ®â %(X) ¯¥à¥©â¨ ª à á¯à¥¤¥«¥­¨î ¢¥à®ïâ­®áâ¥© ¯®

í­¥à£¨¨

%(X)d� = %(X)
@�

@E
dE = ~%(E)dE;

â. ¥. ~%(E) = �(E � E0):
�­âà®¯¨î á¨áâ¥¬ë ¬®¦­® ¢ëç¨á«¨âì ¯® ®¤­®© ¨§ á«¥¤ãîé¨å ä®à¬ã«:

S = k ln
 = k lnD(E0; V )�E; (10)

S = k lnD(E0; V ); (11)

S = k ln� = k ln�X=(2��h)s: (12)

�á¥ íâ¨ ¢ëà ¦¥­¨ï ¬ ªà®áª®¯¨ç¥áª¨ íª¢¨¢ «¥­â­ë, â ª ª ª �E � E0 ¨

¢á¥ á®áâ®ï­¨ï á®áà¥¤®â®ç¥­ë ¢ â®­ª®¬ á«®¥ ä §®¢®£® ¯à®áâà ­áâ¢  ¢¡«¨§¨

¯®¢¥àå­®áâ¨ ¯®áâ®ï­­®© í­¥à£¨¨. �®íâ®¬ã, ªáâ â¨,

� �= �� = �X=(2��h)s �=
Z

E�E0

dX=(2��h)s:

� ¯®á«¥¤®¢ â¥«ì­® ª« áá¨ç¥áª®¬ ®¯¨á ­¨¨ áâ â¨áâ¨ç¥áª ï äã­ªæ¨ï

à á¯à¥¤¥«¥­¨ï ¨¬¥¥â ¢¨¤

%(X) =
1

�H

� (H(X)� E) ; (13)
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£¤¥ H(X) { äã­ªæ¨ï � ¬¨«ìâ®­  ¨§®«¨à®¢ ­­®© á¨áâ¥¬ë. �® áãâ¨ (13) á®-
¢¯ ¤ ¥â á (9), ­® ¯®¤ �H ¯®­¨¬ ¥âáï ¯«®é ¤ì £¨¯¥à¯®¢¥àå­®áâ¨ ¯®áâ®ï­­®©

í­¥à£¨¨ H(X) = E:

�H =
 
@XE

@E

!
H=E

:

�¤¥áì XE =
R

H�E
dq1 � � �dqsdp1 � � �dps { ä §®¢ë© ®¡ê¥¬ ª« áá¨ç¥áª®£®  ­á ¬-

¡«ï. � íâ®¬ á«ãç ¥ ã¦¥ ­¥«ì§ï ®¯à¥¤¥«¨âì ®¤­®§­ ç­® í­âà®¯¨î á ¯®¬®-
éìî ä®à¬ã«ë, ¯®¤®¡­®© (12), S = k lnXE , â ª ª ª X ï¢«ï¥âáï à §¬¥à­®©

¢¥«¨ç¨­®©. �¥¢®§¬®¦­®áâì ¢ëç¨á«¨âì í­âà®¯¨©­ãî ª®­áâ ­âã ï¢«ï¥âáï

¯à¨­æ¨¯¨ «ì­ë¬ ­¥¤®áâ âª®¬ ª« áá¨ç¥áª®£® áâ â¨áâ¨ç¥áª®£® ®¯¨á ­¨ï.

3.4 �­âà®¯¨ï ª ª ¬¥à  ­¥®¯à¥¤¥«¥­­®áâ¨

�®¯à®¡ã¥¬ ¢§£«ï­ãâì ­  áâ â¨áâ¨ç¥áª®¥ ®¯à¥¤¥«¥­¨¥ í­âà®¯¨¨ (5) ­¥-
áª®«ìª® ¨­ ç¥. �ãáâì á®áâ®ï­¨ï á¨áâ¥¬ë 1; � � � ; i; � � � à¥ «¨§ãîâáï á ¢¥à®-
ïâ­®áâï¬¨ P1; � � � ; Pi; � � �. �¢¥¤¥¬ ­¥®¯à¥¤¥«¥­­®áâì ¨«¨ ¨­ä®à¬ æ¨î ª ª

äã­ªæ¨î ®â ¢¥à®ïâ­®áâ¥© P , ã¤®¢«¥â¢®àïîéãî á«¥¤ãîé¨¬ ãá«®¢¨ï¬: 1)
á®áâ®ï­¨¥, ¢¥à®ïâ­®áâì ª®â®à®£® à ¢­  1, ¨¬¥¥â ­ã«¥¢ãî ­¥®¯à¥¤¥«¥­­®áâì

� (P = 1) = 0; 2) � (P1) < � (P2) ¤«ï P1 > P2; 3) � (P12) = � (P1) + � (P2)
¤«ï P12 = P1 � P2, â. ¥. ­¥®¯à¥¤¥«¥­­®áâì á®áâ®ï­¨ï á¨áâ¥¬ë, á®áâ®ïé¥©
¨§ ¤¢ãå ­¥§ ¢¨á¨¬ëå ¯®¤á¨áâ¥¬, ¥áâì áã¬¬  ­¥®¯à¥¤¥«¥­­®áâ¥© á®áâ®ï­¨©
íâ¨å ¯®¤á¨áâ¥¬.

�¤¨­áâ¢¥­­®© ¢¥é¥áâ¢¥­­®© äã­ªæ¨¥©, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬

1 � 3, ï¢«ï¥âáï «®£ à¨ä¬, â. ¥. �i = �c lnPi; £¤¥ c { «î¡®¥ ¯®«®¦¨â¥«ì­®¥
ç¨á«®. �i { íâ® ­¥®¯à¥¤¥«¥­­®áâì i-£® á®áâ®ï­¨ï á¨áâ¥¬ë. �¥®¯à¥¤¥«¥­-
­®áâì ¦¥ ¢á¥© á¨áâ¥¬ë ®¯à¥¤¥«¨¬ ª ª áà¥¤­¥¥ ®â �i (á à á¯à¥¤¥«¥­¨¥¬ Pi):

h�i =
X
i

�iPi = �c
X
i

Pi lnPi: (14)

�¥£ª® ã¢¨¤¥âì, çâ® ¥á«¨ P1 = P2 = � � � = P = 1=
; â® � = �c lnP =
c ln
; çâ® á®¢¯ ¤ ¥â á ®¯à¥¤¥«¥­¨¥¬ í­âà®¯¨¨ ¨§®«¨à®¢ ­­®© á¨áâ¥¬ë, ¥á«¨
¢ë¡à âì c = k. �á«¨ ¯®«®¦¨âì c = 1= ln 2, â® ¯®«ãç¨¬ ¢ëà ¦¥­¨¥ ¤«ï
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¨­ä®à¬ æ¨¨ (¨­ä®à¬ æ¨®­­®© í­âà®¯¨¨) ¢ ¡¨â å:

h�i = �
1

ln 2

X
i

Pi lnPi = �
X
i

Pi log2 Pi:

(�à¨ ¢ë¡®à¥ c = 1 ¨­ä®à¬ æ¨®­­ ï í­âà®¯¨ï ¨§¬¥àï¥âáï ¢ ­ â å.)
�§¬¥à¥­­®¥ ¢ ¡¨â å §­ ç¥­¨¥ í­âà®¯¨¨ ¤ ¥â ®æ¥­ªã á­¨§ã áà¥¤­¥£®

ç¨á«  ¢®¯à®á®¢, ­¥®¡å®¤¨¬ëå ¤«ï ®¯à¥¤¥«¥­¨ï ¨áå®¤  ¨á¯ëâ ­¨ï ¢ á«ãç ©-
­®© áå¥¬¥ á ª®­¥ç­ë¬ ç¨á«®¬ ¨áå®¤®¢, ¯à¨ ãá«®¢¨¨, çâ® ­  ¢®¯à®áë ¬®¦­®

®â¢¥ç âì â®«ìª® "¤ " ¨ "­¥â" { (¢ ¯à®â¨¢®¯®«®¦­®áâì ¨§¢¥áâ­®© ¤¥âáª®©
¨£à¥: "ç¥à­®¥ á ¡¥«ë¬ ­¥ ¤ à¨âì, "¤ " ¨ "­¥â" ­¥ £®¢®à¨âì"); ¯à¨¢¥¤¥­­®¥
ãâ¢¥à¦¤¥­¨¥ á®áâ ¢«ï¥â á®¤¥à¦ ­¨¥ â¥®à¥¬ë ® ª®¤¨à®¢ ­¨¨ ¤«ï ª ­ «  ¡¥§

èã¬  ¢ â¥®à¨¨ ¨­ä®à¬ æ¨¨.
�®¦­® ¯®ª § âì, çâ® ¬ ªá¨¬ «ì­®© ­¥®¯à¥¤¥«¥­­®áâ¨ ®â¢¥ç ¥â

¨¬¥­­® à ¢­®¢¥à®ïâ­®¥ à á¯à¥¤¥«¥­¨¥. �®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ­¥®¯à¥¤¥-
«¥­­ëå ¬­®¦¨â¥«¥© � £à ­¦  ¤«ï ¨áá«¥¤®¢ ­¨ï ­  íªáâà¥¬ã¬ äã­ªæ¨¨

� = �
P
i

Pi lnPi ¯à¨ ãá«®¢¨¨
P
i

Pi = 1:

� = � + �
X
i

Pi;
@�

@Pk
=

@�

@Pk
+ �

X
i

@Pi
@Pk

= 0:

�§ ¯®á«¥¤­¥£® ­ å®¤¨¬ � � 1 � lnPk = 0; â. ¥. Pk = exp(� � 1): � ª ª ªP
k

exp(�� 1) = 
 exp(�� 1) = 1; â® Pk = 1=
, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�®à¬ã«ã (14) á c = k ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª ®¯à¥¤¥«¥­¨¥ í­âà®¯¨¨

¤«ï á¨áâ¥¬ë á ­¥à ¢­®¢¥à®ïâ­ë¬¨ á®áâ®ï­¨ï¬¨:

S = �k
X
i

Pi lnPi: (15)

�  ï§ëª¥ áâ â¨áâ¨ç¥áª®£® ®¯¥à â®à  ®­  § ¯¨áë¢ ¥âáï ª ª

S = �kTr (�̂ ln �̂) ; (16)

çâ® ¤ ¥â ¢®§¬®¦­®áâì à áá¬ âà¨¢ âì í­âà®¯¨î ª ª áà¥¤­¥¥ ®â ln �̂:

S = �khln �̂i:
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